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Outline

• Neural networks and Back-propagation
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• Bayesian neural networks
• Bayes by Backprop and reparameterization trick
• Auto-encoding variational Bayes
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neural networks – very old topic

• 1943: McCullough and Pitts showed how linear threshold units can 
compute logical functions

• 1949: Hebb suggested a learning rule that has some physiological 
plausibility

• 1950s: Rosenblatt, the Peceptron algorithm for a single threshold neuron

• 1969: Minsky and Papert studied the neuron from a geometrical 
perspective

• 1980s: Convolutional neural networks (Fukushima, LeCun), the 
backpropagation algorithm (various)

• 2003-today: More compute, more data, deeper networks
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See also: http://people.idsia.ch/~juergen/deep-learning-overview.html

Very brief history



Biological neurons
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The first drawing of a brain 
cells by Santiago Ramón y 
Cajal in 1899

Neurons: core components of brain and the 
nervous system consisting of

1. Dendrites that collect information from 
other neurons

2. An axon that generates outgoing spikes
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The first drawing of a brain 
cells by Santiago Ramón y 
Cajal in 1899

Neurons: core components of brain and the 
nervous system consisting of

1. Dendrites that collect information from 
other neurons

2. An axon that generates outgoing spikes

Modern artificial neurons are “inspired” by biological neurons

But there are many, many fundamental differences 

Don’t take the similarity seriously (as also claims in the news 
about the “emergence” of intelligent behavior) 



An artificial neural network

A function that converts inputs to outputs 
defined by a directed acyclic graph

– Nodes organized in layers, correspond to 
neurons

– Edges carry output of one neuron to 
another, associated with weights

• To define a neural network, we need to 
specify:
– The structure of the graph

• How many nodes, the connectivity
– The activation function on each node
– The edge weights
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Called the architecture 
of the network
Typically predefined, 
part of the design of 
the classifier

Learned from data

Input

Hidden

Output
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Activation functions

Name of the neuron Activation function: 𝑎𝑐𝑡𝑖𝑣𝑎𝑡𝑖𝑜𝑛(𝑧)
Linear unit 𝑧
Threshold/sign unit sgn(𝑧)

Sigmoid unit
1

1 + exp	(−𝑧)
Rectified linear unit (ReLU) max	(0, 𝑧)
Tanh unit tanh	(𝑧)
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𝑜𝑢𝑡𝑝𝑢𝑡 = 𝑎𝑐𝑡𝑖𝑣𝑎𝑡𝑖𝑜𝑛(𝒘%𝒙 + 𝑏)

Many more activation functions exist (sinusoid, sinc, Gaussian, polynomial…) 

Also called transfer functions



An example network represented by scalars
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output

Given an input x, how is the output predicted

Suppose the true label for this example is a number 𝑦∗ 

We can write the square loss for this example as:

𝐿	 =
1
2
𝑦–	𝑦∗ "

y = 𝑤CDE +𝑤DDE 𝑧D +𝑤FDE 𝑧F

𝑧F = 𝜎(𝑤CFG +𝑤DFG 𝑥D +𝑤FFG 𝑥F)

zD = 𝜎(𝑤CDG +𝑤DDG 𝑥D +𝑤FDG 𝑥F)



Neural networks – A Succinct Representation 

10

middle layer

output layer

Arbitrary element-wise activation function 

An L-layer NN
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Neural networks – A succinct representation 

Middle layer

output layer

We can also recursively write 
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Forward-pass

• To compute the output, you need to start from the 
bottom level and sequentially pass each layer  
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This is called forward pass



Back-Propagation: Application of Chain Rule

13

In general, training NN is to minimize a loss 
function                 where
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For example, square loss:
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Back-Propagation: Application of Chain Rule
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e.g., 
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How to efficiently compute gradient? 
Do it in backward!
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Back-Propagation: Application of Chain Rule
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Back-Propagation

• We will not discuss the detail because
– It is trivial and mechanical
–Nowadays, you never need to implement 

BP by yourself. TensorFlow, PyTorch, … will 
do this automatically for you

16



Outline

• Neural networks and Back-propagation
• Stochastic optimization
• Bayesian neural networks
• Bayes by Backprop and reparameterization trick
• Auto-encoding variational Bayes
• General adversarial networks   

17



Stochastic optimization

• Suppose we aim to optimize an objective function 
that can be viewed as an expectation
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L(x,xn, yn)

L(✓) = Ep(u)[g(✓, u)]
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• Then we can compute a stochastic gradient for 
stochastic optimization 
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Stochastic optimization: General Recipe

• 1. Initialize 𝜽 randomly (or 0)
• 2. For t = 1.. T
– Sample u from p(u)
– Calculate stochastic gradient 
– Update 𝜽 ← 𝜽 - 𝛾t

• 3. Return 𝜽
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𝛾t: learning rate, many 
tweaks possible



Convergence and learning rates

With enough iterations, it will converge almost surely 
(i.e., with probability one)

Provided the step sizes are “square summable, but not 
summable”

• Step sizes 𝛾t are positive
• Sum of squares of step sizes over t = 1 to ∞ is not infinite
• Sum of step sizes over t = 1 to ∞ is infinity

• Some examples: 𝛾% =
&!

'("!#$
  or 𝛾% =

&!
'(%

21



There are numerous ways to determine to 
per-element learning rate

• Learning rate is critical to convergence rate
• There are many works that develop learning rate 

schedules
• The main-stream is momentum-based approaches
• Most popular approaches include ADAM, Adagrad, 

Adadelta, etc.
• There are well developed libraries, and you do not 

need to implement them by yourself. 

22



Why stochastic optimization is so 
important?

• It is the foundation of modern NN training
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• If we partition the training data into mini-batches {B1, B2, …} and each with 
size B (e.g., 100)
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stochastic gradient:

Distribution: For each update we only need 
to access a small mini-batch. So 
it largely reduces the cost



Outline

• Neural networks and Back-propagation
• Stochastic optimization
• Bayesian neural networks
• Bayes by Backprop and reparameterization trick
• Auto-encoding variational Bayes

24



Bayesian neural networks

• Bayesian version of NNs
• We place prior over the weights
• We use different distributions to sample the observed 

output
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Bayesian neural networks
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Example of weight priors

Individual Gaussian
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e.g.,

Encourage sparsity
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Bayesian neural networks
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Example of likelihood
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Bernoulli: 
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Inference Goal of BNNs

• Estimate the posterior distribution of NN weights

• Estimate the predictive distribution 

29
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Outline

• Neural networks and Back-propagation
• Stochastic optimization
• Bayesian neural networks
• Bayes by Backprop and reparameterization trick
• Auto-encoding variational Bayes
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Bayes by Back Propagation

• The golden-standard for BNN inference is HMC. 
However, it is often too slow to be practical. 

• We want to use variational inference, how? 
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Bayes by Back Propagation

• We want to use variational inference, how? 

32

Introduce variational posterior and construct variational
evidence lower bound!
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We choose fully factorized Gaussian
Estimate a free parameter 
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Bayes by Back Propagation
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Analytical for 
Gaussian prior

Gaussian 
entropy
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Totally intractable, Why?

How to maximize          ?
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• Stochastic optimization
• The key question: How to compute the stochastic 

gradient for each
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Can we use current parameters to sample       , 
plugging into log and calculate the gradient? 
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Totally wrong!
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Bayes by Back Propagation

• The reason is the distribution contains unknown 
parameters, and so the expectation and derivative 
are not interchangeable!
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Why? 
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Bayes by Back Propagation

• The reason is the distribution contains unknown 
parameters, and so the expectation and derivative 
are not interchangeable!
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Why? 
Because the log likelihood 
itself does not include 
variational parameters!
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Reparameterization trick

• The solution is to get rid of the unknown parameters 
in the distribution under which we compute the 
expectation. How?
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Look back at ELBO
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Constant distribution



Bayes by Back Propagation

• 1. Initialize 𝜽 randomly
• 2. For t = 1.. T
– Sample u from p(u), 
– Calculate stochastic gradient 
– Update 

• 3. Return 
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Bayes by Back Propagation

• 1. Initialize 𝜽 randomly
• 2. For t = 1.. T
– Sample u from p(u), 
– Calculate stochastic gradient 
– Update 

• 3. Return 
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Table 1. Classification Error Rates on MNIST. ? indicates result
used an ensemble of 5 networks.

Method #
U

ni
ts

/L
ay

er

#
W

ei
gh

ts

Test
Error

SGD, no regularisation (Simard et al., 2003) 800 1.3m 1.6%
SGD, dropout (Hinton et al., 2012) ⇡ 1.3%
SGD, dropconnect (Wan et al., 2013) 800 1.3m 1.2%?

SGD 400 500k 1.83%
800 1.3m 1.84%
1200 2.4m 1.88%

SGD, dropout 400 500k 1.51%
800 1.3m 1.33%
1200 2.4m 1.36%

Bayes by Backprop, Gaussian 400 500k 1.82%
800 1.3m 1.99%
1200 2.4m 2.04%

Bayes by Backprop, Scale mixture 400 500k 1.36%
800 1.3m 1.34%
1200 2.4m 1.32%

known that variational methods under-estimate uncertainty
(Minka, 2001; 2005; Bishop, 2006) which could lead to
under-exploration and premature convergence in practice,
but we did not find this in practice.

5. Experiments
We present some empirical evaluation of the methods pro-
posed above: on MNIST classification, on a non-linear re-
gression task, and on a contextual bandits task.

5.1. Classification on MNIST

We trained networks of various sizes on the MNIST dig-
its dataset (LeCun and Cortes, 1998), consisting of 60,000
training and 10,000 testing pixel images of size 28 by 28.
Each image is labelled with its corresponding number (be-
tween zero and nine, inclusive). We preprocessed the pix-
els by dividing values by 126. Many methods have been
proposed to improve results on MNIST: generative pre-
training, convolutions, distortions, etc. Here we shall focus
on improving the performance of an ordinary feedforward
neural network without using any of these methods. We
used a network of two hidden layers of rectified linear units
(Nair and Hinton, 2010; Glorot et al., 2011), and a softmax
output layer with 10 units, one for each possible label.

According to Hinton et al. (2012), the best published feed-
forward neural network classification result on MNIST (ex-
cluding those using data set augmentation, convolutions,
etc.) is 1.6% (Simard et al., 2003), whilst dropout with
an L2 regulariser attains errors around 1.3%. Results from
Bayes by Backprop are shown in Table 1, for various sized
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Figure 2. Test error on MNIST as training progresses.
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Figure 3. Histogram of the trained weights of the neural network,
for Dropout, plain SGD, and samples from Bayes by Backprop.

networks, using either a Gaussian or Gaussian scale mix-
ture prior. Performance is comparable to that of dropout,
perhaps slightly better, as also see on Figure 2. Note that
we trained on 50,000 digits and used 10,000 digits as a val-
idation set, whilst Hinton et al. (2012) trained on 60,000
digits and did not use a validation set. We used the vali-
dation set to pick the best hyperparameters (learning rate,
number of gradients to average) and so we also repeated
this protocol for dropout and SGD (Stochastic Gradient De-
scent on the MLE objective in Section 2). We considered
learning rates of 10�3, 10�4 and 10�5 with minibatches
of size 128. For Bayes by Backprop, we averaged over ei-
ther 1, 2, 5, or 10 samples and considered ⇡ 2 { 1

4 ,
1
2 ,

3
4},

� log �1 2 {0, 1, 2} and � log �2 2 {6, 7, 8}.

Figure 2 shows the learning curves on the test set for Bayes
by Backprop, dropout and SGD on a network with two lay-
ers of 1200 rectified linear units. As can be seen, SGD
converges the quickest, initially obtaining a low test er-
ror and then overfitting. Bayes by Backprop and dropout
converge at similar rates (although each iteration of Bayes
by Backprop is more expensive than dropout – around two
times slower). Eventually Bayes by Backprop converges
on a better test error than dropout after 600 epochs.

Figure 3 shows density estimates of the weights. The Bayes
by Backprop weights are sampled from the variational pos-
terior, and the dropout weights are those used at test time.
Interestingly the regularised networks found by dropout
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Table 1. Classification Error Rates on MNIST. ? indicates result
used an ensemble of 5 networks.

Method #
U

ni
ts

/L
ay

er

#
W

ei
gh

ts

Test
Error

SGD, no regularisation (Simard et al., 2003) 800 1.3m 1.6%
SGD, dropout (Hinton et al., 2012) ⇡ 1.3%
SGD, dropconnect (Wan et al., 2013) 800 1.3m 1.2%?

SGD 400 500k 1.83%
800 1.3m 1.84%
1200 2.4m 1.88%

SGD, dropout 400 500k 1.51%
800 1.3m 1.33%
1200 2.4m 1.36%

Bayes by Backprop, Gaussian 400 500k 1.82%
800 1.3m 1.99%
1200 2.4m 2.04%

Bayes by Backprop, Scale mixture 400 500k 1.36%
800 1.3m 1.34%
1200 2.4m 1.32%

known that variational methods under-estimate uncertainty
(Minka, 2001; 2005; Bishop, 2006) which could lead to
under-exploration and premature convergence in practice,
but we did not find this in practice.

5. Experiments
We present some empirical evaluation of the methods pro-
posed above: on MNIST classification, on a non-linear re-
gression task, and on a contextual bandits task.

5.1. Classification on MNIST

We trained networks of various sizes on the MNIST dig-
its dataset (LeCun and Cortes, 1998), consisting of 60,000
training and 10,000 testing pixel images of size 28 by 28.
Each image is labelled with its corresponding number (be-
tween zero and nine, inclusive). We preprocessed the pix-
els by dividing values by 126. Many methods have been
proposed to improve results on MNIST: generative pre-
training, convolutions, distortions, etc. Here we shall focus
on improving the performance of an ordinary feedforward
neural network without using any of these methods. We
used a network of two hidden layers of rectified linear units
(Nair and Hinton, 2010; Glorot et al., 2011), and a softmax
output layer with 10 units, one for each possible label.

According to Hinton et al. (2012), the best published feed-
forward neural network classification result on MNIST (ex-
cluding those using data set augmentation, convolutions,
etc.) is 1.6% (Simard et al., 2003), whilst dropout with
an L2 regulariser attains errors around 1.3%. Results from
Bayes by Backprop are shown in Table 1, for various sized
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networks, using either a Gaussian or Gaussian scale mix-
ture prior. Performance is comparable to that of dropout,
perhaps slightly better, as also see on Figure 2. Note that
we trained on 50,000 digits and used 10,000 digits as a val-
idation set, whilst Hinton et al. (2012) trained on 60,000
digits and did not use a validation set. We used the vali-
dation set to pick the best hyperparameters (learning rate,
number of gradients to average) and so we also repeated
this protocol for dropout and SGD (Stochastic Gradient De-
scent on the MLE objective in Section 2). We considered
learning rates of 10�3, 10�4 and 10�5 with minibatches
of size 128. For Bayes by Backprop, we averaged over ei-
ther 1, 2, 5, or 10 samples and considered ⇡ 2 { 1

4 ,
1
2 ,

3
4},

� log �1 2 {0, 1, 2} and � log �2 2 {6, 7, 8}.

Figure 2 shows the learning curves on the test set for Bayes
by Backprop, dropout and SGD on a network with two lay-
ers of 1200 rectified linear units. As can be seen, SGD
converges the quickest, initially obtaining a low test er-
ror and then overfitting. Bayes by Backprop and dropout
converge at similar rates (although each iteration of Bayes
by Backprop is more expensive than dropout – around two
times slower). Eventually Bayes by Backprop converges
on a better test error than dropout after 600 epochs.

Figure 3 shows density estimates of the weights. The Bayes
by Backprop weights are sampled from the variational pos-
terior, and the dropout weights are those used at test time.
Interestingly the regularised networks found by dropout



BBB: Summary

• State of the art NN inference, very popular
• The same scalability to SGD, but it can estimate 

posteriors!
• Core idea : variational inference + reparameterization 

trick
• This is also the foundation of nearly all the modern 

Bayesian NN training. 
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Outline

• Neural networks and Back-propagation
• Stochastic optimization
• Bayesian neural networks
• Bayes by Backprop and reparameterization trick
• Auto-encoding variational Bayes
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Auto-Encoder: Dimension Reduction
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Provided by Will Badr

Neural Network I Neural Network II 

https://towardsdatascience.com/auto-encoder-what-is-it-and-what-is-it-used-for-part-1-3e5c6f017726
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Auto-Encoder
Dimension reduction is very important: 
compression, denoise, …

Provided by Will Badr

https://towardsdatascience.com/auto-encoder-what-is-it-and-what-is-it-used-for-part-1-3e5c6f017726
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Data:

Key idea: We view code h as the latent 
random variables. We want to estimate 
the posterior distribution of h; However, 
the NN weights are considered as hyper-
parameters rather than RVs.

xn
<latexit sha1_base64="+/M6cs6+OOafu/4fiSDr9im5t/k=">AAACA3icbVDLSsNAFL3xWeMr6k43wVJwVRIf6LLoxmUF+4A2hMl00g6dTMLMRCyh4MZfceNCEbf+hDv/xkkbQVsPDJx7zr3MvSdIGJXKcb6MhcWl5ZXV0pq5vrG5tW3t7DZlnApMGjhmsWgHSBJGOWkoqhhpJ4KgKGCkFQyvcr91R4SkMb9Vo4R4EepzGlKMlJZ8a7/SjZAaBGE2GPvc/CnudeFbZafqTGDPE7cgZShQ963Pbi/GaUS4wgxJ2XGdRHkZEopiRsZmN5UkQXiI+qSjKUcRkV42uWFsV7TSs8NY6MeVPVF/T2QoknIUBboz31HOern4n9dJVXjhZZQnqSIcTz8KU2ar2M4DsXtUEKzYSBOEBdW72niABMJKx2bqENzZk+dJ87jqnlTPbk7LtcsijhIcwCEcgQvnUINrqEMDMDzAE7zAq/FoPBtvxvu0dcEoZvbgD4yPbzyDl+s=</latexit>

hn
<latexit sha1_base64="ZAb/M/fBVAHf63j13LEeJnxae4Y=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQ+0GXRjcsK1haaUibTSTt0MgkzN0IJ/Q03LhRx68+482+ctFlo64GBwzn3cs+cIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6CGS6F4CwVK3kk0p1EgeTsY3+Z++4lrI2L1gJOE9yI6VCIUjKKVfD+iOArCbDTtq3615tbdGcgy8QpSgwLNfvXLH8QsjbhCJqkxXc9NsJdRjYJJPq34qeEJZWM65F1LFY246WWzzFNyYpUBCWNtn0IyU39vZDQyZhIFdjLPaBa9XPzP66YYXvcyoZIUuWLzQ2EqCcYkL4AMhOYM5cQSyrSwWQkbUU0Z2poqtgRv8cvL5PGs7p3XL+8vao2boo4yHMExnIIHV9CAO2hCCxgk8Ayv8Oakzovz7nzMR0tOsXMIf+B8/gBwqJH0</latexit>

fW2(hn)
<latexit sha1_base64="ox3suBZ5bIkhUItkLn+CqR0zDRA=">AAACLXicbVDLSsNAFJ3UV42vqEs3wVKom5JURZdFXbisYB/QljCZTtqhk0mYmYgl5Ifc+CsiuKiIW3/DSRqlth4YOPece5l7jxtSIqRlTbXCyura+kZxU9/a3tndM/YPWiKIOMJNFNCAd1woMCUMNyWRFHdCjqHvUtx2x9ep337AXJCA3ctJiPs+HDLiEQSlkhzjptzzoRy5XjxKHKb/Vo9p9VN4iRNnHEEatxOnllTmp04co2RVrQzmMrFzUgI5Go7x2hsEKPIxk4hCIbq2Fcp+DLkkiOJE70UChxCN4RB3FWXQx6IfZ9cmZlkpA9MLuHpMmpk6PxFDX4iJ76rOdEmx6KXif143kt5lPyYsjCRmaPaRF1FTBmYanTkgHCNJJ4pAxIna1UQjyCGSKmBdhWAvnrxMWrWqfVo9vzsr1a/yOIrgCByDCrDBBaiDW9AATYDAE3gBU/CuPWtv2of2OWstaPnMIfgD7esbqw2pow==</latexit>

bxn
<latexit sha1_base64="2ev/My5eJgn0tboaWrzLGqsORzo="></latexit>
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Data:

n
<latexit sha1_base64="HtLfEZsei8VAxK5SR/9WKYHudy8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHoxWMC5gHJEmYnvcmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUl71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvonJVvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH2VWM+Q==</latexit>

xn
<latexit sha1_base64="YtZoJ7Ea6QsZmLWyVXdMrRiPXxw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4QJdFNy4r2Ad0hpJJM21oJhmSjFiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T9oa5kqQltEcqm6IdaUM0FbhhlOu4miOA457YTj29zvPFKlmRQPZpLQIMZDwSJGsLGS78fYjMIoe5r2Rb9ac+vuDGiZeAWpQYFmv/rlDyRJYyoM4VjrnucmJsiwMoxwOq34qaYJJmM8pD1LBY6pDrJZ5ik6scoARVLZJwyaqb83MhxrPYlDO5ln1IteLv7n9VITXQcZE0lqqCDzQ1HKkZEoLwANmKLE8IklmChmsyIywgoTY2uq2BK8xS8vk/ZZ3TuvX95f1Bo3RR1lOIJjOAUPrqABd9CEFhBI4Ble4c1JnRfn3fmYj5acYucQ/sD5/AGJGJIE</latexit>

hn
<latexit sha1_base64="ZAb/M/fBVAHf63j13LEeJnxae4Y=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQ+0GXRjcsK1haaUibTSTt0MgkzN0IJ/Q03LhRx68+482+ctFlo64GBwzn3cs+cIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6CGS6F4CwVK3kk0p1EgeTsY3+Z++4lrI2L1gJOE9yI6VCIUjKKVfD+iOArCbDTtq3615tbdGcgy8QpSgwLNfvXLH8QsjbhCJqkxXc9NsJdRjYJJPq34qeEJZWM65F1LFY246WWzzFNyYpUBCWNtn0IyU39vZDQyZhIFdjLPaBa9XPzP66YYXvcyoZIUuWLzQ2EqCcYkL4AMhOYM5cQSyrSwWQkbUU0Z2poqtgRv8cvL5PGs7p3XL+8vao2boo4yHMExnIIHV9CAO2hCCxgk8Ayv8Oakzovz7nzMR0tOsXMIf+B8/gBwqJH0</latexit>

Probabilistic Decoder

The model is only the decoder part
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xn
<latexit sha1_base64="+/M6cs6+OOafu/4fiSDr9im5t/k=">AAACA3icbVDLSsNAFL3xWeMr6k43wVJwVRIf6LLoxmUF+4A2hMl00g6dTMLMRCyh4MZfceNCEbf+hDv/xkkbQVsPDJx7zr3MvSdIGJXKcb6MhcWl5ZXV0pq5vrG5tW3t7DZlnApMGjhmsWgHSBJGOWkoqhhpJ4KgKGCkFQyvcr91R4SkMb9Vo4R4EepzGlKMlJZ8a7/SjZAaBGE2GPvc/CnudeFbZafqTGDPE7cgZShQ963Pbi/GaUS4wgxJ2XGdRHkZEopiRsZmN5UkQXiI+qSjKUcRkV42uWFsV7TSs8NY6MeVPVF/T2QoknIUBboz31HOern4n9dJVXjhZZQnqSIcTz8KU2ar2M4DsXtUEKzYSBOEBdW72niABMJKx2bqENzZk+dJ87jqnlTPbk7LtcsijhIcwCEcgQvnUINrqEMDMDzAE7zAq/FoPBtvxvu0dcEoZvbgD4yPbzyDl+s=</latexit>

hn
<latexit sha1_base64="ZAb/M/fBVAHf63j13LEeJnxae4Y=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQ+0GXRjcsK1haaUibTSTt0MgkzN0IJ/Q03LhRx68+482+ctFlo64GBwzn3cs+cIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6CGS6F4CwVK3kk0p1EgeTsY3+Z++4lrI2L1gJOE9yI6VCIUjKKVfD+iOArCbDTtq3615tbdGcgy8QpSgwLNfvXLH8QsjbhCJqkxXc9NsJdRjYJJPq34qeEJZWM65F1LFY246WWzzFNyYpUBCWNtn0IyU39vZDQyZhIFdjLPaBa9XPzP66YYXvcyoZIUuWLzQ2EqCcYkL4AMhOYM5cQSyrSwWQkbUU0Z2poqtgRv8cvL5PGs7p3XL+8vao2boo4yHMExnIIHV9CAO2hCCxgk8Ayv8Oakzovz7nzMR0tOsXMIf+B8/gBwqJH0</latexit>

fW2(hn)
<latexit sha1_base64="ox3suBZ5bIkhUItkLn+CqR0zDRA=">AAACLXicbVDLSsNAFJ3UV42vqEs3wVKom5JURZdFXbisYB/QljCZTtqhk0mYmYgl5Ifc+CsiuKiIW3/DSRqlth4YOPece5l7jxtSIqRlTbXCyura+kZxU9/a3tndM/YPWiKIOMJNFNCAd1woMCUMNyWRFHdCjqHvUtx2x9ep337AXJCA3ctJiPs+HDLiEQSlkhzjptzzoRy5XjxKHKb/Vo9p9VN4iRNnHEEatxOnllTmp04co2RVrQzmMrFzUgI5Go7x2hsEKPIxk4hCIbq2Fcp+DLkkiOJE70UChxCN4RB3FWXQx6IfZ9cmZlkpA9MLuHpMmpk6PxFDX4iJ76rOdEmx6KXif143kt5lPyYsjCRmaPaRF1FTBmYanTkgHCNJJ4pAxIna1UQjyCGSKmBdhWAvnrxMWrWqfVo9vzsr1a/yOIrgCByDCrDBBaiDW9AATYDAE3gBU/CuPWtv2of2OWstaPnMIfgD7esbqw2pow==</latexit>

xn
<latexit sha1_base64="+/M6cs6+OOafu/4fiSDr9im5t/k=">AAACA3icbVDLSsNAFL3xWeMr6k43wVJwVRIf6LLoxmUF+4A2hMl00g6dTMLMRCyh4MZfceNCEbf+hDv/xkkbQVsPDJx7zr3MvSdIGJXKcb6MhcWl5ZXV0pq5vrG5tW3t7DZlnApMGjhmsWgHSBJGOWkoqhhpJ4KgKGCkFQyvcr91R4SkMb9Vo4R4EepzGlKMlJZ8a7/SjZAaBGE2GPvc/CnudeFbZafqTGDPE7cgZShQ963Pbi/GaUS4wgxJ2XGdRHkZEopiRsZmN5UkQXiI+qSjKUcRkV42uWFsV7TSs8NY6MeVPVF/T2QoknIUBboz31HOern4n9dJVXjhZZQnqSIcTz8KU2ar2M4DsXtUEKzYSBOEBdW72niABMJKx2bqENzZk+dJ87jqnlTPbk7LtcsijhIcwCEcgQvnUINrqEMDMDzAE7zAq/FoPBtvxvu0dcEoZvbgD4yPbzyDl+s=</latexit>
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Data:

n
<latexit sha1_base64="HtLfEZsei8VAxK5SR/9WKYHudy8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHoxWMC5gHJEmYnvcmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUl71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvonJVvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH2VWM+Q==</latexit>

xn
<latexit sha1_base64="YtZoJ7Ea6QsZmLWyVXdMrRiPXxw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4QJdFNy4r2Ad0hpJJM21oJhmSjFiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T9oa5kqQltEcqm6IdaUM0FbhhlOu4miOA457YTj29zvPFKlmRQPZpLQIMZDwSJGsLGS78fYjMIoe5r2Rb9ac+vuDGiZeAWpQYFmv/rlDyRJYyoM4VjrnucmJsiwMoxwOq34qaYJJmM8pD1LBY6pDrJZ5ik6scoARVLZJwyaqb83MhxrPYlDO5ln1IteLv7n9VITXQcZE0lqqCDzQ1HKkZEoLwANmKLE8IklmChmsyIywgoTY2uq2BK8xS8vk/ZZ3TuvX95f1Bo3RR1lOIJjOAUPrqABd9CEFhBI4Ble4c1JnRfn3fmYj5acYucQ/sD5/AGJGJIE</latexit>
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<latexit sha1_base64="ZAb/M/fBVAHf63j13LEeJnxae4Y=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQ+0GXRjcsK1haaUibTSTt0MgkzN0IJ/Q03LhRx68+482+ctFlo64GBwzn3cs+cIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6CGS6F4CwVK3kk0p1EgeTsY3+Z++4lrI2L1gJOE9yI6VCIUjKKVfD+iOArCbDTtq3615tbdGcgy8QpSgwLNfvXLH8QsjbhCJqkxXc9NsJdRjYJJPq34qeEJZWM65F1LFY246WWzzFNyYpUBCWNtn0IyU39vZDQyZhIFdjLPaBa9XPzP66YYXvcyoZIUuWLzQ2EqCcYkL4AMhOYM5cQSyrSwWQkbUU0Z2poqtgRv8cvL5PGs7p3XL+8vao2boo4yHMExnIIHV9CAO2hCCxgk8Ayv8Oakzovz7nzMR0tOsXMIf+B8/gBwqJH0</latexit>

Probabilistic Decoder

1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091
1092
1093
1094
1095
1096
1097
1098
1099
1100
1101
1102
1103
1104
1105
1106
1107
1108
1109
1110
1111
1112
1113
1114
1115
1116
1117
1118
1119
1120
1121
1122
1123
1124
1125
1126
1127
1128
1129
1130
1131
1132
1133

✓  ✓ + �t ·
N

B

X

n2Bu

r✓[log p(yn|fT (✓,✏)(xn))]

⇡
Z

p
�
y
⇤|fW(x⇤)

�
q(W|✓)dW

⇡ 1

M

mX

j=1

p
�
y
⇤|fWj (x

⇤)
�

Wj ⇠ q(W|✓)
x

bx
h

W1

W2

D = {x1, . . . ,xN}
NX

n=1

kxn � fW2

�
hW1(xn)

�
k2

fW2(h)

p(H,D) =
Y

n

p(hn)p(xn|hn)

21

1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091
1092
1093
1094
1095
1096
1097
1098
1099
1100
1101
1102
1103
1104
1105
1106
1107
1108
1109
1110
1111
1112
1113
1114
1115
1116
1117
1118
1119
1120
1121
1122
1123
1124
1125
1126
1127
1128
1129
1130
1131
1132
1133

✓  ✓ + �t ·
N

B

X

n2Bu

r✓[log p(yn|fT (✓,✏)(xn))]

⇡
Z

p
�
y
⇤|fW(x⇤)

�
q(W|✓)dW

⇡ 1

M

mX

j=1

p
�
y
⇤|fWj (x

⇤)
�

Wj ⇠ q(W|✓)
x

bx
h

W1

W2

D = {x1, . . . ,xN}
NX

n=1

kxn � fW2

�
hW1(xn)

�
k2

fW2(h)

p(H,D) =
Y

n

p(hn)p(xn|hn)

N (h0|0, I)
p
�
xn|fW2(hn)

�

21

1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091
1092
1093
1094
1095
1096
1097
1098
1099
1100
1101
1102
1103
1104
1105
1106
1107
1108
1109
1110
1111
1112
1113
1114
1115
1116
1117
1118
1119
1120
1121
1122
1123
1124
1125
1126
1127
1128
1129
1130
1131
1132
1133

✓  ✓ + �t ·
N

B

X

n2Bu

r✓[log p(yn|fT (✓,✏)(xn))]

⇡
Z

p
�
y
⇤|fW(x⇤)

�
q(W|✓)dW

⇡ 1

M

mX

j=1

p
�
y
⇤|fWj (x

⇤)
�

Wj ⇠ q(W|✓)
x

bx
h

W1

W2

D = {x1, . . . ,xN}
NX

n=1

kxn � fW2

�
hW1(xn)

�
k2

fW2(h)

p(H,D) =
Y

n

p(hn)p(xn|hn)

N (hn|0, I)
p
�
xn|fW2(hn)

�

21

fW2(hn)
<latexit sha1_base64="ox3suBZ5bIkhUItkLn+CqR0zDRA=">AAACLXicbVDLSsNAFJ3UV42vqEs3wVKom5JURZdFXbisYB/QljCZTtqhk0mYmYgl5Ifc+CsiuKiIW3/DSRqlth4YOPece5l7jxtSIqRlTbXCyura+kZxU9/a3tndM/YPWiKIOMJNFNCAd1woMCUMNyWRFHdCjqHvUtx2x9ep337AXJCA3ctJiPs+HDLiEQSlkhzjptzzoRy5XjxKHKb/Vo9p9VN4iRNnHEEatxOnllTmp04co2RVrQzmMrFzUgI5Go7x2hsEKPIxk4hCIbq2Fcp+DLkkiOJE70UChxCN4RB3FWXQx6IfZ9cmZlkpA9MLuHpMmpk6PxFDX4iJ76rOdEmx6KXif143kt5lPyYsjCRmaPaRF1FTBmYanTkgHCNJJ4pAxIna1UQjyCGSKmBdhWAvnrxMWrWqfVo9vzsr1a/yOIrgCByDCrDBBaiDW9AATYDAE3gBU/CuPWtv2of2OWstaPnMIfgD7esbqw2pow==</latexit>

xn
<latexit sha1_base64="+/M6cs6+OOafu/4fiSDr9im5t/k=">AAACA3icbVDLSsNAFL3xWeMr6k43wVJwVRIf6LLoxmUF+4A2hMl00g6dTMLMRCyh4MZfceNCEbf+hDv/xkkbQVsPDJx7zr3MvSdIGJXKcb6MhcWl5ZXV0pq5vrG5tW3t7DZlnApMGjhmsWgHSBJGOWkoqhhpJ4KgKGCkFQyvcr91R4SkMb9Vo4R4EepzGlKMlJZ8a7/SjZAaBGE2GPvc/CnudeFbZafqTGDPE7cgZShQ963Pbi/GaUS4wgxJ2XGdRHkZEopiRsZmN5UkQXiI+qSjKUcRkV42uWFsV7TSs8NY6MeVPVF/T2QoknIUBboz31HOern4n9dJVXjhZZQnqSIcTz8KU2ar2M4DsXtUEKzYSBOEBdW72niABMJKx2bqENzZk+dJ87jqnlTPbk7LtcsijhIcwCEcgQvnUINrqEMDMDzAE7zAq/FoPBtvxvu0dcEoZvbgD4yPbzyDl+s=</latexit>

xn
<latexit sha1_base64="+/M6cs6+OOafu/4fiSDr9im5t/k=">AAACA3icbVDLSsNAFL3xWeMr6k43wVJwVRIf6LLoxmUF+4A2hMl00g6dTMLMRCyh4MZfceNCEbf+hDv/xkkbQVsPDJx7zr3MvSdIGJXKcb6MhcWl5ZXV0pq5vrG5tW3t7DZlnApMGjhmsWgHSBJGOWkoqhhpJ4KgKGCkFQyvcr91R4SkMb9Vo4R4EepzGlKMlJZ8a7/SjZAaBGE2GPvc/CnudeFbZafqTGDPE7cgZShQ963Pbi/GaUS4wgxJ2XGdRHkZEopiRsZmN5UkQXiI+qSjKUcRkV42uWFsV7TSs8NY6MeVPVF/T2QoknIUBboz31HOern4n9dJVXjhZZQnqSIcTz8KU2ar2M4DsXtUEKzYSBOEBdW72niABMJKx2bqENzZk+dJ87jqnlTPbk7LtcsijhIcwCEcgQvnUINrqEMDMDzAE7zAq/FoPBtvxvu0dcEoZvbgD4yPbzyDl+s=</latexit>

hn
<latexit sha1_base64="ZAb/M/fBVAHf63j13LEeJnxae4Y=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQ+0GXRjcsK1haaUibTSTt0MgkzN0IJ/Q03LhRx68+482+ctFlo64GBwzn3cs+cIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6CGS6F4CwVK3kk0p1EgeTsY3+Z++4lrI2L1gJOE9yI6VCIUjKKVfD+iOArCbDTtq3615tbdGcgy8QpSgwLNfvXLH8QsjbhCJqkxXc9NsJdRjYJJPq34qeEJZWM65F1LFY246WWzzFNyYpUBCWNtn0IyU39vZDQyZhIFdjLPaBa9XPzP66YYXvcyoZIUuWLzQ2EqCcYkL4AMhOYM5cQSyrSwWQkbUU0Z2poqtgRv8cvL5PGs7p3XL+8vao2boo4yHMExnIIHV9CAO2hCCxgk8Ayv8Oakzovz7nzMR0tOsXMIf+B8/gBwqJH0</latexit>
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Data:

n
<latexit sha1_base64="HtLfEZsei8VAxK5SR/9WKYHudy8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHoxWMC5gHJEmYnvcmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUl71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvonJVvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH2VWM+Q==</latexit>

xn
<latexit sha1_base64="YtZoJ7Ea6QsZmLWyVXdMrRiPXxw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4QJdFNy4r2Ad0hpJJM21oJhmSjFiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T9oa5kqQltEcqm6IdaUM0FbhhlOu4miOA457YTj29zvPFKlmRQPZpLQIMZDwSJGsLGS78fYjMIoe5r2Rb9ac+vuDGiZeAWpQYFmv/rlDyRJYyoM4VjrnucmJsiwMoxwOq34qaYJJmM8pD1LBY6pDrJZ5ik6scoARVLZJwyaqb83MhxrPYlDO5ln1IteLv7n9VITXQcZE0lqqCDzQ1HKkZEoLwANmKLE8IklmChmsyIywgoTY2uq2BK8xS8vk/ZZ3TuvX95f1Bo3RR1lOIJjOAUPrqABd9CEFhBI4Ble4c1JnRfn3fmYj5acYucQ/sD5/AGJGJIE</latexit>

hn
<latexit sha1_base64="ZAb/M/fBVAHf63j13LEeJnxae4Y=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQ+0GXRjcsK1haaUibTSTt0MgkzN0IJ/Q03LhRx68+482+ctFlo64GBwzn3cs+cIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6CGS6F4CwVK3kk0p1EgeTsY3+Z++4lrI2L1gJOE9yI6VCIUjKKVfD+iOArCbDTtq3615tbdGcgy8QpSgwLNfvXLH8QsjbhCJqkxXc9NsJdRjYJJPq34qeEJZWM65F1LFY246WWzzFNyYpUBCWNtn0IyU39vZDQyZhIFdjLPaBa9XPzP66YYXvcyoZIUuWLzQ2EqCcYkL4AMhOYM5cQSyrSwWQkbUU0Z2poqtgRv8cvL5PGs7p3XL+8vao2boo4yHMExnIIHV9CAO2hCCxgk8Ayv8Oakzovz7nzMR0tOsXMIf+B8/gBwqJH0</latexit>

Probabilistic Encoder

Encoder is defined as the variational 
posterior distribution of hn

xn
<latexit sha1_base64="+/M6cs6+OOafu/4fiSDr9im5t/k=">AAACA3icbVDLSsNAFL3xWeMr6k43wVJwVRIf6LLoxmUF+4A2hMl00g6dTMLMRCyh4MZfceNCEbf+hDv/xkkbQVsPDJx7zr3MvSdIGJXKcb6MhcWl5ZXV0pq5vrG5tW3t7DZlnApMGjhmsWgHSBJGOWkoqhhpJ4KgKGCkFQyvcr91R4SkMb9Vo4R4EepzGlKMlJZ8a7/SjZAaBGE2GPvc/CnudeFbZafqTGDPE7cgZShQ963Pbi/GaUS4wgxJ2XGdRHkZEopiRsZmN5UkQXiI+qSjKUcRkV42uWFsV7TSs8NY6MeVPVF/T2QoknIUBboz31HOern4n9dJVXjhZZQnqSIcTz8KU2ar2M4DsXtUEKzYSBOEBdW72niABMJKx2bqENzZk+dJ87jqnlTPbk7LtcsijhIcwCEcgQvnUINrqEMDMDzAE7zAq/FoPBtvxvu0dcEoZvbgD4yPbzyDl+s=</latexit>

hn
<latexit sha1_base64="ZAb/M/fBVAHf63j13LEeJnxae4Y=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQ+0GXRjcsK1haaUibTSTt0MgkzN0IJ/Q03LhRx68+482+ctFlo64GBwzn3cs+cIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6CGS6F4CwVK3kk0p1EgeTsY3+Z++4lrI2L1gJOE9yI6VCIUjKKVfD+iOArCbDTtq3615tbdGcgy8QpSgwLNfvXLH8QsjbhCJqkxXc9NsJdRjYJJPq34qeEJZWM65F1LFY246WWzzFNyYpUBCWNtn0IyU39vZDQyZhIFdjLPaBa9XPzP66YYXvcyoZIUuWLzQ2EqCcYkL4AMhOYM5cQSyrSwWQkbUU0Z2poqtgRv8cvL5PGs7p3XL+8vao2boo4yHMExnIIHV9CAO2hCCxgk8Ayv8Oakzovz7nzMR0tOsXMIf+B8/gBwqJH0</latexit>

fW2(hn)
<latexit sha1_base64="ox3suBZ5bIkhUItkLn+CqR0zDRA=">AAACLXicbVDLSsNAFJ3UV42vqEs3wVKom5JURZdFXbisYB/QljCZTtqhk0mYmYgl5Ifc+CsiuKiIW3/DSRqlth4YOPece5l7jxtSIqRlTbXCyura+kZxU9/a3tndM/YPWiKIOMJNFNCAd1woMCUMNyWRFHdCjqHvUtx2x9ep337AXJCA3ctJiPs+HDLiEQSlkhzjptzzoRy5XjxKHKb/Vo9p9VN4iRNnHEEatxOnllTmp04co2RVrQzmMrFzUgI5Go7x2hsEKPIxk4hCIbq2Fcp+DLkkiOJE70UChxCN4RB3FWXQx6IfZ9cmZlkpA9MLuHpMmpk6PxFDX4iJ76rOdEmx6KXif143kt5lPyYsjCRmaPaRF1FTBmYanTkgHCNJJ4pAxIna1UQjyCGSKmBdhWAvnrxMWrWqfVo9vzsr1a/yOIrgCByDCrDBBaiDW9AATYDAE3gBU/CuPWtv2of2OWstaPnMIfgD7esbqw2pow==</latexit>

xn
<latexit sha1_base64="+/M6cs6+OOafu/4fiSDr9im5t/k=">AAACA3icbVDLSsNAFL3xWeMr6k43wVJwVRIf6LLoxmUF+4A2hMl00g6dTMLMRCyh4MZfceNCEbf+hDv/xkkbQVsPDJx7zr3MvSdIGJXKcb6MhcWl5ZXV0pq5vrG5tW3t7DZlnApMGjhmsWgHSBJGOWkoqhhpJ4KgKGCkFQyvcr91R4SkMb9Vo4R4EepzGlKMlJZ8a7/SjZAaBGE2GPvc/CnudeFbZafqTGDPE7cgZShQ963Pbi/GaUS4wgxJ2XGdRHkZEopiRsZmN5UkQXiI+qSjKUcRkV42uWFsV7TSs8NY6MeVPVF/T2QoknIUBboz31HOern4n9dJVXjhZZQnqSIcTz8KU2ar2M4DsXtUEKzYSBOEBdW72niABMJKx2bqENzZk+dJ87jqnlTPbk7LtcsijhIcwCEcgQvnUINrqEMDMDzAE7zAq/FoPBtvxvu0dcEoZvbgD4yPbzyDl+s=</latexit>
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We use NN output to 
parameterize the 
variational posterior, 
namely, the encoder!

Probabilistic Encoder



Variational Auto-Encoder: Inference

• Maximize the variational ELBO

56
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ELBO is obviously 
intractable, why?

Use reparameterization trick + stochastic optimization 
(on mini-batches)!



Concrete example

• Likelihood for continuous output 
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The 2nd last layer



Concrete example

• Likelihood for binary output 
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Concrete example

• Gaussian encoder (most commonly used)
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Very easy to use 
reparameterization trick!



VAE: summary

• Convert auto-encoder estimation into a probabilistic 
inference problem

• Trivial application of VI 
• State-of-the-art
• Very popluar
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What you need to know

• What are Bayesian NNs?
• What are the key idea of BP and stochastic 

optimization?
• How to conduct variational inference for BNNs?
• What is the reparameterization trick?
• The key idea of Bayes by Backprop, and variational 

auto-encoder
• You should be able to implement them (with 

TensorFlow or pyTorch) now!

61


