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• GP regression
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• Goal: how to assign a prior over functions?
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Gaussian process priors

f : Rd ! R
<latexit sha1_base64="t6q+abMe2dEwa0pHqiCBnN6Kkvg="></latexit>
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Figure 1.1: Panel (a) shows four samples drawn from the prior distribution. Panel

(b) shows the situation after two datapoints have been observed. The mean prediction

is shown as the solid line and four samples from the posterior are shown as dashed

lines. In both plots the shaded region denotes twice the standard deviation at each

input value x.

1.1 A Pictorial Introduction to Bayesian Mod-
elling

In this section we give graphical illustrations of how the second (Bayesian)
method works on some simple regression and classification examples.

We first consider a simple 1-d regression problem, mapping from an input regression

x to an output f(x). In Figure 1.1(a) we show a number of sample functions
drawn at random from the prior distribution over functions specified by a par- random functions

ticular Gaussian process which favours smooth functions. This prior is taken
to represent our prior beliefs over the kinds of functions we expect to observe,
before seeing any data. In the absence of knowledge to the contrary we have
assumed that the average value over the sample functions at each x is zero. mean function

Although the specific random functions drawn in Figure 1.1(a) do not have a
mean of zero, the mean of f(x) values for any fixed x would become zero, in-
dependent of x as we kept on drawing more functions. At any value of x we
can also characterize the variability of the sample functions by computing the pointwise variance

variance at that point. The shaded region denotes twice the pointwise standard
deviation; in this case we used a Gaussian process which specifies that the prior
variance does not depend on x.

Suppose that we are then given a dataset D = {(x1, y1), (x2, y2)} consist- functions that agree

with observationsing of two observations, and we wish now to only consider functions that pass
though these two data points exactly. (It is also possible to give higher pref-
erence to functions that merely pass “close” to the datapoints.) This situation
is illustrated in Figure 1.1(b). The dashed lines show sample functions which
are consistent with D, and the solid line depicts the mean value of such func-
tions. Notice how the uncertainty is reduced close to the observations. The
combination of the prior and the data leads to the posterior distribution over posterior over functions

functions.



We know how to place a prior over several random 
variables
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Gaussian process priors

p(z) = p(z1, . . . , zm)
<latexit sha1_base64="/ovGiQqp7yi7pTX83xOGf7fy9xk="></latexit>

But how to construct a prior  to sample functions?
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(b) shows the situation after two datapoints have been observed. The mean prediction

is shown as the solid line and four samples from the posterior are shown as dashed

lines. In both plots the shaded region denotes twice the standard deviation at each

input value x.

1.1 A Pictorial Introduction to Bayesian Mod-
elling

In this section we give graphical illustrations of how the second (Bayesian)
method works on some simple regression and classification examples.

We first consider a simple 1-d regression problem, mapping from an input regression

x to an output f(x). In Figure 1.1(a) we show a number of sample functions
drawn at random from the prior distribution over functions specified by a par- random functions

ticular Gaussian process which favours smooth functions. This prior is taken
to represent our prior beliefs over the kinds of functions we expect to observe,
before seeing any data. In the absence of knowledge to the contrary we have
assumed that the average value over the sample functions at each x is zero. mean function

Although the specific random functions drawn in Figure 1.1(a) do not have a
mean of zero, the mean of f(x) values for any fixed x would become zero, in-
dependent of x as we kept on drawing more functions. At any value of x we
can also characterize the variability of the sample functions by computing the pointwise variance

variance at that point. The shaded region denotes twice the pointwise standard
deviation; in this case we used a Gaussian process which specifies that the prior
variance does not depend on x.

Suppose that we are then given a dataset D = {(x1, y1), (x2, y2)} consist- functions that agree

with observationsing of two observations, and we wish now to only consider functions that pass
though these two data points exactly. (It is also possible to give higher pref-
erence to functions that merely pass “close” to the datapoints.) This situation
is illustrated in Figure 1.1(b). The dashed lines show sample functions which
are consistent with D, and the solid line depicts the mean value of such func-
tions. Notice how the uncertainty is reduced close to the observations. The
combination of the prior and the data leads to the posterior distribution over posterior over functions

functions.

We can view function as a big table

Input output

x1 f(x1)

x2 f(x2)

x3 f(x3)

… …

We view each output as a random variable
We want to place a prior over all the function outputs!
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input value x.

1.1 A Pictorial Introduction to Bayesian Mod-
elling

In this section we give graphical illustrations of how the second (Bayesian)
method works on some simple regression and classification examples.

We first consider a simple 1-d regression problem, mapping from an input regression

x to an output f(x). In Figure 1.1(a) we show a number of sample functions
drawn at random from the prior distribution over functions specified by a par- random functions

ticular Gaussian process which favours smooth functions. This prior is taken
to represent our prior beliefs over the kinds of functions we expect to observe,
before seeing any data. In the absence of knowledge to the contrary we have
assumed that the average value over the sample functions at each x is zero. mean function

Although the specific random functions drawn in Figure 1.1(a) do not have a
mean of zero, the mean of f(x) values for any fixed x would become zero, in-
dependent of x as we kept on drawing more functions. At any value of x we
can also characterize the variability of the sample functions by computing the pointwise variance

variance at that point. The shaded region denotes twice the pointwise standard
deviation; in this case we used a Gaussian process which specifies that the prior
variance does not depend on x.

Suppose that we are then given a dataset D = {(x1, y1), (x2, y2)} consist- functions that agree

with observationsing of two observations, and we wish now to only consider functions that pass
though these two data points exactly. (It is also possible to give higher pref-
erence to functions that merely pass “close” to the datapoints.) This situation
is illustrated in Figure 1.1(b). The dashed lines show sample functions which
are consistent with D, and the solid line depicts the mean value of such func-
tions. Notice how the uncertainty is reduced close to the observations. The
combination of the prior and the data leads to the posterior distribution over posterior over functions

functions.

We can view function as a big table

Input output

x1 f(x1)

x2 f(x2)

x3 f(x3)

… …

Note that the possible inputs of a function are usually 
infinite and uncountable, so rigorously speaking, we 
should not use integers to index the input



GP regression

• That means, we need to assign the prior over the 
collection of all the function outputs (infinite, 
uncountable) 

• Is it doable? Yes
• Such a prior is called a random process 
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{f(x) : x 2 Rd}
<latexit sha1_base64="zh9AhzoRPFEo6GMavTCh5oHOPsU="></latexit>



9

Questions Involving Random Processes

• Dependencies of the random variables of the process

◦ How do future received values depend on past received values?

◦ How do future prices of a stock depend on its past values?

• Long term averages

◦ What is the proportion of time a queue is empty?

◦ What is the average noise power at the output of a circuit?

• Extreme or boundary events

◦ What is the probability that a link in a communication network is congested?

◦ What is the probability that the maximum power in a power distribution line
is exceeded?

◦ What is the probability that a gambler will lose all his captial?

• Estimation/detection of a signal from a noisy waveform

EE 278B: Random Processes 6 – 3

Two Ways to View a Random Process

• A random process can be viewed as a function X(t,ω) of two variables,
time t ∈ T and the outcome of the underlying random experiment ω ∈ Ω

◦ For fixed t, X(t,ω) is a random variable over Ω

◦ For fixed ω, X(t,ω) is a deterministic function of t, called a sample function

X(t, w1)

X(t, w2)

X(t, w3)

t

t

t

t1 t2
X(t1, w)X(t2, w)

EE 278B: Random Processes 6 – 4

Can be 
generalized to 
any continuous 
input

Source: Stanford Statistics Slides



GP prior

• What process do we use to sample function outputs? 
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{f(x) : x 2 Rd}
<latexit sha1_base64="zh9AhzoRPFEo6GMavTCh5oHOPsU="></latexit>

We use Gaussian process 

A random process such that every finite collection 
of these random variables follow a multivariate 
Gaussian distribution.
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Given any finite set of inputs 
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The corresponding function values
follows a multivariate Gaussian distribution 
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• Kernel function measures the similarity of two inputs
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e.g., RBF
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Figure 1.1: Panel (a) shows four samples drawn from the prior distribution. Panel

(b) shows the situation after two datapoints have been observed. The mean prediction

is shown as the solid line and four samples from the posterior are shown as dashed

lines. In both plots the shaded region denotes twice the standard deviation at each

input value x.

1.1 A Pictorial Introduction to Bayesian Mod-
elling

In this section we give graphical illustrations of how the second (Bayesian)
method works on some simple regression and classification examples.

We first consider a simple 1-d regression problem, mapping from an input regression

x to an output f(x). In Figure 1.1(a) we show a number of sample functions
drawn at random from the prior distribution over functions specified by a par- random functions

ticular Gaussian process which favours smooth functions. This prior is taken
to represent our prior beliefs over the kinds of functions we expect to observe,
before seeing any data. In the absence of knowledge to the contrary we have
assumed that the average value over the sample functions at each x is zero. mean function

Although the specific random functions drawn in Figure 1.1(a) do not have a
mean of zero, the mean of f(x) values for any fixed x would become zero, in-
dependent of x as we kept on drawing more functions. At any value of x we
can also characterize the variability of the sample functions by computing the pointwise variance

variance at that point. The shaded region denotes twice the pointwise standard
deviation; in this case we used a Gaussian process which specifies that the prior
variance does not depend on x.

Suppose that we are then given a dataset D = {(x1, y1), (x2, y2)} consist- functions that agree

with observationsing of two observations, and we wish now to only consider functions that pass
though these two data points exactly. (It is also possible to give higher pref-
erence to functions that merely pass “close” to the datapoints.) This situation
is illustrated in Figure 1.1(b). The dashed lines show sample functions which
are consistent with D, and the solid line depicts the mean value of such func-
tions. Notice how the uncertainty is reduced close to the observations. The
combination of the prior and the data leads to the posterior distribution over posterior over functions

functions.

It essentially implies that the 
closer the inputs, the more 
correlated the function outputs.  
It describes the function 
smoothness in the probabilistic 
context
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• Kernel function measures the similarity of two inputs
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is shown as the solid line and four samples from the posterior are shown as dashed
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1.1 A Pictorial Introduction to Bayesian Mod-
elling

In this section we give graphical illustrations of how the second (Bayesian)
method works on some simple regression and classification examples.

We first consider a simple 1-d regression problem, mapping from an input regression

x to an output f(x). In Figure 1.1(a) we show a number of sample functions
drawn at random from the prior distribution over functions specified by a par- random functions

ticular Gaussian process which favours smooth functions. This prior is taken
to represent our prior beliefs over the kinds of functions we expect to observe,
before seeing any data. In the absence of knowledge to the contrary we have
assumed that the average value over the sample functions at each x is zero. mean function

Although the specific random functions drawn in Figure 1.1(a) do not have a
mean of zero, the mean of f(x) values for any fixed x would become zero, in-
dependent of x as we kept on drawing more functions. At any value of x we
can also characterize the variability of the sample functions by computing the pointwise variance

variance at that point. The shaded region denotes twice the pointwise standard
deviation; in this case we used a Gaussian process which specifies that the prior
variance does not depend on x.

Suppose that we are then given a dataset D = {(x1, y1), (x2, y2)} consist- functions that agree

with observationsing of two observations, and we wish now to only consider functions that pass
though these two data points exactly. (It is also possible to give higher pref-
erence to functions that merely pass “close” to the datapoints.) This situation
is illustrated in Figure 1.1(b). The dashed lines show sample functions which
are consistent with D, and the solid line depicts the mean value of such func-
tions. Notice how the uncertainty is reduced close to the observations. The
combination of the prior and the data leads to the posterior distribution over posterior over functions

functions.

There are numerous ways to 
define your kernel function. 
Different kernel functions 
defines different ways to 
measure the similarity!



GP regression

• In practice, we will never need to sample the whole 
function, because the training data are always finite. 

• Given the training data,

How to construct our probabilistic model to sample the 
data? 
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GP regression

• Given the training data,

How to construct our probabilistic model to sample the 
data? 
• We first sample the function values at the inputs

from the multivariate Gaussian 
prior (this is a finite projection of the GP prior)   
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GP regression

• Given the training data,

How to construct our probabilistic model to sample the 
data? 
• Given the function values f, we sample the observed 

outputs. 
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For regression task (continuous output), we usually use Gaussian likelihood, 
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Observation are corrupted 
by some Gaussian white 
noise



GP regression

• The joint probability
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: noise variance and kernel 
parameters

• We can marginalize out latent function values
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GP regression: kernel

• Requirement on kernel function: for any finite 
number of inputs 
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must be semi-positive definite! Mercer’s condition
(discrete version) 

1188
1189
1190
1191
1192
1193
1194
1195
1196
1197
1198
1199
1200
1201
1202
1203
1204
1205
1206
1207
1208
1209
1210
1211
1212
1213
1214
1215
1216
1217
1218
1219
1220
1221
1222
1223
1224
1225
1226
1227
1228
1229
1230
1231
1232
1233
1234
1235
1236
1237
1238
1239
1240
1241

{x1, . . . ,xn}
p(✓,D)

p(✓|D)

p(y⇤|x⇤
,D) =

Z
p(y⇤|x⇤

,✓)p(✓|D)d✓

2

664

k(x1,x1) k(x1,x2) . . . k(x1,xN )
k(x2,x1) k(x2,x2) . . . k(x2,xN )

...
. . .

...
k(xN ,x1) k(xN ,x2) . . . k(xN ,xN )

3

775

23



19

GP regression: kernel examples

• Linear kernel: k(x, z) = xTz
• Polynomial kernel of degree d: k(x, z) = (xTz)d

• Polynomial kernel up to degree d: k(x, z) = (xTz + c)d

(c>0)
• RBF
• Periodic kernel
• Matern kernel
• …

2 Expressing Structure with Kernels

functions are likely under the GP prior, which in turn determines the generalization
properties of the model.

1.2 A few basic kernels
To begin understanding the types of structures expressible by GPs, we will start by
briefly examining the priors on functions encoded by some commonly used kernels: the
squared-exponential (SE), periodic (Per), and linear (Lin) kernels. These kernels are
defined in figure 1.1.

Kernel name: Squared-exp (SE) Periodic (Per) Linear (Lin)

k(x, xÕ) = ‡2
f exp

1
≠ (x≠xÕ)2

2¸2

2
‡2

f exp
1
≠ 2

¸2 sin2
1
fi x≠xÕ

p

22
‡2

f (x ≠ c)(xÕ ≠ c)

Plot of k(x, xÕ):

0 0

0

x ≠ xÕ x ≠ xÕ x (with xÕ = 1)
¿ ¿ ¿

Functions f(x)
sampled from

GP prior:

x x x
Type of structure: local variation repeating structure linear functions

Figure 1.1: Examples of structures expressible by some basic kernels.

Each covariance function corresponds to a di�erent set of assumptions made about
the function we wish to model. For example, using a squared-exp (SE) kernel implies that
the function we are modeling has infinitely many derivatives. There exist many variants
of “local” kernels similar to the SE kernel, each encoding slightly di�erent assumptions
about the smoothness of the function being modeled.

Kernel parameters Each kernel has a number of parameters which specify the precise
shape of the covariance function. These are sometimes referred to as hyper-parameters,
since they can be viewed as specifying a distribution over function parameters, instead of
being parameters which specify a function directly. An example would be the lengthscale



• Each kernel function corresponds to a (possibly) 
high-dimensional, nonlinear feature mapping 
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GP regression: kernel examples

k(x1,x2) =  (x1)
> (x2)

<latexit sha1_base64="EkY3+9UZsm3YGc6uc/hWzmyZTbw=">AAACM3icbVDLSsNAFJ3UV62vqEs3g0VoQUpSFd0IRTfiqoJ9QBPDZDpph04ezEzEEvpPbvwRF4K4UMSt/+CkzaIPDwycOede7r3HjRgV0jDetdzS8srqWn69sLG5tb2j7+41RRhzTBo4ZCFvu0gQRgPSkFQy0o44Qb7LSMsdXKd+65FwQcPgXg4jYvuoF1CPYiSV5Oi3g5LlI9l3veRp5JjHcOpXLcNLaEWCzpSUHywZRgt6tezoRaNijAEXiZmRIshQd/RXqxvi2CeBxAwJ0TGNSNoJ4pJiRkYFKxYkQniAeqSjaIB8IuxkfPMIHimlC72QqxdIOFanOxLkCzH0XVWZLinmvVT8z+vE0ruwExpEsSQBngzyYgZlCNMAYZdygiUbKoIwp2pXiPuIIyxVzAUVgjl/8iJpVivmSeXs7rRYu8riyIMDcAhKwATnoAZuQB00AAbP4A18gi/tRfvQvrWfSWlOy3r2wQy03z/YXqp0</latexit>

 : Rk ! Rd
<latexit sha1_base64="3VUhJShDu9A2S/P9v2067rEF2zo="></latexit>

often times:
d � k

<latexit sha1_base64="21RJS5UQjMdVu1TCQuRftEgdkLw="></latexit>

d = 1
<latexit sha1_base64="+V09wbcnPMf3Wm/WhiI0YgX7480="></latexit>

Kernel function a cheap way to compute inner-
product of high-dimensional feature vectors!
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GP regression: linear model view

• Given the training data,
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w ⇠ N (w|0, I)
<latexit sha1_base64="DoEyl5nPFa9dfEMirau5lzXeBfI="></latexit>

We first sample an (infinite dimensional) weight vector
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Marginalize out w

Why?

yn ⇠ N (yn|w> (xn),�
2I)

<latexit sha1_base64="44C8BGaxnMX1lgakG4h6wkstv5I="></latexit>



Outline

• GP Regression
• Training and prediction
• Connection to Bayesian neural networks
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Training and prediction
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: noise variance and kernel 
parameters
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We can perform EM algorithm to jointly estimate the posterior of f 
and hyper-parameters 

However, in practice, we often do type II MLE
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Training and prediction

• How to make a prediction? conditional Gaussian!
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We can easily compute
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C. E. Rasmussen & C. K. I. Williams, Gaussian Processes for Machine Learning, the MIT Press, 2006,
ISBN 026218253X. c� 2006 Massachusetts Institute of Technology. www.GaussianProcess.org/gpml

1.1 A Pictorial Introduction to Bayesian Modelling 3
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Figure 1.1: Panel (a) shows four samples drawn from the prior distribution. Panel

(b) shows the situation after two datapoints have been observed. The mean prediction

is shown as the solid line and four samples from the posterior are shown as dashed

lines. In both plots the shaded region denotes twice the standard deviation at each

input value x.

1.1 A Pictorial Introduction to Bayesian Mod-
elling

In this section we give graphical illustrations of how the second (Bayesian)
method works on some simple regression and classification examples.

We first consider a simple 1-d regression problem, mapping from an input regression

x to an output f(x). In Figure 1.1(a) we show a number of sample functions
drawn at random from the prior distribution over functions specified by a par- random functions

ticular Gaussian process which favours smooth functions. This prior is taken
to represent our prior beliefs over the kinds of functions we expect to observe,
before seeing any data. In the absence of knowledge to the contrary we have
assumed that the average value over the sample functions at each x is zero. mean function

Although the specific random functions drawn in Figure 1.1(a) do not have a
mean of zero, the mean of f(x) values for any fixed x would become zero, in-
dependent of x as we kept on drawing more functions. At any value of x we
can also characterize the variability of the sample functions by computing the pointwise variance

variance at that point. The shaded region denotes twice the pointwise standard
deviation; in this case we used a Gaussian process which specifies that the prior
variance does not depend on x.

Suppose that we are then given a dataset D = {(x1, y1), (x2, y2)} consist- functions that agree

with observationsing of two observations, and we wish now to only consider functions that pass
though these two data points exactly. (It is also possible to give higher pref-
erence to functions that merely pass “close” to the datapoints.) This situation
is illustrated in Figure 1.1(b). The dashed lines show sample functions which
are consistent with D, and the solid line depicts the mean value of such func-
tions. Notice how the uncertainty is reduced close to the observations. The
combination of the prior and the data leads to the posterior distribution over posterior over functions

functions.

Training and prediction

Posterior of the functions
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Outline

• GP Regression
• Training and prediction
• Connection to Bayesian neural networks
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Connection to BNNs

• A famous conclusion discovered by Radford M. Neal (1994)

27

• Consider an NN with only one hidden layer
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Connection to BNNs

• A famous conclusion discovered by Radford M. Neal (1994)
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• Consider an NN with only one hidden layer
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activation function: tanh, sigmoid, ….
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activation function: tanh, sigmoid, ….

We assign the same prior each uj bounded variance 

We assign the same prior each vj with 0 mean and a variance 
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activation function: tanh, sigmoid, ….

We assign the same prior each uj bounded variance 

We assign the same prior each vj with 0 mean and a variance 

Then we can prove that when                      , follows a GP priorf(x)
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From Central Limit theorem, 
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follows a Gaussian distribution when m ! 1
<latexit sha1_base64="w3QaZC8Mtor1MyOQFonHQeMxh9I="></latexit>

1134
1135
1136
1137
1138
1139
1140
1141
1142
1143
1144
1145
1146
1147
1148
1149
1150
1151
1152
1153
1154
1155
1156
1157
1158
1159
1160
1161
1162
1163
1164
1165
1166
1167
1168
1169
1170
1171
1172
1173
1174
1175
1176
1177
1178
1179
1180
1181
1182
1183
1184
1185
1186
1187

W12,b12

mn = W11 · gW10(xn) + b11

⌘n = W12 · gW10(xn) + b12

qW1(hn|xn) = N
�
hn|mn, diag(exp(⌘n))

�

L =
NX

n=1

EqW1 (hn|xn)

⇥
log

p(hn)p
�
xn|fW2(hn)

�

qW1(hn|xn)

⇤

DW2(·)
GW1(·)

z

DW1(z1)

min
W1

max
W2

L(W1,W2) = Ex⇠pdata [logDW2(x)] + Ez2pz(z)[log(1�DW2(GW1(z)))]

z1, . . . , zm ⇠ pz(z)

x1, . . . ,xm ⇠ pdata

W2  W2 + �tk ·rW2

1

m

mX

i=1

⇥
logDW2(xi) + log(1�DW2(GW1(zi)))

⇤

W1  W1 � ⌘t ·rW1

1

m

mX

i=1

log(1�DW2(GW1(zi)))

X = [x1, . . . ,xN ]

f = [f(x1), . . . , f(xN )]>

p(f) = N (f |0,⌃)

⌃ = k(X,X)

k(xj ,xj) = exp(�1

⌧
kxi � xjk2)

y = [y1, . . . , yN ]>

f ⇠ N
�
f |0, k(X,X)

�

y|f ⇠ p(y|f)
p(y|f) = N (y|f ,�2

I)

p(y, f |X,✓) = N (y|f ,�2
I)N

�
f |0, k(X,X)

�

p(y|X,✓) = N
�
y|0, k(X,X) + �

2
I
�

max
✓

logN
�
y|0, k(X,X) + �

2
I
�


f(x⇤)
y

�
⇠ N

✓
f(x⇤)
y

�
|


0

0

�
,


k(x⇤

,x
⇤) k(x⇤

,X)
k(X,x⇤) k(X,X) + �

2
I

�◆

p
�
f(x⇤)|y

�
= N

�
f(x⇤)|k(x⇤

,X)(k(X,X)+�
2
I)�1

y, k(x⇤
,x

⇤)�k(x⇤
,X)(k(X,X)+�

2
I)�1

k(X,x
⇤)
�

hj(x) = �(u>

j x)

f(x) =
mX

j=1

vjhj(x)

{
p
mv1h1(x), . . . ,

p
mvmhm(x)}

f(x) =
p
m · 1

m

mX

j=1

p
mvjhj(x)

22

Scaled average of IID variables
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follows a Gaussian distribution when m ! 1
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follows a multivariate Gaussian distribution when m ! 1
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Proof sketch
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activation function: tanh, sigmoid, ….
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follows a Gaussian distribution when m ! 1
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The result can be generated for an arbitrary set of inputs
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22That means             follows a GP prior   f(·)
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• Can be extended to deep NNs (Lee et. al. 2017)
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Connection to BNNs
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Summary

• GP regression is a very powerful nonparametric 
model for function estimation

• Does not assume function forms
• Two views of GP priors
• Close-form predictive distribution
• Profound connections to BNNs
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