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Laplace approximation

* Objective: construct a Gaussian distribution to
approximate the target distribution

* Method: second order Taylor expansion at the
posterior mode (i.e., MAP estimation)



Laplace approximation

* Given a joint probability p(@, D)

* How to compute (approximate) p(8|D) ?

Let us do MAP estimation first

0y = argmax logp(#, D) = argmax log p(D|0)
0 0



Laplace approximation

* We then expand the log joint probability at the
posterior mode

f(8) = logp(0, D)

f(8) ~ f(80) +V.f(60) (6 — 6o) Vf(0) =0
+ %(9 00) V'V (60)(6 — 6,) VVf(65) <0 Why?

= f(60) ~ (60— 65)TA(6  60)

A =—VVF(B) =0



Laplace approximation

f(8) = logp(6,D)
~ f(80) — 5 (60— 60)TA(6 — 0y)
p(8.D) ~ p(60, D) exp (— (8 — )T A8~ 6))

Gaussian!

0y = argmax logp(@,D)
6

0|D) ~ N(0|0y, A~*
p(6|D) ~ N (660, ) A = —VVlogp(0,D)|o=g,



Laplace approximation

Yellow: true

p(2) o< exp(—22/2)0 (202 + 4)

Red: Laplace approx.
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Bayesian Logistic regression

* Given a dataset {®..in}, where t. € {0,1}, ¢, = ¢(xn)

and n=1,..., N, the likelihood function is given by

p(w) = N(w|my, So)

t‘W Hyn {l_ynlt

t = (t,...,tn)7"

10



Bayesian logistic regression

1

logp(w,t) = —=(w —mo)S7" (w — mo)
N
+ Z {tnIny, + (1 —t,) In(1 —y,)} + const
n=1
do
o= o(l—o).
N
Sy = —VVinp(w|t) =Sy ' + Zyn(l —Yn)P, D
n=1

g(w) = N(w|lwwmap, Sy')
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Bayesian logistic regression

* Predictive distribution: given a new input ¢

a_¢ w WleApasN )

\/

a|WMAP¢7¢ S ¢

p(Cl‘t) = /J(a)q(a)da Numerical quadrature
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