∑

α α

∈ S S

i i i level sets

b asis

lo c al

ABSTRACT

1. INTRODUCTION

x

x

R oss T. Whitaker David E. Br e en

LEVEL-SET MODELS F

OR THE DEF

ORMA

TION OF SOLID OBJECTS

Department of Electrical Engineering

University of T ennessee

Knoxville, TN 37996-21 00

Computer Graphics Lab oratory

California Institute of T echnology

Pasadena, CA 91125

R TW supp ort provided by the V olume Visualization pro-

gram of the Office of Nav al Research grant N00014-97-0227.

DEB supp ort provided by the National Science F oundation

(ASC-89-20219), as part of the STC for Computer Graphics

and Scientific Visualization.

This pap er presents a general approach to mo deling

surface deformations of solid ob jects using .

Level-set mo dels enco de the shap es of 3D ob jects as

the iso-surfaces of dense scalar fields. The emb edding

is stored as a discretely-sampled, rectilinear grid, i.e.

a volume. Thus, level-set mo dels can b e describ ed as

a class of implicit mo dels with basis functions that are

fixed in numb er and lo cation (grid p oints) and have a

finite extent. The adv antage of this represe ntation is

its ability to mo del incremental deformations in shap e.

W e have shown that level-set mo dels can mimic para-

metric surface mo dels that seek to minimize v arious

kinds of energy functionals. At the same time level-set

mo dels offer a numb er of adv antages, including flexible

top ology

, no need for reparameterization, concise de-

scriptions of differential structure , and a natural scale

space for hierarchical representations. These metho ds

have a wide range of applications in 3D surface mo d-

eling.

This pap er presents the mathematics for emb ed-

ding deformable surfaces as level sets within volumes.

It also describ es our work in developing numerical al-

gorithms for computing the resulting evolution equa-

tions. These algorithms allow level-set mo dels to b e

manipulated and p ositioned to sub-voxel accuracy .

This pap er also presents some of our work in the appli-

cation of level-set mo dels to several different problems

in 3D graphics: 3D surface morphing, filleting and

blending, and 3D reconstruction from multiple range

maps.

Surface deformations are an imp ortant part of 3D

graphics. The ability to p erturb the shap e of a sur-

face in order to meet certain criteria, whether it b e the

discerning eye of a human designer or a set of input

data from some measuring device, is essential to the

creation of useful 3D mo dels. Surface deformations have played a role in a v ariety of application areas,

including shap e design [28], data fitting [20, 22], and

physically-based animation [27].

The mathematical to ols for manipulating 3D shap es

are intimately tied to the mechanisms used for rep-

resenting those shap es. Conventionally

, deformable

mo dels are parameterized. That is, they are mappings

from one space, which coincides with the dimensional-

ity of the mo del, to another, which is the range. Typ-

ically

, these parameterizations rely on a set of basis

functions that span some finite subspace of all p ossi-

ble shap es.

In the context of deformations, parametric mo dels

have several drawbacks which make them inadequate

for certain kinds of applications. The dep endenc y on

parameterization and the asso ciated basis is critical;

it limits the kinds of shap es a mo del can represent.

Mo dels typically do not deform far from their initial

conditions without some kind of reparameterization

[22]. Such reparameterizations are often inefficient

and develop ed ad ho c according to heuristics. The

parameterization can also make it difficult to measure

the differential geometry of the mo del, as with p olyg-

onal meshes.

An alternative to a parametric mo del is an implicit

mo del, i.e., sp ecifying a mo del as a level set of a scalar

function, Φ. Such a strategy b egs the question of how

to represent Φ. Historically

, implicit mo dels are rep-

resented using linear combinations of functions.

These basis or p otential functions usually have sev-

eral degrees of freedom including 3D p osition, size,

and orientation. By combining these functions, one

can create complex ob jects. Typical mo dels might

contain several hundred to several thousands of such

primitives. This is the strategy b ehind the “blobby”

mo dels prop osed by Blinn [2].

While such an implicit mo deling strategy offers a

v ariety of new mo deling to ols, it has some limitations.

In particular, the global nature of the p otential func-

tions limits one’s ability to mo del surface defor-

mations. Consider a p oint where is the level

surface asso ciated with a mo del Φ = , and is

one of the individual p otential functions that comprise

that mo del. Supp ose one wishes to move the surface

at the p oint in a way that maintains continuity with

App ears in: , Eurographics/Siggraph, June 1998, pp. 19-35. 1 t

3

3

+

× ×

S ⊂

× →

⊂

∈

S

×

U U

r s x, y , z

,

U

r, s, t t

r, s, t

t U U x

2. LEVEL-SET MODELS

S

S

S S

N N S

S glob al

lo c al

2.1. Surfac e Evolutions

lo c al ly the surrounding neighb orho o d. With multiple, global

basis functions one must decide which basis function

or combination of basis functions to alter and at the

same time control the effects on other parts of the

surface. The problem is ill p osed — there are many

ways to adjust the basis functions so that will mov e

in the desired direction and yet it may b e imp ossible

to eliminate the effects of those movements on other

disjoint parts of the surface.

An alternative to using a small numb er of

basis functions is to use a relatively large numb er of

basis functions. This is the principle b ehind us-

ing a volume as an implicit mo del. A volume is a

discrete sampling of the emb edding Φ. It is also an

implicit mo del with a very large numb er of basis func-

tions. The total numb er of basis functions is fixed,

as are their p ositions (grid p oints) and extent. One

can change the magnitude of each basis function, but

each basis function has only one degree of freedom. A

typical volume of size 128 128 128 contains over

a million such basis functions. The shap e of each ba-

sis function is op en to interpretation — it dep ends

on how one interp olates the v alues b etween the grid

p oints. A trilinear interp olation, for instance, implies

a basis function that is a piece-wise cubic p olynomial

with a v alue of one at the grid p oint and zero at neigh-

b oring grid p oints.

The adv antage of using discretely-sampled volumes

to represe nt implicit surfaces is that they are well

suited to mo deling lo cal surface deformations. Sethian

[26] has prop osed the use of level sets to mo del cer-

tain kinds of physical problems. Several authors have

prop osed similar paradigms for computer vision [18,

31, 19, 5] — mostly for segmenting images and vol-

umes. Level-set mo dels have b een shown to mimic the

conventional parametric mo dels that seek to minim ize

certain kinds of energy functionals. A well-founded

mathematical structure leads to a set of rules that de-

scrib e how voxel v alues can b e manipulated to create

deformations in the level sets. However, level-set mo d-

els as prop osed in the literature have some drawbacks.

In particular, they are computationally burdensome

and they cannot b e p ositioned to sub-voxel accuracy .

These drawbacks are critical in a numb er of computer-

graphics applications. Our work has fo cused on two

areas. First is overcoming these shortcomings in level-

set mo deling through improved numerical algorithms.

Second is the development of lo cal deformation pro-

cesse s to solve particular problems in computer graph-

ics.

This pap er pro ceeds as follows. In the next sec-

tion we present the mathematics for emb edding a de-

formable surface as a level set of a volume. Defor-

mations of a surface are re-expresse d in terms of the

shap e of the surface and then describ ed by the dif-

ferential structure of the emb edding, or volume. The

result is an evolution equation on a volume which gov-

erns the b ehavior of the level surfaces that lie within it. That is, a set of rules for changing the v alues of

voxels in order to achieve movements of surfaces that

have a precise geometric description. W e also briefly

describ e some of the numerical algorithms that make

such deformations computable.

W e then show how the level-set paradigm offers,

within a single, elegant mathematical framework, new

solutions for three different application areas in 3D

graphics. The first, describ ed in Section 3, is 3D sur-

face morphing. Surfaces can move on the distance

transform of other surfaces, creating a continuous fam-

ily of intermediate surfaces that are not limited by

top ology and require little or no user input. The sec-

ond application, describ ed in Section 4, is filleting and

blending. The movement of surfaces according to se-

lected comp onents of their curv ature can pro duce a

“filling in” at sharp concave or hyp erb olic regions.

The third application, in Section 5, is 3D reconstruc-

tion from multiple range maps. Multiple laser range

maps are combined using an ob jective function that

accounts for discrepancies and v arying confidence lev-

els in the measurements. An ob ject-based smo othing

function is incorp orated in a way that do es not intro-

duce view dep endent artifacts. This smo othing can

control the influence of noise and other high-frequency

scanning artifacts.

This section b egins with mathematics for describing

surface deformations on parametric mo dels. The re-

sult is an evolution equation for a surface. Each of the

terms in this evolution equation can b e re-expresse d

in a way that is indep endent of the parameterization.

Finally

, the evolution equation for a parametric sur-

face gives rise to an evolution equation (differential

equation) on a volume, which enco des the shap e of

that surface as a level set.

A regular surface I

R is a collection of p oints

in 3D that can b e b e represe nted as a con-

tinuous function. In geometric mo deling a surface is

typically represente d as a two-parameter ob ject in a

three-dimensional space, i.e., a surface is

: I R

(1)

where I

R, and the b old notation refers sp ecifically

to a parameterized surface (vector-v alued function).

A deformable surface exhibits some motion over time.

Thus = ( ), where I

R . W e assume second-

order-continuous, orientable surfaces; therefore at ev-

ery p oint on the surface (and in time) there is surface

normal = ( ). The set is the range of

ev aluated at time with a domain .

The deformations of are describ ed by an evolu-

tion equation, which is typically a differential equation

App ears in: , Eurographics/Siggraph, June 1998, pp. 19-35. 2

( )

def

3 3

3

3 +

3 r s r r r s ss

r r ss t t

t

t

t

→

→

S S

× →

∈

∈

⊂

S { | }

S

S

∇ ·

∇

−∇ · |∇ | ·

−∇ |∇ |

S

S

G S S S S S

S

S

f

S

f S

S

S N

S

S S x x

S

x x

S

S

S

S

x

S S

N

N smo oth

2.2. Emb e dding Deformable Mo dels

shap e

∂

∂ t

, , , , , . . . ,

∂

∂ t

.

∂

∂ t w

w

∂

∂ t

, t

r, s

U

, t k .

∂ , t

∂ t

, t

∂

∂ t

,

∂

∂ x

,

∂

∂ y

,

∂

∂ z

.

∂

∂ t

∂

∂ t

∂

∂ t

,

/

r s on that incorp orates certain physical prop erties of

the surface as well as resp onses to other forcing func-

tions. That is,

= ( ) (2)

where the subscripts represe nt partial deriv atives with

resp ec t to those parameters. The evolution of can

b e describ ed by a sum of terms that dep ends on b oth

the geometry of and the influence of other functions

or data.

There are a v ariety of differential expressions that

can b e combined for different applications. F or in-

stance, the mo del could move in resp onse to some di-

rectional “forcing” function [14, 27], : I R I R ,

that is

= ( ) (3)

Alternatively

, the surface could expand and contract

with a spatially-v arying sp eed. F or instance,

= ( ) (4)

where : I R I R is a signed sp eed function. The

evolution might also dep end on the surface geometry

itself. F or instance,

= + (5)

describ es a surface that moves in way that is b ecomes

more with resp ect to its own parameteriza-

tion. This motion can b e combined with the motion

of Equation 3 to pro duce a mo del that is pushed by

a forcing function but maintains a certain smo othness

in its shap e and parameterization. There are a myriad

of terms that dep end on b oth the differential geome-

try of the surface and outside forces or functions to

control the evolution of a surface.

An alternative to a parametric mo del, is a level-set

mo del [26], i.e., a mo del that treats a 3D surface as

the level-set of a discretely-sampled volume. Previous

work has shown promising results with this mo del-

ing technology for 3D reconstruc tion, primarily in the

context of 3D medical data [19, 33, 31]. This sec-

tion gives the formulation for this mo deling strategy ,

starting with an equation of motion for a deformable

surface [33].

The strategy relies on the prop erties of regular sur-

faces, which have lo cal parameterizations that can b e

expresse d in terms of differential quantities such as

arc length, curv ature, etc. If one starts with a para-

metric surface and the asso ciated equations of motion,

and then removes the parameterization from the de-

formable mo del, all that remains is the geometry of

the surface itself, which can expressed in terms of the emb edding, Φ. The strategy for emb edding active sur-

faces consists of four steps:

1. Express the equations of motion for a deformable

mo del in terms of some unsp ecified parameteri-

zation.

2. Describ e the parameterization in terms of the

differential structure of the mo del.

3. Assume the mo del is the level set of a function

Φ.

4. Express the geometry of the level set in terms

of the differential structure of Φ and create an

evolution equation for Φ.

In order to apply this strategy to a deformable

surface , represent as a level set of a 3D scalar

function, Φ : I R I R I R, which evolves over time.

The evolution equations of the individual level sur-

faces imply corresp onding evolution equations for the

scalar function Φ( ), where I R .

A parametric deformable mo del, where

I R, can b e represe nted

= Φ( ) = (6)

The function is a parameterized version of , and

the surface remains a level set of Φ over time.

Therefore the time deriv ative is zero:

Φ( )

+ Φ( ) = 0 (7)

where

Φ( ) =

Φ Φ Φ

(8)

Thus,

Φ

= Φ = Φ (9)

where = Φ Φ is the surface normal. Equa-

tions 7–9 describ e the evolution of Φ in terms of the

evolution of its level surfaces, but it assumes a para-

metric representation of the level surfaces. The next

step is to re-express certain kinds of motion equations

on Φ in terms of the of the surfaces (i.e., geome-

try that is indep endent of the parameterization), and

thereby remove the parametric surface altogether.

In the case of parametric surfaces, one can cho ose

from a v ariety of different expressions to construct an

evolution equation that is appropriate for a particular

application. F or each of those parametric expressions,

there is a corresp onding expression that can b e formu-

lated on Φ, the volume in which the level-set mo dels

are emb edded. In constructing evolutions on levels

sets, there can b e no reference to the underlying sur-

face parameterization (terms dep ending on and

in Equations 1 through 5). This has two imp ortant

implications: 1) only those surface movements that

are normal to the surface are represente d (any other

App ears in: , Eurographics/Siggraph, June 1998, pp. 19-35. 3

1

2

−

−

S S

S S

x

x

x x

( ) [ ( )

( ) ( )

( ) [ ( )

( ) ( )

2 2 2 2 2

2 2 2 2

2 2 2

2

2 2

2 2 2 2

2

2

− − −

−

− −

−

−

−

− −

− −

− −

− −

− −

S { | } me an curvatur e

2.3. Numeric al Algorithms

up-wind

2.4. Sp arse-Field Solutions r r ss

r r ss

x y z y z xx

z x y y

x y z z

x y xy y z y z z x z x

x z z x y y z z

y z

y xx z z

xz z xx y y

xy

x y xz y z xy z z

y z xy xz y z xx

x z xy y z xz y y

x

y y xy

r s

r, s

H

K

K

, t

u

u x, y , z u x h, y , z u x h, y , z

h

,

u x, y , z

h u x, y h, z u x, y h, z u x, y , z ,

u x, y , z

h u x h, y h, z

u x h, y h, z

u x h, y h, z

u x h, y h, z .

k

k

, t k

k

u

k movement is the equiv alent of a reparameterization)

2) all of the deriv atives with resp ect to surface param-

eters and must b e expresse d in terms of inv ariant

surface prop erties that can b e derived without a pa-

rameterization.

Consider the term + from equation 5. If

is an orthonormal parameterization, the effect of that

term is purely on surface shap e, not on the parame-

terization, and the expression + is twice the

, H, of the surface. The corresp onding

level-set formulation is given by Sethian [26]:

=

1

2

Φ + Φ + Φ Φ + Φ Φ (10)

+ Φ + Φ Φ + Φ + Φ Φ

2Φ Φ Φ 2Φ Φ Φ 2Φ Φ Φ ]

T able 1 shows a list of expressions used in the evo-

lution of parameterized surfaces and their equiv alents

for level-set representations. Also given are the as-

sumptions ab out the parameterization that give rise

to the level-set expressions. The term is the Gaus-

sian curv ature and is given in [26] to b e

= Φ + Φ + Φ Φ Φ Φ Φ (11)

+Φ Φ Φ Φ + Φ Φ Φ Φ

+2 [Φ Φ (Φ Φ Φ Φ )

+Φ Φ (Φ Φ Φ Φ )

+Φ Φ (Φ Φ Φ Φ )] ]

The level-set terms in T able 1 are combined, based

on the needs of the application, to create a partial

differential equation on Φ( ). The next step is to

solve this partial differential equation on , a discrete

approximation to Φ. The terms in T able 1 fall into

two basic categories: the first-order terms (items 1

and 2 in T able 1) and the second-order terms (items

3 through 5). The first-order terms describ e a moving

wave front with a space-v arying velo city (expression

1) or sp eed (expression 2). Equations of this form

cannot b e solved with a simple finite forward differ-

ence scheme. Such schemes tend to oversho ot, and

they are unstable. Osher and Sethian [24] have pro-

p osed an scheme. The up-wind metho d relies

on a one-sided deriv ative that lo oks in the up-wind

direction of the moving wavefront, and thereby avoids

the over-sho oting asso ciated with finite forward differ-

ences.

The second-order terms in T able 1 generally do not

require the up-wind metho ds and can b e solved with

a finite forward difference schemes using centralized

differences for the deriv atives. F or example,

( ) =

( + ) ( )

2

(12)

( ) =

1

[ ( + )+ (13)

( ) 2 ( )]

( ) =

1

4

[ ( + + ) (14)

+ ( )

( + )

( + )]

Up-wind solutions to the equations describ ed in the

previous section give equations of motion for level-set

mo dels over the entire range of the emb edding, i.e.,

for all v alues of in Equation 6. These solutions de-

scrib e the b ehavior of an emb edded family of contours.

This family of contours can b e explored by lo oking at

the surfaces that result from the v arious levels of .

This dense family of solutions might b e adv antageous

for certain applications, such as volume rendering [33].

However, some applications, such as those describ ed in

Sections 4–5 of this pap er, require only a single mo del.

In such applications the calculation of solutions over

the entire range of iso-v alues is an unnecessary compu-

tational burden, and the presence of contour families

can b e a nuisance b ecause further pro cessing might b e

required to extract the level set of interest.

Our work has fo cused on the development of an al-

ternative numerical algorithm, called the sparse-field

metho d, that computes the geometry of only a small

subset of p oints in the range and requires a fraction of

the computation time required by the previous algo-

rithm. W e have shown two adv antages to this metho d

[30]. First is a significant improvement in computa-

tion times. Second is increased accuracy when fitting

mo dels to forcing functions that are defined to sub-

voxel accuracy .

The sparse-field metho d relies on the fact that when

solving for only a single level set, Φ( ) = , the evo-

lution of Φ is imp ortant only in the vicinity of that

level set. The evolution equations for Φ are such that

the level sets of Φ evolve indep endently (to within

the error intro duced by the discrete grid). Thus, one

should p erform calculations for the evolution of Φ only

in a neighb orho o d of the set = Φ( ) = . F or

this means that there is a small subset of grid lo ca-

tions that are essential to any particular step in the

evolution; the rest can b e ignored. The challenge is

keeping track of this neighb orho o d as the -level set

of Φ moves from one set of voxels to another.

The sparse-field algorithm do es precisely the num-

b er of calculations needed to compute the next p osi-

tion of the level surface. It is analogous to a lo como-

tive engine that lays down tracks b efore it and picks

them up from b ehind (readers might recall such an en-

gine in the once p opular animation series, “Gumby”).

These grid p oints can b e accessed through a linked-list

structure , and in this way the numb er of computations

increases with the size of the mo del rather than the

App ears in: , Eurographics/Siggraph, June 1998, pp. 19-35. 4