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Filtering algorithms are well accepted as a means of speeding up the solution of
the consistent labeling problem (CLP). Despite the fact that path consistency
does a better job of filtering than arc consistency, AC is still the preferred
technique because it has a much lower time complexity. We are implementing
parallel path consistency algorithms on multiprocessors and comparing their
performance to the best sequential and parallel arc consistency algorithms.?
(See also work by Keretho et al.®) and Kasif¥). Preliminary work has shown
linear performance increases for parallelized path consistency and also shown
that in many cases performance is significantly better than the theoretical worst
case. These two results lead us to believe that parallel path consistency may be
a superior filtering technique. Finally, we have implemented path consistency as
an outer product computation and have obtained good résults (e.g., linear
speedup on a 64K-node Connection Machine 2). -

KEY WORDS: Path consistency; parallel implementation.

1. INTRODUCTION

The Constraint Satisfaction Problem can be defined as a problem in
logic.® Let X={Xy,.,X,} be a set of n variables, and let P=
{P{yus Ppy Proyes Py, ,,} be a set of unary and binary predicates which
the values of the variables must satisfy. Bach variable, X, takes on a set
of values from some domain, D;. We also require that P, (v, v;)=
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Parallel Path Consistency 455

find a valid label for nodes, etc. When no valid label exists for a node, we
backtrack and make a new assignment for the last node. We continue until
all nodes have been assigned labels or all possible assignments have been
attempted, and failed.

Mackworth® has shown that the “thrashing” behavior of standard
backtracking can potentially be reduced in practice by the incorporation of
consistency algorithms (node, arc, and path consistency). Mohr and
Henderson™® have given an optimal algorithm for arc consistency and an
improved algorithm for path consistency. '

In order to achieve (1), several heuristics to limit the graph search can
be defined and enforced:

e node consistency: for every label at every node, delete the label if
it fails to satisfy the unary predicate at that node.

Vi=1,n
VYv,eD;
if 7 P,(v;) then D, « D, — {v;}

e arc consistency:

Vi=1,n
Vi=1,n
Yv,€ D; ,
if —13v; € D, such that P; ;(v;, v))
then D; « D, — {v;}

" This process is iterated until no labels are deleted.

e path consistency:

Vi=1,n
Vi=1,n
Vk=1,n
Pi,j‘—Pi,j A (Pi,kOPk,kOPk,j)

Here, P, ;°P,, is the composition operator on relations. This

process is iterated until no relation is changed.

Montanari®® was the first to define path consistency and has shown that
if all paths of length two are consistent, then all paths of any greater length
than two are also consistent; therefore, in practice, only paths of length two
need be considered to ensure path consistency. '
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Parallel Path Consistency 457

corrected version of PC-3, given by Han and Lee.!"®) These algorithms are
derived from. arc consistency algorithms AC-1, AC-2, and AC-4, respec-
tively.'*'9 For a review of discrete relaxation and its application, see
Henderson.®

2.1. Sequential PC 1

Algorithm PC- 1 is a straightforward generalization of AC-1, and is
shown in Fig. 1. PC-1 is a brute force algorithm.

The nested loops on lines 4-21 examine all node-label triples to make
sure that every node pair—label pair P, ;(/;, ;) has support through all
length two paths i — k — j; thus, lines 4-21 have complexity O(n’a®). (Note
that some authors do not include the number of labels in the complexity,
and would call this O(n®).) When an inconsistent element P, ;(,[;) is
found, the corresponding entry in the relation matrix is changed from
TRUE to FALSE. Since the relation matrix contains #n’a? elements and can
only change from TRUE to FALSE, the worst case complexity of the
repeat—until loop is O(n*a®). This gives a worst case complexity for the
algorithm of O(n’a®).

2.2. Other Path Consistency Algorithms

Just as PC-1 is derived from AC-1, PC-2 is a generalization of AC-2.
Rather than check all node triples every time a relation entry is set to

1 procedure PC-1

2 begin

3 repeat

4 change := FALSE;

5 fori:=1,ndo

6 for [; := 1,a do

7 for j := 1,n do

8 for l; :=1l,ado

9 begin

10 for k := 1,n do

11 v begin

12 k.support := FALSE;

13 for l; :=1l,a do '
14 k_support := k_support V [P:x(liy I) A Pej(le, lk) A Pri(lk, 1))
15 if = k_support then .
16 begin

17 P,'J(I,‘, l]') := FALSE;

18 change := TRUE;

19 end;

20 end

21 end

22 until - change;

23  end.

Fig. 1. PC-1 Algorithm.
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Parallel Path Consistency 459

7000 — AC

4000 —

3000 —

2000 —

1000 —

I T I
N=4 6 8 10

Fig. 2. Number of nodes visited in N-Queens for AC
and PC.

did a superior job of pruning the search space. As mentioned earlier, a
good example of this is consistent 4-Queens. Figure 2 shows number of
nodes visited in the search tree for n-queens (n=4, 6, 8, 10).

3. PARALLEL PATH CONSISTENCY

We have conducted some simple experiments. These experiments
support the following claims:

1. Path consistency prunes the search space to a greater extent than
arc consistency. ie., our experiments support previous work on
this.

2. Highly parallelized versions of path consistency can achieve near-
linear speedup.

3. Path consistency will normally run in much better than theoretical
worst case performance.

In fact, on average over a random sample of relation matrixes, parallel
PC-1 runs in constant time. In addition, its worst case performance seems
to be linear, and we have found that the implementation exhibits nearly
linear speedup.
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Parallel. Path Consistency 461

These tasks execute concurrently, and the statement immediately following
the parallel for is only performed once all k tasks generated by the parallel
for have completed.

We have not explored parallel versions of PC-2 and PC-4 because
both contain an outer loop of similar complexity to PC-1’s outer loop,
which means that even in the best case, parallelized versions of these algo-
rithms could not improve on the performance of parallel PC-1. In addition,
they both require more space than PC-1 (a great deal more in the case of
PC-4). Another factor in choosing PC-1 as a candidate for parallelization
is the outcome of experiments done by Samal.*®) He examined parallelized
versions of the arc consistency algorithms AC-1, AC-2 and AC-4, and
concluded that the best parallel performance was achieved by AC-1.

As a next step, we modified the PC-1 program mentioned earlier to
run as a parallel program on the Butterfly. We employed a straightforward
parallelization, where the number of parallel processes generated is
based on the size of the initial graph. Larger graphs have shown an
approximately linear speedup, up to the number of processors available
(see TableI). Note that the number of iterations varies slightly due to
interactions caused by the parallelization, and the speedup remains linear
only for equal iteration counts. '

Figure 3 shows the worst case and average case number of iterations
over a set of 10,000 randomly selected trials per selection of n and a
(ranging from 2 to 10). This shows that the average number of iterations
is constant (about 2), and the worst case is linear in na. Figure 4 shows the

25 maximum

20 -

average

I I T I T
m=n= 2 4 6 8 10

Fig. 3. Avg. and max. iterations for n=a=2,.., 10.




YoIeas susand-N

Ul 5p0d 15[l Ul juads Swp uonnoexa jo ofejusdisd ¢ ‘S
o1 8 9 v=N

| ! !

I

ov
— %06

/—- %001

od

‘1-0d ur juads st
SWIT} YOIBAS QY3 [[B ISOW[e 9ouls ‘[-Dd 2zIa[ered 01 snoafejurApe SI 11 18y}
sojeoIpul pue ‘(SumyoeIiyoeq oy} UI SNSIdA) 9pod oyl jo jred Aougisisuod
oy} ur juads swm jo ofejueoied oy) smoys ¢S ‘Ajeurq (‘siosseooid
¥y s wyrode [oyered oyl Jo owIl 9y} sown Yy ISA0 WILIOT[R
[eriuanbas o3 Jo awm oy} Jo onel oy} SI Aouoniy) “uoneIdst 1d Aousmoije

‘woneiay 1od Aousroyrg b 814
s10s82001d Jo Joquun

48 8 ¥
|

‘Je 18 ulPMsSsSNg



Parallel Path Consistency : 463

3.2. Worst Case Performance

The Consistent Labeling Problem input to PC-1 is encoded in the
form of an na x na binary matrix (this can also be viewed as an n x n matrix
of the P, relations each of which is an axa matrix). The algorithm
iterates over this matrix until two successive iterations yield no change in
the matrix. Each iteration is of complexity O(n’a*) and can only simplify
the matrix (i.e., change a “1” to a “0”). Since each iteration simplifies at
least one element in the matrix, we require as a worst case n’a” iterations,
yielding a worst case performance of O(n’a®).

Since the input matrix defines both the list of possible labels for
each node and the constraint relation between nodes, it is possible to
exhaustively examine all possible relation constraints for small values of n
and a through a brute-force approach of constructing all possible input
matrixes. The purpose of this experiment was to find which constraint rela-

_tions produced the worst results (greatest number of iterations). While we

haven’t been able to fully characterize which constraint relations produced
the most iterations, we were surprised by the maximum and average
number of iterations required. Using values of =2 and n=23 yielded a
maximum performance of 5 iterations (compared to a theoretical worst
case of 30 iterations) and an average case performance of 2.07 iterations
(see Fig. 6). (Note: although there are nine 2 x 2 matrixes with 4 elements
each, making 36 bits in the relations matrix, the diagonal P;; matrixes can

maximum

average

I T I T ]
5 10 15 20 25

number of ones

Fig. 6. Avg. and max. iterations for all relations of a =2
and n=3.
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Parallel Path Consistency 465

the sequential experiments was modified to include the Uniform system
calls in such a way that different levels of parallelization could be tried.
Although the Butterfly used is configured with 18 nodes, only 15 of these
were available for parallel applications, thus limiting the maximum
speedup that could be obtained. These nodes were used as a common pool
and allocated to processes as needed.

After experimenting with different levels of parallel granularity, it was
found that maximum performance was obtained with a granularity of no
more than n® processes, each with an internal complexity of a®. Reducing
the process size below this level led to unacceptable levels of overhead
which reduced performance. This level of granularity still resulted in many
more processes than the number of processors available, so the actual
performance would not be improved by a smaller granularity in any case.
To achieve this level of parallelization, the three node related for loops
were parallelized.

The 18 nodes of the Butterfly is sufficient for development and testing
and to show the effect of parallel PC-1.

5. PARALLEL OUTER PRODUCT FORMULATION OF PATH
CONSISTENCY ‘

In addition to the path consistency algorithms discussed above,
another method of computing path consistency has been suggested by
Marsden et al.®® This method is based on vector outer products and
matrix summation and intersection, and is well suited to a highly parallel
implementation. As with the other PC algorithms, it is also based on the
relation matrix data structure.

The following algorithm is a slight variation of the original Marsden
algorithm, in that it does not assume a symmetric relation matrix.
However, it should be noted that a symmetric matrix formulation could be
exploited, since P, ;(/;, [;) can be set to zero if P;;(/;, [;) is zero. That is, for
i=1,n;j=i+1, n; P;;can be set equal to P; ; A (P;;)" before starting the
path consistency check. This algorithm computes the same results as
the three loops in PC-1 and must be repeated until the relation matrix
stabilizes. (Note that Marsden et al.?*? also show how the outer product
computation can be used to compute k-consistency for any k.)

“Recall that there are na rows in the relation matrix (which combines
all the P, /s into one matrix), corresponding to n nodes with a labels each.
The algorithm iterates over the rows of the relation matrix, with nested
iterations for each node (i) and label (j). For each iteration ij, the ij-th row
is extracted from the relation matrix, and an outer product of this row with
column 7 is computed. This outer product matrix is added to a summation
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Parallel Path Consistency 467

5.1. The Connection Machine

The connection machine is a massively parallel, fine-grained SIMD
processor.®® It provides a large number of tiny processor/memory cells
connected by a programmable communications network. The Connection
Machine 2, for example, has 65,536 processor nodes, each with 32K bytes
of local memory. The Connection Machine is easily scalable, but this is
considered a large configuration. Parallel data structures are spread across
the processor cells, with a single element stored in each processor’s
memory. When parallel data structures have more than 65,536 data
elements, the hardware operates in virtual processor mode, presenting the
user with a larger number of processors, each with a correspondingly
smaller memory. Communications between elements of a parallel data
structure is carried out over the high-speed routing network. Processors
that hold related data elements store pointers to one another. When data
are needed, they are passed through the routing network to the appropriate
processor. The interface to the Connection Machine is via a sequential
front-end processor, which also holds scalar data elements and performs
nonparallel computations.

Given a data structure that has been spread across the processor cells,
many operations can be computed in unit time (O(1)). This is because each
processor element acts independently on a single element of the data
structure. Examples of such operations are search and delete, and matrix
operations such as copy, intersection, and addition. Other operations that
involve counting, reducing, or numbering the elements take place in
logarithmic time, because they are implemented by algorithms using balanced
trees.?* Quoted performance for a 65,536 node machine is 2500 MIPS for
32-bit fixed point instructions; the routing network has a throughput of 250
million 32-bit messages per second.

We implemented path consistency on the Connection Machine 2
(CM-2) using the outer product algorithm previously described. On the
~ total machine, there is 8 gigabytes of physical memory. The machine can
by split into quadrants of 16K processors each or can be accessed as half
the machine (32K processors) or as a full 64K device. The CM-2 executes
in a SIMD parallel fashion where each processor executes in lock-step with
the others. Certain processors can be masked out of the operation but
cannot concurrently execute different instructions.

Path Consistency maps extremely well onto this type architecture. We
can represent the relations as 2D bit-maps. Thus, for a relation graph with
n nodes and a labels, we only need a binary matrix of size n’a®. The
algorithm proceeds in two steps:

1. set up the initial relation matrix
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1 procedure POP PC

2 begin

3 while change

4 for node := 1,n do

5 begin

6 for label := l,a do

7 begin

8 index := offset(node,label);
9 SUM := SUM V (Row][index] A Col[index]);
10 end;

11 R :=R A SUM;

12 end;

13 end.

Fig. 10. Parallel Outer Product Path Conslstency
(POP PC).

While the relation matrix is changing, we iterate over each node. For
each node, we form an outer product for each label (represented by a row
and column in the relation matrix) and OR those into a temporary matrix
we call the SUM matrix. When all labels are exhausted for a particular
node, we AND the SUM matrix with the relation matrix and iterate over
the next node’s labels. When we have exhausted all nodes, we either quit,
signified by the relation matrix not changing as a result of the AND’ing of
the SUM matrixes, or start the iteration again, signified by a modification
of the relation matrix.

5.1.1. Implementation Details

For the actual implementation, we were forced to slightly modify the
algorithm for more efficient execution on the CM-2. All matrixes on the
CM-2 must be powers of two. Thus when allocating storage, we needed to
determlne the closest power of two which was greater than or ‘equal to

n’a’. Since each of the matrixes can be represented with a bit map, we only
allocated a single bit per matrix entry. We assigned a processor to each
memory location. Since we weren’t guaranteed to have a relation matrix of
size less than or equal to the physical number of processors, we allocated
Virtual Processor Sets (VP-sets); if we were restricted to physical pro-
cessors, we couldn’t process a relation matrix greater than 128 x 128 on the
16K CM-2. The VP ratio is the ratio of the number of virtual processors
to ‘physical processors. Since we might have allocated some extra VP’s if
our relation matrix was not a power of two, we masked out those
processors such that they performed no computations.

There are three types of CM-2 communication: nearest neighbor,
utilizing the router (any processor to any processor) and scans. The CM-2
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Table . Summary of CM-2 Results

Problem Size Processors Speed Up VP-Ratio Elapsed Time (sec)
256 x 256 16384 1 4 0.25029
484 x 484 16384 1 16 0.739879

1024 x 1024 16384 1 64 4.022633
2025 x 2025 16384 1 256 26.220621
4096 x 4096 16384 1 1024 204.557243
256 %256 32768 1 2 0.260105
484 x 484 32768 1.33 8 0.555307
1024 x 1024 32768 1.66 32 2.429805
2025 x 2025 32768 1.84 128 14.287050
4096 x 4096 32768 2.00 . 512 102.245058
256 x 256 65536 1 1 0.216853
484 x 484 65536 1.52 4 0.488031
1024 x 1024 65536 .. 2.52 16 . 1.596955
2025 x 2025 65536 3.24 64 8.090925
4096 x 4096 65536 3.80 256 ) 53.884622

either the x or y axis), this causes more and more time to be spent doing
the spread as the problem size increases. : » '

These test size cases were picked because the CM-2 has a restriction
that the length of an axis must be an integral power of two. Another
restriction is an integral VP ratio. So, the smallest problem that can be run
on a 16K machine is 128 x 128 and the smallest problem that can be run
on the whole machine is 256 x 256. Since the N-queens problem causes the
shape of the problem space to be na xna, the test cases are the largest that
fit into the successive, acceptable CM-2 geometries. :

6. CONCLUSIONS

A fast, efficient path consistency computation can greatly aid in filter-
ing backtrack search. We have described several methods here which
should be of great value to this aim. The linear worst case performance of
the parallel algorithm is unexpected; moreover, constant time average case
complexity indicates that parallel path consistency may be of great use
once parallel computation is readily available. However, its useful
application requires further study on a wider class of problems and graph
geometries. o .
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