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Abstract—This paper addresses the challenge of designing prov-
ably safe conflict-resolution procedures (CRPs) that are decentral-
ized and decoupled from each other. The main contribution of this
paper is identifying necessary and sufficient conditions to decou-
ple CRPs. Additionally, this paper demonstrates the existence of
decentralized en-route CRPs that satisfy the identified decoupling
conditions for each local conflict and, thereby, guarantee global
conflict resolution. An advantage of the proposed CRPs is that
they do not require a reduction in the aircraft flow levels in
the intersecting routes for conflict resolution, which can aid in
increasing the efficiency of en-route air traffic control.

Index Terms—Air traffic control, conflict decoupling, conflict
resolution, distributed algorithms, distributed control, domino
effect.

I. INTRODUCTION

THIS PAPER addresses the decoupling of conflict-
resolution procedures (CRPs) for decentralized en-route

air traffic control (ATC). CRPs tend to be decentralized (spa-
tially and temporally) because of the substantial increase in
computational and modeling complexity with a centralized
CRP when the number of aircraft (and conflicts) increases.
Additionally, centralized controllers become inefficient, over
large airspace, because of the need to handle the uncertainty
in aircraft trajectories over time, e.g., due to the sensitivity
of predicted ground speeds to wind and temperature forecasts
[1], which in turn depend on the forecasts of dynamic weather
conditions with substantial uncertainties [2]. Therefore, de-
centralized CRPs are needed to resolve conflicts to manage
the complexity and uncertainty in ATC. A major challenge,
however, is to ensure that modifications of flight trajectories,
to resolve a conflict, do not lead to a domino effect, i.e., the
resolution of a conflict should not lead to new conflicts, whose
resolution leads to additional conflicts, and so on [3]. The
main contribution of this paper is identifying necessary and
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sufficient conditions to decouple CRPs. Additionally, this paper
demonstrates the existence of decentralized en-route CRPs that
satisfy the decoupling conditions for each local conflict and,
thereby, guarantee global conflict resolution. An advantage of
the proposed CRPs is that they do not require a reduction
in the aircraft flow levels in the intersecting routes for con-
flict resolution, which can aid in increasing the efficiency of
en-route ATC.

Improvements in en-route CRPs can help increase the effi-
ciency of ATC in congested parts of the airspace. Congestions
arise, e.g., due to merges in current approaches used for man-
aging adverse weather conditions [4], [5]. Under current traffic
flow management, standardized procedures in the National
Severe Weather Playbook [6]–[8] allow aircraft to be rerouted
around a region with adverse weather. For route simplicity, air
routes (even those going to different destinations) tend to be
merged before rerouting around the adverse weather region. For
example, Fig. 1(a) shows the “West Watertown” procedure [6]
used to merge and reroute aircraft from the west coast when
a large area in the Midwest is affected by adverse weather.
Merges simplify conflict resolution in nearby regions (e.g., with
the preexisting route represented by a dashed line in Fig. 1)
and ease the interfacing with human controllers. However,
restrictions on the acceptable aircraft flow level on the merged
route lead to a reduction of the acceptable aircraft flow levels in
the routes that are merged [6]. In contrast, it might be possible
to design reroutes that avoid the reduction in aircraft flow levels
(by avoiding merges) in the routes that aim to pass through the
affected region, e.g., as illustrated in Fig. 1(b). The increase in
number of reroutes (when compared with the case with merges)
can increase the number of intersections with preexisting routes
in the nearby region. The complexity of ATC in such congested
regions could be reduced with the proposed CRPs, at each
intersection, since the CRPs are decoupled from each other.
Furthermore, the proposed CRPs do not require a reduction in
the aircraft flow levels (i.e., capacity of the reroutes) for conflict
resolution, which improves the ATC efficiency when compared
with existing merge-based procedures.

Automation to assist human controllers can lead, in general,
to reduced workload and improved efficiency, as shown in [9]–
[13]. For example, automation tools to schedule and resolve
conflicts for aircraft arriving at an airport terminal have been
developed by researchers at the National Aeronautics and Space
Administration Ames Research Center [9]. Researchers are
also developing automation tools to detect and resolve en-route
conflicts (see, e.g., [9] and [14]–[19]) under the free flight
paradigm [9], [10], which can eventually enable different airline
operational centers to negotiate with each other for minimizing
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Fig. 1. Rerouting procedures with and without merges. Plot (a) “West Watertown” procedure (figure adapted from [6]) used to merge and reroute aircraft around
an adverse weather region. Dashed line represents a preexisting route in the nearby region. Plot (b) reroutes without merges increase ATC complexity and can
benefit from improved en-route CRPs. (a) Playbook procedure with merges. (b) Modified procedure without merges.

operational costs, e.g., [20]. The challenge, in the development
of automation tools for CRPs, is to show that the automated pro-
cedure will always lead to a solution of the conflict-resolution
problem for guaranteeing safety. This paper develops a
framework for the design of such provably safe CRPs.

Previous works on automated CRPs range from nonlocal
probabilistic approaches that handle uncertainties [21] to local
deterministic approaches that resolve conflicts in a collabora-
tive manner [22], [23]. Analytical issues such as proving the
local safety of conflict resolution were studied in, e.g., [24]. The
problem of guaranteed conflict resolution in a stable manner
remains more challenging for the nonlocal case. For example,
procedures to resolve conflicts between aircraft along intersect-
ing routes might not be stable, as shown in [25]. Previous works
have developed stable CRPs for two and three intersecting
routes [23], [25]. The main difficulty is that decentralized pro-
cedures for individual intersecting routes interact with adjacent
intersections. Solving the resulting coupled problem, in a stable
manner, can require centralized solutions [25]. In contrast, the
current work seeks decentralized procedures that guarantee
conflict resolution with multiple conflicts (intersections) by
using decoupled procedures—the cost of this guarantee is time
delay with known bounds.

This paper focuses on conflict resolution along prespecified
aircraft routes, as in [14], [26], and [27]. Such highway-like
routes, if sufficiently dense in the airspace and variable over
time [28], could provide sufficient flexibility for accommo-
dating weather patterns [29], missed connections, and traf-
fic congestion by choosing desired flight segments along the
route structure in a free-flight-like setting. Global resolution of
all the intersecting conflicts in any given route structure can
be achieved if the local CRP designs, at each of the route
intersections, are decoupled from each other. Towards such
decentralized global conflict resolution in intersecting routes,
this paper extends previous efforts [30], [31] by identifying
necessary and sufficient conditions for decoupled CRPs.

This paper demonstrates the existence of decentralized en-
route CRPs (based on [30] and [31]), which satisfy the de-
coupling conditions. Such decoupled CRPs can be useful as
a nominal solution for getting the distribution of bounds on
delays in the airspace for a given global route structure and,
thereby, enable optimization of the route structures. Note that
the computational effort for the global conflict resolution lin-
early grows with the number of conflicts since the local CRPs
are decoupled from each other.

Fig. 2. Route description. Three routes {R1, R2, R3} are shown, along with
the associated arrival points {A1, A2, A3} and exit points {E1, E2, E3}.

II. CONDITIONS FOR DECOUPLED CONFLICT

RESOLUTION PROCEDURES

In this section, we formulate the conflict-resolution problem
and develop necessary and sufficient conditions for CRPs to be
decoupled.

A. Airspace Description

The airspace AS, where conflicts are to be resolved, is
assumed to be at a fixed altitude (planar flight) in which aircraft
fly, with a constant speed vsp, along one of a predefined set of
distinct routes R = {Ri}n

i=1 with arrival points A = {Ai}n
i=1

and exit points E = {Ei}n
i=1. As illustrated in Fig. 2, each route

Ri ∈ R is a directed path (not necessarily a straight line) from
an arrival point Ai ∈ A to an exit point Ei ∈ E . Moreover, the
maximal length rmax of all routes Ri ∈ R in the airspace is
assumed to be finite, which implies that the nominal time to
traverse the airspace along any route (without accounting for
intersections) is finite and less than

Tmax = rmax/vsp. (1)

Assumption 1 (Initially Conflict Free): Aircraft arriving at
a route Ri (at each arrival point Ai) are separated by at least
distance d that is greater than the minimum required separation
dsep, i.e., d > dsep > 0.

Remark 1: Sorting of aircraft flows into a layered structure
at different altitudes, with similar flight direction (such as east
to west) and fixed nominal speed in each altitude, simplifies the
management of air traffic. Although such layering is present in
current air traffic management, conflict resolution is still needed
when aircraft flows cross each other inside a layer—these
crossings cannot be avoided due to the limited number of
altitude layers available to separate flows.
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B. Definition of Local Conflict Regions

The goal is to develop decoupled CRPs to avoid conflicts
between aircraft on different routes, where the conflict points
in the airspace are separated into local conflict regions (which
are defined formally as follows).

Definition 1 (Conflict Point): A conflict point is any point on
a route that is less than the minimal separation distance dsep

from a point on another route.
All conflict points, in the airspace under consideration, are

grouped inside a finite number NL of local conflict regions L =
{Li}NL

i=1. For simplicity, it is assumed that the local conflict
regions are circular discs that are strictly contained in the
airspace (i.e., L ⊂ AS), do not include the arrival points A and
exit points E of the routes R in the airspace, and satisfy the
following conditions.

Assumption 2 (Conditions on Local Conflict Regions):
1) Simple: Each local conflict region Li contains exactly two

distinct routes Ri,1 ∈ R and Ri,2 ∈ R.
2) Bounded: Each conflict region Li is assumed to be

a bounded disc of radius ri ≥ dsep centered around a
point pi.

3) Disjoint: The intersection of any two local conflict re-
gions is empty, i.e., Li ∩ Lj = ∅ if i �= j.

Remark 2: The bounded condition (in Assumption 2) and
the requirement that the exit point not be in the conflict region
imply that the problem does not consider merging routes.
Merges could be handled, for example, using automation tools
developed to schedule aircraft arriving at an airport terminal,
e.g., [9] and [32]. It is noted that, in general, en-route merges
tend to reduce the flow capacity of the merged routes. Some
merges (e.g., use to maintain ATC simplicity) could be avoided
in future paradigms if automated en-route CRPs can be devel-
oped to handle the increased ATC complexity.

Remark 3: The disjoint condition aims to allow sufficient
space for local CRPs to be decoupled from each other.

C. Formulation of Decoupled Conflict-Resolution Problem

The problem is to locally resolve conflicts that arise between
aircraft on different routes provided the routes (and, therefore,
the conflict regions) are sufficiently sparse.

Definition 2 (κ-Sparse Airspace): The airspace is κ sparse
(where κ ≥ 1) if, for each local conflict region Li (center pi,
radius ri, and routes Ri,1 ∈ R, Ri,2 ∈ R), the concentric disc
Bi of radius κri and center pi (see Fig. 3) is as follows.

1) It is strictly contained in the airspace Bi ⊂ AS.
2) It only contains the two routes Ri,1 and Ri,2 with cor-

responding unique arrival points Ai,1, Ai,2 ∈ Bi and
unique exit points Ei,1, Ei,2 ∈ Bi on the routes, as shown
in Fig. 3.

3) It is separated by at least the minimum required distance
dsep from all other routes, e.g., d1 ≥ dsep in Fig. 3.

4) It is disjoint and conflict free from other discs, i.e., sepa-
rated from any other disc Bj (of radius κrj and center pj)
by at least the minimal separation distance dsep.

Remark 4: If the airspace is κ-sparse, then local CRPs can
change the route structure inside the disc Bi (which is larger

Fig. 3. Local conflict region Li and associated disc Bi with routes Ri,1,
Ri,2. The distance of the disc Bi from other routes (other than Ri,1, Ri,2,
e.g., distance d1 from R3 in the figure) and other local discs (e.g., d2 from Bj )
is at least the minimum separation distance dsep.

than the local conflict region Li) without causing additional
local conflicts with other routes.

A local CRP ensures safety locally, i.e., aircraft spacing is
maintained to be at least the minimal separation distance dsep

inside a local region—this is defined formally as follows.
Definition 3 (d-Type Local Conflict Resolution): Given a

κ-sparse airspace, a local conflict region Li, and its associated
disc Bi, a d-type local CRP CLi

(that modifies aircraft path
only within the disc Bi) ensures that the aircraft will leave the
disc Bi with constant nominal speed vsp and without conflicts
inside the disc Bi provided the aircraft arrive at the nominal
arrival points (Ai,1, Ai,2 of routes Ri,1, Ri,2) separated from
each other by at least distance d.

Remark 5: A local CRP CLi
does not guarantee absence of

conflicts outside the local area, i.e., outside disc Bi.
The objective is to design local CRPs that prevent conflicts

globally (i.e., in the entire airspace AS under consideration).
Definition 4 (Decoupled, Global Conflict Resolution): Given

a κ-sparse airspace AS, a set of d-type local CRPs CL =
{CLi

}NL
i=1 is considered to be a decoupled global conflict res-

olution if the following conditions are met.

1) Safety: There are no conflicts (i.e., separation between
aircraft is at least the minimum dsep) in the entire
airspace.

2) Decoupling: The procedures used in each local conflict
resolution CLi

(such as route changes inside Bi) are
independent of the procedures used at other locations
(e.g., CLj

in Bj).
3) Liveness: Passage through the airspace (to the intended

destination, i.e., aircraft on route Ri exit at the cor-
responding exit point Ei with minimal spacing d) is
guaranteed within a specified maximum time Tmax < ∞.

4) Fairness: The passage through the airspace is on a first-
come–first-served (FCFS) schedule for each route, i.e.,
the sequence of aircraft arrival on a particular route is
maintained at the exit point of the route from the airspace.

Remark 6: The liveness and fairness conditions are not
required for safe separation; however, liveness implies that
aircraft will not be stuck in the airspace (e.g., in a loop), and
fairness enables acceptance of the CRP. The FCFS scheduling
of aircraft is considered as the canonical fair schedule in air
traffic management [33].

Remark 7: The proposed (FCFS-based) CRPs will not result
in unwanted changes in schedule. However, if an intentional
reordering of aircraft sequence is desired, then the proposed
CRPs can be integrated with existing procedures to swap
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Fig. 4. Local intent requires that aircraft arriving at Ai,1 in route R1 merge before exiting at Ei,1 in conflict disc Bi. (a) Route R1 enters another conflict disc
Bj after current conflict disc Bi. (b) Route R1 exits the airspace after current conflict disc Bi.

aircraft order, e.g., by delaying one of the aircraft using path
extensions. Such reordering procedures are separate from the
conflict-resolution problem considered in this paper.

D. Conditions for Existence of Solutions

Necessary and sufficient conditions for the existence of a
solution to the decoupled global conflict-resolution problem are
presented in the following lemma.

Lemma 1: Given any κ-sparse airspace AS, a set of d-type
local CRPs CL will satisfy the conditions for decoupled global
conflict resolution (see Definition 4) if and only if the following
local conditions are satisfied. For any local conflict region Li

and its associated disc Bi (as in Fig. 3), aircraft arrive at arrival
points Ai,1 and Ai,2 separated from each other by at least
distance d, and we have the following:

1) local intent: aircraft on each route in the disc Bi exit along
the route at the corresponding exit point Ei,1, Ei,2;

2) local liveness: aircraft on each route in the disc Bi exit
the disc within a specified maximum time Ti < ∞;

3) local fairness: the passage through the disc Bi is FCFS
within each route;

4) local exit spacing: aircraft exiting the disc (at each of the
two exit points) are separated by at least distance d.

Proof: The proof consists of two parts: 1) sufficiency and
2) necessity.
(i) Sufficiency:

Global Safety: Local intent and local exit spacing are suf-
ficient conditions for global safety. Local conflict res-
olution CLi

prevents conflicts inside the local conflict
disc Bi; if the aircraft leave along the intended routes
with spacing d > dsep, then there are no conflicts
along the route until the next local conflict disc along
the route, for example, Bj . The local exit spacing
condition allows compatibility between local CRPs
because it ensures that the spacing of aircraft arriving
at Bj (at one of the arrival points Aj,1 or Aj,2) is at
least d. This arrival spacing of d is compatible with the
next CRP CLj

to avoid conflicts in the next local disc
Bj . The repetition of this argument for each local con-
flict region along each route guarantees that there are
no conflicts in the entire airspace under consideration.

Global Liveness: The time needed for aircraft on any single
route to reach the intended exit point of the airspace
can be bounded by Tmax +

∑NL

i=1 Ti [where Tmax is
the maximum time needed without conflicts, as in (1)],
thus guaranteeing global liveness.

Global Fairness: Local fairness is sufficient for global
fairness since the sequence of aircraft in each route is
maintained through each local CRP.

Decoupling: The local CRPs are decoupled through the
local exit spacing condition that ensures compatibility
between two successive local CRPs. The only require-
ment to ensure that the next local CRP can manage its
potential local conflicts is that the aircraft arrive suf-
ficiently spaced (by d), i.e., aircraft leave the current
local disc sufficiently spaced (by d). It is noted that
this is a local condition that helps to ensure decoupling
between sequential CRPs.

(ii) Necessity:
Local Intent: Necessity of local intent arises from the need

to ensure that aircraft on a specific route, for example,
R1, converge back to that route by only using local
CRPs with resolution procedures inside each conflict
disc, i.e., without additional procedures outside the
conflict discs. If, after the conflict disc Bi, the route
R1 enters another conflict disc Bj , as in Fig. 4(a), then
convergence of aircraft back to the nominal route R1

is needed before Bj to satisfy the arrival condition at
the next CRP CLj

(see Definition 3)—the arrival con-
dition ensures that CRPs CLi

and CLj
are decoupled.

On the other hand, if, after the conflict disc Bi, the
route R1 exits the airspace, as in Fig. 4(b), then conver-
gence back to the nominal route R1 is needed to satisfy
the global liveness condition. In either case, the CRP
CLi

is local, and changes cannot be made to the routes
outside of the conflict disc. Therefore, convergence
back to the nominal route (local intent) needs to be
completed within the conflict disc of each local CRP.

Local Liveness: If local liveness is not satisfied in one local
disc Bi, i.e., the time Ti needed to leave the local
disc Bi is not finite, then the time needed to leave the
airspace is also not finite.

Local Fairness: If the sequence of aircraft departing a local
disc Bi is not the same as the arrival sequence, then
the sequence has to be changed for global fairness.
The sequence cannot be changed outside of the local
discs because of the local nature of CRPs, which only
allows path deviations inside of the local discs. If the
sequence is to be changed inside a different local disc,
then the procedures of the two discs become coupled,
thereby violating the decoupling requirement.

Local Exit Spacing: If the aircraft exit a conflict disc Bi

with separation less than d, then it violates the arrival
spacing condition at the next conflict disc, for exam-
ple, Bj in a general airspace, for guaranteed conflict
resolution in Bj . If the aircraft leave the airspace
after Bi, then the local exit spacing is needed to meet
the spacing requirement when leaving the airspace
because changes are not allowed outside of Bi. �
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Fig. 5. Two perpendicularly intersecting routes Rp,1 and Rp,2. The conflict
region Lp has radius rp = dsep, the associated conflict disc Bp has radius κrp,
and aircraft arrive at Ap,1 and Ap,2 separated by at least d > dsep.

Corollary 1 (Complex Conflicts): The conditions for decou-
pled CRP in Lemma 1 are also applicable for complex conflicts,
i.e., when each conflict region Li potentially contains more than
two distinct routes and more than one intersection—as opposed
to simple conflicts in Assumption 2.

Proof: The proof is similar to that of Lemma 1. �
Remark 8: The local nature of the CRPs plays an important

role in the foregoing necessity argument. The rationale for
requiring the CRP to be local (i.e., procedures should be inside
of the local conflict discs) is that if the aircraft paths are to be
changed outside of the local discs, then there is no guarantee
that the procedure will not lead to additional conflicts along the
routes in a general air space; resolving these would violate the
ability to design the CRPs in a decentralized decoupled manner
over the airspace.

Remark 9: The foregoing results could be generalized to
3-D flows (and 3-D CRPs, e.g., see [34]) by considering 3-D
local conflict regions rather than 2-D discs. New issues in such
a generalization would include variations in speed and differing
separation standards. Nevertheless, the concepts introduced in
the foregoing results such as the need for local intent, liveness,
fairness, and exit spacing can be applicable to such general-
izations. The current study, however, only demonstrates a 2-D
decoupling CRP (which satisfies the necessary and sufficient
conditions for decoupling as in Lemma 1) for planar flows.

III. DECOUPLED CONFLICT RESOLUTION PROCEDURES

In this section, we establish the existence of decoupled global
CRPs (see Definition 4) by demonstrating a local CRP that
satisfies the necessary and sufficient conditions for decoupling
as in Lemma 1. For ease in exposition, this section considers
the problem of perpendicularly intersecting routes.

A. Perpendicularly Intersecting Routes

Consider the conflict-resolution problem for a local conflict
region Lp of radius rp = dsep with two straight-line routes Rp,1

and Rp,2 that intersect perpendicularly, as shown in Fig. 5.
In general, conflict resolution can be achieved using maneu-

vers that change the heading, speed, and altitude. However,
heading changes are preferred over speed changes, which cost
additional fuel for accelerating and decelerating the aircraft.
Similarly, heading changes are preferred over altitude changes,
which tend to incur passenger discomfort and can cause con-

flicts in the other altitudes [23], [26]. Therefore, this section
develops a heading-change-based CRP.

Assumption 3 (Turn Dynamics): In the following, the turn
dynamics is not modeled and heading changes are considered
to be instantaneous (as in [23], [26], and [35]) when designing
the route modifications for conflict resolution.

The conflict-resolution problem for the perpendicular inter-
section is stated below.

Definition 5 (Decoupling Perpendicular CRP Problem):
Find a local CRP that satisfies the decoupling conditions (see
Lemma 1) by only using heading change maneuvers for the
perpendicularly intersecting routes, i.e., conflict region Lp (in
Fig. 5) when aircraft arrive (at Ap,1 and Ap,2) with a separation
distance of at least d. The radius rp of the conflict region Lp is
considered to be the minimum separation distance dsep.

B. Admissible Heading Change Maneuver

The following lemma (adapted from [2] and [26]) relates
the admissible (conflict-free) heading change to the separation
between aircraft.

Lemma 2 (Minimum Separation for Heading Change): Con-
sider two aircraft (a1, a2) with the same speed along a straight
line route, as shown in Fig. 6(a). Let aircraft a1 change its
heading by φ and aircraft a2 continue in a straight line. Then,
the minimum spacing dmin between the two aircraft to avoid
conflict is given by

dmin =
dsep

cos(φ/2)
. (2)

Proof: The relative motion of aircraft a1 with respect
to aircraft a2 is given by the vector Va1 − Va2 , as shown in
Fig. 6(b). Therefore, a safety disc (of diameter dsep) centered
around aircraft a1 generates the shaded area in Fig. 6(a) that is
bordered by two parallel lines separated by dsep and centered
along the vector Va1 − Va2 . For conflict avoidance, the safety
disc around aircraft a2 (of diameter dsep) should not intersect
the shaded area associated with the relative motion of the safety
disc of aircraft a1. Therefore, the minimal safe distance dmin

between aircraft occurs when the safety disc around aircraft a2

just touches the shaded area, as shown in Fig. 6(b). The angle
β made by the relative velocity vector Va1 − Va2 with respect
to the horizontal in Fig. 6(b) can be found from the isosceles
triangle Δ(Fa1E) in Fig. 6(a) as

β = (π + φ)/2. (3)

The current lemma follows from the right-angled triangle
Δ(a1Ca2) in Fig. 6(b), which yields

sin(π − β) =
dsep

dmin
(4)

where sin(π − β) = cos(φ/2) from (3). �
Corollary 2 (Admissible Heading Change): Consider two

aircraft (a1, a2) with the same speed along a straight line route
and separated by distance d > dsep, as shown in Fig. 6(a). A
fixed heading change Φ of aircraft a1 is admissible (i.e., does
not lead to conflict when aircraft a2 continues in a straight line)
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Fig. 6. (a) Relative motion of aircraft a1 with respect to aircraft a2 when aircraft a1 changes heading by φ. (b) Minimum separation dmin between aircraft to
avoid conflict.

Fig. 7. Diverging/converging aircraft. (a) Aircraft diverge from point P with heading angle Φ. (b) Aircraft converge to point P .

Fig. 8. (a) Diverging sequence (plot shows minimal spacing d), where aircraft ak−1 has heading angle φk−1, and aircraft ak has heading angle φk . (b) Spacing
between two aircraft ai and aj that have passed the heading change point P .

if the heading change Φ is less than the maximum heading
change Φmax(d) given by

|Φ| ≤ Φmax(d) = 2 cos−1

(
dsep

d

)
. (5)

Proof: Equation (5) in this corollary follows from (2) in
Lemma 2 with the aircraft separation dmin = d and heading
change φ = φmax(d) in Fig. 6(b). �

Lemma 3 (Diverging/Converging Sequence): Consider a se-
quence of aircraft (ak) that diverge along straight lines at point
P—they arrive along a straight line at the divergence point P
with speed vsp and are separated from each other by at least
distance d > dsep, as shown in Fig. 7(a). Then, there are no con-
flicts (between the diverging aircraft ak) if the heading change
φk for each aircraft ak is less than the maximum admissible
heading change Φmax(d) [see (5) in Corollary 2], i.e.,

|φk| ≤ φmax(d) = 2 cos−1

(
dsep

d

)
. (6)

Moreover, the same conditions are sufficient to avoid con-
flicts if the directions of the aircraft ak are reversed and if they
are converging at point P , as shown in Fig. 7(b)

Proof: Since the heading change of each aircraft is ad-
missible, from Corollary 2, there are no conflicts between an
aircraft that has passed the heading change point P [e.g., ak−1

in Fig. 8(a)] and aircraft at or before the heading change point
P , e.g., ak, ak+1, and ak+2 in Fig. 8(a).

What needs to be shown is that there is no conflict between
two aircraft that have both passed the heading change point
P , e.g., ai and aj with i < j in Fig. 8(b). Here, the subscript
indicates that aircraft aj and ai are separated by at least (j − i)d
when the first aircraft ai is at the divergence point P . Therefore,
when the second aircraft aj is at heading change point P ,
aircraft ai would be at a distance (j − i)d from point P .
Moreover, as the speed is constant for all aircraft, by the time
aircraft aj moves a distance d2 from P [see Fig. 8(b)], aircraft
ai also increases its distance to P by d2, i.e.,

d3 = (j − i)d + d2. (7)
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Fig. 9. Two heading changes. (a) Diverging point P followed by a second heading change to achieve a common heading angle for all aircraft. Segment PP0 is
parallel to the final heading angle after the two heading changes. (b) Converging point P preceded by heading change.

Since the sum of two sides of a triangle is at least the third,
from Fig. 8(b), we have

d1 + d2 ≥ d3. (8)

Substituting for d3 from (7) into (8) yields

d1 + d2 ≥ (j − i)d + d2 ≥ d + d2 (9)

because i < j, and therefore

d1 ≥ d > dsep (10)

and aircraft that are past the heading change point P also do not
have conflicts with each other.

Reversing the directions of the converging aircraft makes it a
diverging case, and the lack of conflict follows from the same
arguments. �

In the following lemma, conditions for a conflict-free second
heading change following a diverging point (or preceding a
converging point) are established.

Lemma 4 (Two Heading Changes): Consider a sequence of
aircraft that diverge at point P into two equidistant possible
path segments (PP1, PP2) followed by a second heading
change (at either P1 or P2) to achieve a common heading angle
for all aircraft, as shown in Fig. 9(a). If the minimal separation
of aircraft arriving at waypoint P is d > dsep, then there are
no conflicts between the aircraft if the following conditions
are met.

1) The maximum heading change φ1 < π/2 at P and the
heading change φ1 < π/2 (at P1 and P2) satisfy
the admissible heading change condition [see (5) in
Corollary 2], i.e.,

|φ1| ≤ φmax(d), |φ2| ≤ φmax(d). (11)

2) The heading angle difference [see θ in Fig. 9(a)], before
and after the two heading changes, is less than π/2.

3) The two heading change points are sufficiently separated,
i.e., d(P, P1) ≥ dsep and d(P, P2) ≥ dsep in Fig. 9(a).

Moreover, the same conditions are sufficient to avoid con-
flicts if the flow directions are reversed and if the two heading
changes lead to a converging point P , as shown in Fig. 9(b).

Proof: In the following, the lack of conflicts between
aircraft for the diverging case [see Fig. 9(a)] is proved. Re-
versing the directions of the aircraft in the converging case [see
Fig. 9(b)] makes it equivalent to the diverging case. Therefore,
the lack of conflicts would follow from the same arguments.

There is no conflict between aircraft before the second
heading change [at P1 and P2 in Fig. 9(a)] because the initial
heading-change condition (11) meets the diverging/converging
requirement (6) in Lemma 3. Moreover, aircraft before and
after the two heading changes are sufficiently separated from
each other to avoid conflicts before and after the two heading
changes. This is because the closest distance between aircraft
before and after the two heading changes is either d(P, P1)
or d(P, P2) since the overall heading change is less than π/2
from the second condition of the current lemma; each of these
distances (d(P, P1), d(P, P2)) is at least dsep according to the
third condition of the current lemma.

The issue is to show that there is no conflict between any two
aircraft when both of them have made the first heading change
(at P ) and at least one of them has also made the second heading
change (at P1, P2). Towards this, two cases are considered:
1) aircraft on the same path and 2) aircraft on different paths.

In the first case, aircraft on the same path are separated
by d after the second heading change (P1 or P2). Therefore,
reversing the flow yields an acceptable heading change at P1 or
P2 by Lemma 2, with no conflicts until P (with the reversed
flow). Thus, there are no conflicts due to the second heading
change, e.g., between ak and ak+2 in Fig. 9(a).

In the second case, conflicts need to be ruled out between
aircraft on different paths, e.g., between ak and ak−1 or between
ak and ak+1 in Fig. 9(a). Consider the instant when aircraft ak

has just reached P1, as shown in Fig. 10. At this instant, the
distance component d0 (along the aircraft’s heading angle) is
at least the minimal spacing d > dsep between aircraft arriving
at P because the path segments (PP1, PP2) are equidistant.
Therefore, there is no conflict between aircraft ak and aircraft
ak−1 (which has already made the second heading change)
since they are separated by at least d at this time instant. This
distance does not change when the two aircraft ak and ak−1

are on parallel paths, and hence, there are no future conflicts
as well.

Finally, consider the potential for conflict between aircraft
ak and ak+1, which have not yet made the second heading
change, as shown in Fig. 10. The distance d1 between these
two aircraft is at least the minimal spacing d > dsep of aircraft
arriving at P , as shown in the proof of Lemma 3 [see (10)] at
this time instant. This conflict-free condition is maintained until
aircraft ak+1 reaches P2 because aircraft ak+1 is headed away
from aircraft ak until then. It was already shown that there can
be no conflicts after aircraft ak+1 makes the second heading
change—this completes the proof. �
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Fig. 10. Separation of aircraft ak at the second heading change point from
aircraft that has (aircraft ak−1) and has not (aircraft ak+1) made the second
heading change.

Fig. 11. Intersecting routes. In this example, the aircraft are equally spaced in
each route by 2din, and the separation at the intersection point is din.

C. Minimum Aircraft Separation in Intersecting Routes

The following lemma identifies the miles-in-trail separation
between aircraft in two intersecting routes to avoid conflict.

Definition 6 (Separation at Intersection Point): Consider the
aircraft in two straight-line intersecting routes R1 and R2 (as in
Fig. 11). The separation at an intersection point is said to be din

if each aircraft at the intersection point (for example, a1 from
route R1) is at least distance din from all the other aircraft, e.g.,
from aircraft b1 and b2 on route R2 in Fig. 11.

Lemma 5 (Minimum Separation at Intersection Point): Con-
sider two straight-line routes R1 and R2 with intersection
angle φin < π (the angle between the two departing paths that
does not contain an approaching path), as shown in Fig. 11.
Then, the minimum separation din at the intersection point (see
Definition 6), to avoid conflict, is given by

din =
dsep

cos(φin/2)
. (12)

Proof: The movement of aircraft after the intersection can
be considered as a heading change with respect to aircraft on
the other route. For example, after the intersection point P ,
the movement of aircraft a1 on route R1 (in Fig. 11) can be
considered as a heading change φin with respect to route R2.
Therefore, an aircraft that is at the intersection point P on one
route (e.g., a1 on route R1) will have no future conflicts (after
a1 departs from point P ) with any aircraft on the other route
(R2), provided it is at least din away from aircraft in the route
R2, i.e., from Lemma 2 [see (2)], we have

d(a1, b1) ≥
dsep

cos(φin/2)
= din; d(a1, b2) ≥ din.

This same condition (and argument) is sufficient to show that
an aircraft at the intersection point (e.g., a1 on route R1) will

Fig. 12. Intersecting perpendicular routes. Separation between aircraft in
each route is d, and the minimum separation at the intersection point (as in
Definition 6) is d/2.

not have past conflicts (before arrival at point P ) with an aircraft
on another route (e.g., R2). In particular, by reversing the direc-
tion of the aircraft in the two routes, the previously converging
aircraft (before intersection point P ) becomes diverging, and
therefore, there are no past conflicts under the spacing condition
[12] of the current lemma. �

Corollary 3 (Conflict-Free Perpendicular Intersection): Let
the spacing between aircraft in each of the two perpendicularly
intersecting routes (R1, R2) be d, and let the minimum separa-
tion at the intersection point (see Definition 6) be d/2, as shown
in Fig. 12. Then, there are no conflicts between aircraft in the
two routes if

d ≥ dπ/2 = 2
√

2dsep. (13)

Proof: This follows from Lemma 5 with φin = π/2 and
din =

√
2dsep. �

D. CRP

In the following, a CRP for two perpendicularly intersecting
routes R1 and R2 is presented when the minimal spacing
between arriving aircraft along each route is at least d. Based
on the results in Corollary 3, a CRP can be developed for
perpendicular intersections provided the separation of aircraft
in each route d is greater than dπ/2 = 2

√
2dsep. However, in

general, aircraft arrival spacing d might be less than dπ/2 since a
spacing of dsep < dπ/2 is sufficient for safety on a single route.
Note that the spacing between aircraft (from a single route)
can be increased by splitting the route into multiple paths. For
example, splitting the route into three paths can enable the
spacing on each path to be increased by three times (i.e., 3d),
which is sufficiently large to develop conflict-free perpendicular
intersections (from Corollary 3) since

3d > 3dsep > 2
√

2dsep = dπ/2.

This motivates the following CRP for perpendicular inter-
secting routes—it is comprised of four subprocedures: 1) syn-
chronize; 2) diverge; 3) intersect; and 4) converge, as shown in
Fig. 13 for route R1; these subprocedures and conditions for
avoiding conflicts are subsequently discussed.

1) Synchronized Arrival: The synchronization procedure
ensures that the scheduled time of arrival (STA) of aircraft at
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Fig. 13. Overview of actions in the conflict-resolution algorithm. 1) Synchronize; 2) diverge; 3) intersect; and 4) converge. Waypoints v are numbered along
paths R1,1, R1,3, and R1,2 for route R1 and then along the paths for route R2 (from left to right and from bottom to top).

Fig. 14. Assignment of STA at the start of the diverge procedure, for each route, based on the expected time of arrival (ETA) of each aircraft.

the initial waypoints (v1 for route R1 and v22 for route R2 in
Fig. 13) is at discrete time instants tk, i.e.,

tk = k

(
d/2
vsp

)
= kTd/2 (14)

where k is a nonnegative even integer for route R1 and a
nonnegative odd integer for route R2.

Remark 10: The time difference, i.e., 2Td/2 in (14), between
two scheduled STAs on a single route corresponds to the
time needed to travel (with nominal speed vsp) the minimum
separation distance d between aircraft arriving in each route.

Definition 7 (ETA and STA for Synchronization): Given an
expected arrival time (ETA) t at the initial waypoints of the
diverge procedure (v1 or v22 in Fig. 13), the synchronization
procedure assigns an STA tk to the initial waypoint, as shown in
Fig. 14. In particular, the STA tk is chosen to be the closest (and
smallest) discrete time instant to ETA t with an even integer k

for route R1 and an odd integer k for route R2, i.e., for any
integer k

ETA at V1 ∈ [t2k+1, t2k+3) → STA = t2k+2

ETA at V22 ∈ [t2k, t2k+2) → STA = t2k+1. (15)

Remark 11: As seen in Fig. 14, the potential STAs are
separated by two discretized time points tk defined in (14).
Therefore, during synchronization, the arrival time only needs
to be adjusted by a maximum of Td/2 [which is defined in (14)].
Towards this arrival time adjustment, the distance traveled by an
aircraft needs to be changed by a maximum of ±d/2 from the
nominal travel distance during synchronization.

The following synchronization procedure achieves the STA
by using offset maneuvers. The nominal path length (between
node s1 to node v1 on route R1 or between node s22 to node
v22 on route R2 in Fig. 13) is changed by δx, where

δx = (STA − ETA)vsp. (16)



DEVASIA et al.: DECOUPLED CONFLICT-RESOLUTION PROCEDURE FOR DECENTRALIZED AIR TRAFFIC CONTROL 431

Fig. 15. (a) Synchronization procedure for route R1. Distance x between
waypoints s3 and x1 is given by (18). The maximum value Δx of x corre-
sponds to δx = d/2 in (18). (b) Increase in path length due to x. (c) Zoom
view of possible conflict between aircraft aj for j = 1 to 5.

The offset procedure for synchronization is subsequently
described for route R1; the procedure is similar for route R2

and is omitted here for brevity.
Remark 12: Path extension procedures to adjust STAs are

currently used in ATC, for example, to meter and space the
aircraft arrival at airport runways, e.g., [9], [36], and [37].

Lemma 6 (Conflict-Free Synchronization): Given a desired
change in path length |δx| ≤ d/2 [see (16)], the synchronization
procedure shown in Fig. 15(a) is conflict free if

1) the initial heading change angle

0 < φs < π/2 (17)

satisfies the admissible heading change condition [see (5)
in Corollary 2];

2) the distance x from waypoint s3 [in Fig. 15(a)] to the
second heading change at x1 is given by

x =
δx

2 [1 − cos(φs)]
. (18)

Proof: The increase in path length by changing the second
heading change waypoint by x (from s3 to x1) is given by
x[1 − cos(φs)], as seen in Fig. 15(b). Since there are two such
path-length increases [between s3 and x1 and between x2 and
s6 in Fig. 15(a)], the total path change when compared with
the nominal path (with δx = 0, x = 0 and the second heading
change at waypoint s3) is equal to the desired change in path
length δx from (18). Thus, the synchronization procedure [with
δx from (16)] achieves the time difference between STA and
ETA at waypoint v1.

Two cases are considered to show that there are no conflicts
during synchronization: 1) when the path changes δx are the
same for two aircraft and 2) when the path changes δx are
different for two aircraft. For each case, it is sufficient to show
that there are no conflicts before the third heading change on
segment s5s8 because, by symmetry, reversing the flow would
lead to no conflicts until segment s1s4 with aircrafts arriving at
s8 with minimal spacing d.

For aircraft with the same path change (i.e., same x), there
are no conflicts because the heading changes φs along a single
path [e.g., path {s1, x1, x2, s8, v1} shown in Fig. 15(a)] satisfy

Fig. 16. Path allocation. Each aircraft is assigned a path based on its STA.

the conditions of Lemma 4. For the same reason, there are no
conflicts between aircraft a1, a2, and a3 (and similarly between
aircraft a1, a2, a4, a5) in Fig. 15(c), which represents the case
with two different path changes, i.e., different x.

The issue is to show that there are no conflicts between
aircraft that are not within the purview of the two heading
changes in Lemma 4, e.g., between aircraft a3 and a4 or aircraft
a3 and a5. Aircraft a3 and a4 were separated by at least d when
the one closest to waypoint sa3 was at sa3; therefore, a3 and a4

do not have a conflict since the divergence angle φs at sa3 is an
admissible heading change (condition 1 of the current lemma).
Finally, the paths of a3 and a5 are parallel after the second
heading change (and before the third heading change); there-
fore, a3 and a5 are conflict free because there was no conflict
(from previous arguments) when the aircraft closest to segment
s1s4 was just leaving segment s1s4, i.e., at either sa3 or sa5. �

2) Path Assignment in CRP: The CRP consists of splitting
each route (R1, R2) into three paths and choosing one of the
paths for each arriving aircraft. In particular, the three paths
{R1,i}i=3

i=1 for route R1 (shown in Fig. 13) are described by the
following set of waypoints (vi):

R1,1 = {v1, v2, v3, v4, v5, v6, v7, v8, v9}
R1,2 = {v1, v16, v17, v18, v19, v20, v21, v15, v9}
R1,3 = {v1, v2, v10, v11, v12, v13, v14, v15, v9} (19)

and the three paths {R2,i}i=3
i=1 for route R2 are

R2,1 = {v22, v23, v25, v18, v11, v4, v28, v31, v33}
R2,2 = {v22, v23, v26, v19, v12, v5, v29, v32, v33}
R2,3 = {v22, v24, v27, v20, v13, v6, v30, v32, v33}. (20)

The path assignment procedure is illustrated in Fig. 16; the
procedure is based on the index k in the STA tk at the initial
waypoints (v1 or v22).

Definition 8 (Path Allocation Procedure): Without loss of
generality, it is assumed that aircraft do not arrive before time
t0. If the STA k is even (i.e., aircraft on route R1 arriving
at waypoint v1), then assign path R1,j+1, where j is k/2
modulus 3. If k is odd (route R2 at waypoint v22), then assign
path R2,j+1, where j is (k − 1)/2 modulus 3, as illustrated in
Fig. 16.

Remark 13: The path allocation rule is cyclic and repeats
after every six discrete time instants.

3) Conflict-Free Intersect Subprocedure: The following
lemma shows that the splitting of each route into three paths
allows for a conflict-free intersection.

Lemma 7 (Intersection is Conflict Free): Aircraft that arrive
synchronized (see Definition 7) have no conflicts with each
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Fig. 17. All possible positions of aircraft whenever an aircraft arrives at a start of the straight line segment of the intersection in Fig. 13. Some of the positions
might be empty, i.e., not have an aircraft; however, aircraft cannot occupy another location due to (a) arrival synchronization and (b) equidistant path lengths to
the straight line segments from the arrival points v1 and v22.

other in the intersection area (marked by Di in Fig. 13 for
Route R1) with the use of the path assignment procedure in
Definition 8 if the path lengths from the arrival points to the
straight line segments are all equal.

Proof: If the path lengths from the arrival points to the
beginning of the straight line segments (e.g., from v1 to v3 or
from v22 to v26 in Fig. 13) are all equal, then all possible posi-
tions of other aircraft, whenever an aircraft enters a straight line
segment, are shown in Fig. 17. Some of the potential aircraft
positions (at the discrete time instants) shown in Fig. 17 may
be empty, i.e., they might not have an aircraft; however, aircraft
cannot occupy any other location due to 1) arrival synchroniza-
tion and 2) equidistant path lengths to the straight line segments
from arrival points v1 and v22. Aircraft in perpendicular paths
(for example, R1,1 and R2,1 in Fig. 17) do not have conflicts
since the conditions of Corollary 3 are satisfied. In particular,
even when all the aircraft are present, the separation between
aircraft D in each path is D = 3d > 3dsep, and the separation
at the intersection point is D/2 = 1.5d (see patterns 1 and 4
in Fig. 17). There are no conflicts between aircraft on parallel
paths because the paths are separated by d > dsep. �

4) Diverge/Converge Subprocedures Without Conflict: The
diverge and converge procedures separate and merge the routes
1) without conflicts and 2) while preserving synchronization in
the different paths (for conflict avoidance at the intersection,
see Lemma 7) by using equal-length maneuvers, as shown in
Fig. 18. For example, for path R1,1, the length from v1 to v3

is the same as the length for path R1,3 from v1 to v10 via v2

in Fig. 18(a). There are no conflicts during these procedures if
the maximum heading change in the procedures (e.g., φcd in
Fig. 18) is small, as shown for route R1. The same result holds
for route R2.

Lemma 8 (Conflict-Free Diverge/Converge): Aircraft that
arrive synchronized and with minimal separation of d (see
Definition 7) do not have conflicts after the arrival points (v1,
v22 in Fig. 13) with the use of the path assignment procedure

Fig. 18. Converge and diverge procedures for route R1 using equal-length
path segments. (a) Diverge. (b) Converge.

in Definition 8 and the diverge/converge procedures in Fig. 18,
provided the following two conditions are satisfied.

1) The maximum heading change 0 < φcd during the di-
verge/converge procedures satisfies the admissible head-
ing change condition when the aircraft have an initial
separation of at least d [(5) in Corollary 2], i.e.,

|φcd| ≤ φmax(d) = 2 cos−1

(
dsep

d

)
. (21)

2) The maximum heading change 0 < φcd is sufficiently
small to ensure that two sequential heading changes are
well separated from each other to avoid conflicts due to
multiple heading changes, i.e.,

Dcd =
d

tan(φcd/2)
≥ 2dsep. (22)

Proof: The proof for the converge procedure follows by
considering the diverge procedure with the aircraft directions
reversed. Therefore, it is sufficient to show the lack of conflict
in the diverge procedure.

The lack of conflict between aircraft due to the first diverge
procedure (at v1), before the second heading change, follows
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Fig. 19. Paths R1,2 and R1,3 do not have conflicts because there are no
conflicts between paths R1,2 and R̂1,3.

from Lemma 3 and condition 1 [see (21)] of the current lemma.
Aircraft after the second heading change (at v2, v16) do not
conflict with aircraft before the first heading change (at v1)
because they are sufficiently separated (by dsep) because of the
second condition [see (22)] of the current Lemma. Therefore,
the following proof only needs to consider the aircraft after the
first heading change.

Paths R1,1 and R1,3, in Fig. 18(a), have no conflicts because
the conditions of the current lemma satisfy the conditions of the
two-heading-change Lemma 4; similarly, there are no conflicts
between paths R1,1 and R1,2 by the same argument. However,
paths R1,2 and R1,3 do not match the formulation of the two-
heading-change Lemma 4. To obtain a match, the path R1,3 in
which aircraft move from v1 to v10 via v2 should be changed to
a path R̂1,3 in which aircraft move from v1 to v10 via v16—e.g.,
aircraft a2 on R1,3 in Fig. 19(a) would be at position â2 on
R̂1,3, as shown in Fig. 19(c). Then, the absence of conflict
between paths R1,2 and R̂1,3 can be shown using the two-
heading-change Lemma 4. Therefore, the distance d̂1 between
aircraft â2 and a1 is greater than the minimum spacing dsep in
Fig. 19(c).

The results of the current lemma follow since the distance of
an aircraft (e.g., a1) on R1,2 to an aircraft on R1,3 [e.g., distance
d1 to aircraft a2 in Fig. 19(a)] is always greater than the distance
to a corresponding aircraft on R̂1,3 [e.g., distance d̂1 to aircraft
â2 > dsep in Fig. 19(c)] by the triangle inequality, as illustrated
in Fig. 19(b), because d1 ≥ d̂1 + d0 ≥ d̂1 > dsep. �

5) Spatial and Temporal Bounds on CRP: The perpendicu-
lar CRP described in this section is bounded both spatially and
temporally.

Lemma 9 (Bounds on CRP): The CRP, described in
Section III-D and illustrated in Fig. 13, is bounded spatially and
temporally.

Proof: The spatial distance DCRP between the waypoint
s1 before synchronization and the last waypoint v9 after the
converge in Fig. 13 is the sum of 1) the distance for synchro-
nization Ds = d(s1, v1) in Fig. 15 given by

Ds = 2dsep + [2dsep + 4Δx] cos(φs)

= 2dsep [1 + cos(φs)] +
d cos(φs)

1 − cos(φs)
(23)

2) the distance for converge Dcd = d(v1, v10) in Fig. 18,
which is given by (22); 3) the distance for the intersection

Di = d(v10, v14) in Fig. 17 (see pattern 1) given by

Di = 5d (24)

and 4) the distance for the converge Dcd = d(v14, v9) in
Fig. 18, which is the same as the distance for the diverge. Thus,
the spatial distance DCRP for the CRP (see Fig. 13) given by

DCRP = Ds+2Dcd+Di

= 2dsep [1+cos(φs)]+
d cos(φs)

1−cos(φs)
+

2d

tan(φcd/2)
+5d

(25)

is bounded since 0 < φs < π/2 from (17) in Lemma 6 and 0 <
φcd from Lemma 8.

Similarly, the path length PCRP for any aircraft on route
R1 between waypoint s1 before synchronization and the last
waypoint v9 after converge in Fig. 13 is less than the sum of the
maximum path length for synchronization Ps between s1 and
v1 in Fig. 15 given by

Ps = 4dsep + 4Δx

= 4dsep +
d

1 − cos(φs)
(26)

the path length for converge Pcd between v1 and v10 in Fig. 18
given by

Pcd =
d

sin(φcd/2)
(27)

the path length for the intersection Pi between v10 and v14 in
Fig. 17 (see pattern 1) given by

Pi = 5d (28)

and the path length for the converge Pcd between v14 and v9 in
Fig. 18, which is the same as the path length for the diverge [in
(27)]. Thus, the maximum path length PCRP for the CRP given
by [from (26)–(28)]

PCRP =Ps + 2Pcd + Pi

= 4dsep +
d

1 − cos(φs)
+

2d

sin(φcd/2)
+ 5d (29)

is bounded since 0 < φs < π/2 from (17) in Lemma 6, and
0 < φcd from Lemma 8.

Therefore, the temporal length (i.e., the maximum time TCRP

needed from s1 to v9 in Fig. 13) is bounded and given by

TCRP =
PCRP

vsp
(30)

where vsp is the nominal speed, and the maximum path length
is PCRP from (29). �

Corollary 4: The distance rCRP, from the start of the syn-
chronization (e.g., at s1) to the intersection of the two routes at
v12 in Fig. 13, is finite.
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Fig. 20. Size of the conflict-resolution disc, as discussed in Fig. 5, for the
perpendicular CRP.

Proof: From Fig. 13 and (25), we have

rCRP =Ds+Dcd+Di/2

= 2dsep [1+cos(φs)]+
d cos(φs)

1− cos(φs)
+

d

tan(φcd/2)
+2.5d.

(31)

Again, as in the proof of Lemma 9, rCRP is bounded since
φs < π/2 from Lemma 6 and 0 < φcd from Lemma 8. �

6) CRP Satisfies Decoupling Conditions: The perpendicu-
lar CRP satisfies the decoupling conditions of Lemma 1, as
subsequently shown.

Lemma 10 (CRP is Decoupling): The perpendicular CRP
(Section III-D) is a decoupling perpendicular CRP (where each
conflict region Lp has radius rp = dsep, as in Definition 5)
under the following two conditions.

1) The intersecting routes R1 and R2 are straight-line
perpendicularly intersecting segments in the conflict-
resolution disc Bp (see Figs. 5 and 20), i.e., for a distance

rB =
√

2rCRP (32)

from the intersection of the two routes R1 and R2 at
waypoint v12 (see Fig. 13) with rCRP, as in (31).

2) The airspace is κ-sparse (see Definition 2) with

κ =
rB

dsep
=

√
2rCRP

dsep
. (33)

Proof: The conflict-resolution disc Bp circumscribes the
CRP, as illustrated in Fig. 20, since the farthest waypoint of the
CRP from the center v12 is the arrival point for the synchro-
nization procedure, e.g., s1 for route R1 in Fig. 13. Note that
the aircraft in the perpendicular CRP in Fig. 13 has no conflict
with aircraft in other routes in the airspace by condition 2
of this lemma (see Definition 2). What remains to be shown is
that the perpendicular CRP in Fig. 13 satisfies all the conditions
of Lemma 1: intent, liveness, fairness, and exit spacing.
Local Intent: The paths for each route end at the same point

on the original route, e.g., at waypoint v9 on route R1 in
Fig. 13. Moreover, the arrival points Ap,1 and Ap,2 and the
exit points Ep,1 and Ep,2 at the boundary of the disc Bp

(see Fig. 20) lie on routes R1 and R2 due to Condition 1
of this lemma. Therefore, the CRP satisfies the local intent
condition of exiting along the desired route.

Local Liveness: The maximum path length Pmax in the conflict-
resolution disc Bp is given by (from (25), (29), (32), and
Fig. 20)

Pmax = (2rB − DCRP) + PCRP

= (2
√

2rCRP − DCRP) + PCRP (34)

which is bounded by Lemma 9 and Corollary 4. Therefore,
the time needed for any aircraft to pass through the CRP is
bounded by

Tmax = Pmax/vsp (35)

and thus, the local liveness condition is satisfied.
Local Fairness: The aircraft keep the same arrival sequence

in the synchronization procedure (see Fig. 14), and all
the path lengths are the same after the synchronization—
therefore, aircraft exit the conflict disc Bp (in each route)
with the same sequence as the arrival at Bp. Therefore, the
CRP meets the local FCFS fairness requirement.

Exit Spacing: After synchronization, the arrival time at the
diverge point (e.g., v1 for route R1) is at least separated
by 2Td/2 in each route, which also corresponds to the
minimal time between exiting aircraft at the final point of
the conflict disc (since the path lengths are the same after
the diverge point). This minimum time 2Td/2, between air-
craft exiting along each route, corresponds to the required
minimal spacing of d at the exit (see Remark 10). �

Corollary 5 (CRP Without Flow-Level Reduction): Reduc-
tions in aircraft flow levels are not needed to resolve en-route
conflicts for intersecting routes with the proposed CRP under
conditions of Lemma 10.

Proof: This follows from Lemma 10, because each local
CRP is guaranteed to maintain an exit spacing of d, provided
the minimal arrival spacing is d > dsep. �

Remark 14: The size of the conflict-resolution disc Bp (in
Fig. 20) depends on the aircraft spacing d used in the CRP, as
seen in (31) and (32). However, because of the synchronization
procedure, it is acceptable to choose the distance d (in the
design of the CRP) to be smaller than the expected minimal
aircraft spacing d∗, i.e.,

dsep < d ≤ d∗

if the expected minimal aircraft spacing d∗ is large.

IV. DISCUSSION OF IMPLEMENTATION ISSUES

This paper demonstrated the existence of decoupled CRPs
when the airspace conflicts consist of perpendicular intersec-
tion. Future work should consider implementation issues such
as nonperpendicular intersections and uncertainties (e.g., in the
aircraft speed). These issues are briefly discussed as follows.

A. Nonperpendicular Intersections

If the intersection angle between the routes are not per-
pendicular, then the routes could be reoriented to make
perpendicular intersection or the CRPs could be developed for
nonperpendicular intersections.
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Fig. 21. Example reorientation of a route R2 with four heading changes to
enable the use of the perpendicular CRP.

1) Indirect Solution by Reorienting Routes: The routes
could be reoriented to generate a perpendicular intersection,
e.g., route R2 is reoriented in Fig. 21. Note that each head-
ing change in the reorientation procedure should be less than
the maximum admissible heading change φmax (see (5) in
Corollary 2) for the route to be reoriented. Therefore, the min-
imum number Nr of heading changes needed for reorientation
before arriving at the perpendicular CRP (e.g., s22 in Fig. 21)
is the smallest integer that satisfies

[Nr − 1]φmax > φR. (36)

With such a reorientation, the size of the conflict-resolution
disc (Bp in Fig. 20) needs to be increased to include the
reorientation procedure; therefore, the conflicts have to be more
sparse to ensure that the CRP does not generate additional
conflicts due to the reorientation procedure.

2) Direct Solution for Nonperpendicular Case: An alternate
approach is to use nonperpendicular intersections of the paths
in the CRP, i.e., in Fig. 17. The number of paths into which each
route needs to be split, with nonperpendicular intersections,
can be determined by the minimal spacing din for conflict-
free intersection in Lemma 5 and the minimum arrival spacing
along each route d. The CRP developed in the previous section
could then be extended for nonperpendicular intersections using
similar subprocedures of synchronize, diverge, intersect, and
converge, as in Fig. 13.

Remark 15: If the spacing between aircraft is substantially
different along the two intersecting routes, then the number of
paths into which each route needs to split to generate sufficient
space between aircraft for conflict-free intersection can be
different. For example, the number of paths needed for one of
the routes could be two or even one instead of the three paths
shown in Fig. 13.

B. Robustness to Arrival Time and Speed Uncertainties

The CRP can be made locally robust (with no conflicts in the
conflict-resolution disc Bp) in the presence of deviations in the
arrival time (δSTA) and the nominal speed (δv) by designing
the CRP with a larger minimal separation distance dsep > dsep

between aircraft. In particular, the uncertainty Ep in the aircraft
position, in the conflict disc, is bounded by

Ep = |δSTA|va + Tv|δv| (37)

Fig. 22. Compound intersection of multiple routes can be rearranged into a
set of simple intersections, each with two routes.

Fig. 23. Achieving multiple intersections along route R4 before the converge
procedure can reduce the space needed for the CRP.

where Tv = Pmax/va is the maximum time needed to transit
through the conflict-resolution disc [as in (35)], and va is
the speed of the aircraft. Due to this uncertainty, the closest
aircraft spacing (within the conflict disc) is reduced from the
nominally guaranteed value of dsep to dsep − 2|Emax|, where
the maximum uncertainty |Emax| in aircraft position can be
bounded by

|Emax| ≤ |ΔSTA|(vsp + Δv) +
Pmax

vsp − Δv
|Δv| (38)

where |ΔSTA| is the maximum deviation in the arrival time at
the conflict disc, and |Δv| < vsp is the maximum deviation in
the speed. Therefore, there are no conflicts within the CRP’s
conflict-resolution disc Bp provided the maximum deviations
in the speed |Δv| and arrival time |ΔSTA| are sufficiently
small, i.e.,

2|Emax| ≤ dsep − dsep. (39)

C. Multiple Close Intersections

Compound conflicts (e.g., multiple intersections in close
proximity, as studied in [22]) are not considered in the CRP
design presented in this paper; however, the routes could be
redefined so that such compound conflicts can be considered as
a set of simple conflicts, as studied in, e.g., [38] and illustrated
in Fig. 22. Resolution of conflicts at each of these simple
intersections can be addressed using the CRP developed in this
paper.

When multiple conflicts occur in close proximity, the space
needed for the CRP could be reduced by completing more
than one intersection before the converge procedure, e.g., as
illustrated in Fig. 23. Moreover, the synchronize, diverge, and
merge procedures (proposed in this paper) could be combined
with offset-type procedures for the intersections [22], [25].
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D. Ameliorating the Assumptions

Assumptions such as constant speed and instantaneous turns
could be ameliorated in future work. However, the main concept
to achieve decoupled decentralized CRPs, i.e., splitting of the
main route into sufficient number of equal-length paths to
enable route intersections without reducing the flow levels,
would still be valid.

The constant speed assumption is used in each local conflict-
resolution algorithm (in Fig. 13). It is possible to consider dif-
ferent speeds for aircraft in different conflict regions (with the
same speed in each conflict region), which would require proce-
dures (such as overtake protocols) to manage the flow of aircraft
outside the intersection-based conflict regions. Additionally,
while the current conflict-resolution algorithm is robust to small
variations in aircraft speed in each conflict-resolution region
(see Section IV-B), the proposed CRP could be generalized
to handle intersecting routes with different speeds. The main
concepts of the current CRP would be applicable to generalized
procedures, such as the need 1) to split each route into multiple
paths with sufficient spacing to enable conflict-free intersec-
tions and 2) to synchronize the arrivals.

The instantaneous turns, which were used in the merge and
diverge procedures associated with splitting the route into mul-
tiple paths (in Fig. 13), can be generalized to include the effects
of aircraft turn dynamics. This would necessitate, for example,
the consideration of continuous turns instead of instantaneous
turns, particularly in the merge and diverge portions of the pro-
posed CRP. The effect of such continuous turns on decoupling
CRP design is studied in our recent work [39], which quantifies
the arrival spacing conditions with the inclusion of aircraft turn
dynamics.

V. CONCLUSION

This paper has addressed the design of provably-safe decen-
tralized CRPs. In particular, necessary and sufficient conditions
to decouple CRPs in intersecting routes were identified. Ad-
ditionally, decentralized en-route CRPs were identified, which
satisfied the decoupling conditions for each local conflict and
thereby enabled global conflict resolution.
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