Math 3140

Practice Exam 1 Name and Unid:

1. Suppose a laminar object with boundaries y = x and y = \/x has a density function p(x,y) =
y(1 — 22/2). Find the mass of the object.

Solution:

L vz
/ / y(1 — 2% /2)dydz = youcandothis...
0 Jz

2. Suppose a factory must perform two operations on items they are producing. The time it takes
to operation 1 and 2 are x > 0 and y > 0, respectively, with a joint probability distribution
plz,y) = 4:Eye_’”2_y2. What is the probability that the time for either x or y operations is

more than 27

Solution: first check it integrates to 1 over the whole domain

o o0 9 2 o 2 o0 2
4/ / xye T TV dady = 4/ xe ¥ dac/ ye Y dy
o Jo 0 0

u=z% du/dc =2z

o0 1 [ 1
/ re T dr = 2/ e "du ==
0

0 2
o0 [e.e] 2 2
= 4/ / xye ¥ TV dady =1
0 0

The set D is comprised of three subsets D1 = {(x,y)|lz > 2,y > 2}, Dy = {(z,y)|x >
2,0 <y < 2}, and D3 = {(z,y)|ly > 2,0 < = < 2}, so that D = Dy U Dy U D3 and
P(D) = P(D1) + P(Dz) + P(Ds)
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(o) (o] 9 9
P(Dy) =Pz > 2,y >2) 24/ / rye ™ "V dxdy
2 J2

1 [ “ e 2
z “Udy — ——
2/2 € =y

e 4 _4

— P(Dl):é‘:T:e

2 00
P(Dy) =Pz >2,0<y<2)= 4/ / a:ye*IQ*dexdy
0o J2

= 4(/2OO $€x2d$)(/02 ye*y2dy)

-2

- 467(1 —e?)

P(Ds) = P(D2)

—el-eH=e2-¢"

— P(D)=2¢ 22t 4et=2"2_¢""

Another way to check that this is right is to note that

2
PD)=1-Plx<2,y<2)=1- 4(/0 ye*yzdy)2

=1-(1-e?2=1-(1-2e2+et)=22-¢"

3. Using polar coordinates evaluate [ fQ fdA, where Q is the circle of radius 2 and f(r,0) =

r2 cos(26).

Solution:

| | saa- /2/ 1 cos(20)drdo

=9t COS =94 sin
=24/4 /0 (20)d0 = 2* /45in(20)|>

4. The concentration of perfume is given by f(z,y,z) = e~ @+ +2°)(1 4 cos(a? + 42 + 22)). Find
the total mass of perfume inside the ball B of radius 10 meters. Set up the appropriate iterated

integral but do not solve.
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Solution: Use spherical coordinates: x = psin(¢)cosf,y = psin(¢)siné, z = pcos(¢) and
2
p

=22+ 92+ 22 dV = p?sin(¢)dpdpdd

Mass = / / ; fav = /O 7 /O ’ /0 N e~ (1 + cos(p?))p? sin(¢)dpdpdo

5. Consider S the surface z = sin(z + y) on the unit square.

(a)

6. Integrate [/ 2249 ] A over the set E bounded by the lines y = —2/3+1, y = —2/3+2/3, and

Find a (z,y)-parametrization of S

Solution: Parametrize S: 7(z,y) = [z, y, sin(z + y)]".
Range: D = {(z,y)|z € [0,1] and y € [0, 1].

Find the normal vector N (z,y) = Ty X Tp.

Solution: Find 77, 7:

1 0
7y = 0 - 1
cos(z +y) cos(z + y)
Find N:
i k —cos(x + y)
N(z,y) =7y xipg=|1 0 cos(zx+y)| =|—cos(z+y)
0 1 cos(z+y) 1
magnitude:

N (@,9)ll = v2cos?(z +y) + 1 = \/cos(2(x +y)) +2

Set up the surface area iterated integral but do not solve:

Solution:

11
area = / as = / / Veos(2(z +y)) + 2 dx dy
S 0o Jo

z+3y

y=-—2zrandy=—2x+1
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Solution:
u=2xr+y
v=2x+3y
SR
177 =5 = [|J]|=1/5
s-1 [ 3 —1'

D = {(u,v)lu € [0,1],v € | }// iﬁ_—gz dA = //DdA

/ /2 “dvdu = - (ln() In(2))

7. Compute the gradient field V f given the potential function f(x,y) =1 — 22 + y?

Solution:

Vf=[-2=z2y"

8. Compute the work integral fC F . d7 where F = [z —y, 2 + y]T where C is defined by the
parameterization 7 = [t,t — t?]T fromt =0tot =1

Solution:

=[1,1—2t]"
F)=[t—(t—t2),t+t— 7 =122t — 37T

1 1
/[t2,2t—t2]T'[1,1—2t]Tdt:/ t2 4+ (2t — t2)(1 — 2t)dt
0 0
1
:/ t2 42t — 7 — 412 — 2634t
0

1
= / 2 — A4t? — 23dt
0

= [1—4/3-1/2]

9. Determine if the vector field F = [z —y,z + y]T is conservative on the disk centered at the
origin with radius 10.
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Solution:
P, =-1
Q=1
Not conservative.
10. Determine if the vector field
Fo[ 2V Tty 7

11.

(22 +92)" (22 + y?)

is conservative on (a) the disk centered at the origin with radius 10, and (b) the disk centered
at (3,3) with radius 2.

Solution:

2 +y2)2 - 2 +y2)2

xr2 +y2)2 - 2 +y2>2

Pi—(x2+y2)—2y(a:—y) —x2+y2—2a:yQ7(a;2+y2)—2x(m+y) —22 + 9% — 2xy
y = z =

(a) Not conservative due to singularity (b) Conservative

Determine if a potential function f exists for F= [v2, 22y + 1]7, and if so, find f.

Solution: The vector field is smooth on all of the plane and P, = 2y = @), so a potential
function exists:

[ Pz =a? + Cr(w)

/Qdy:xy2+y+02(w)
= Ci1(y)=y Cy=C
(z,9) = zy* +y

f
= F = [y? 22y +1]"

check: Vf

Page 5



