Modern CPU

Instruction Control

E ............................... Fetch Add ress
: Retirement Control
i Unit Instruction

Cache

Regjster Instruction Rlkidgiletafelyl
File Decode

Operations

Register Updates §Prediction OK?

Functional
Units

| |
4 y

Operation Results

et

Addr. Addr.
Data Data

Execution

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editiol



Cache Hierarchy

Processor package

Core 0 Core N
" | | Registers Registers
LI LI LI LI
d-cache | | i-cache S d-cache | |i-cache
' L2 unified cache L2 unified cache '

L3 unified cache

shared by all cores

_________________________________________________________________________________

Main memory

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editiog



Memory Hierarchy

Smaller,
faster, x 10 bytes
nearer to . 0 cycles
registers
FoCcessol,
P | L1 cache x 10k bytes
COSt)’ per (SRAM) | cycle

byte
L2 cache x 100k bytes
(SRAM) ~10 cycles
L3 cache XM bytes
(SRAM) x10 cycles

main memory xG bytes
(DRAM) x100 cycles

Bigger,
slower local secondary storage x 100G bytes
further" from (local disk) x100-1000 cycles
processor, remote secondary storage x|0T bytes
cheaper per (network disk) x 1000 cycles
byte Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editiog



Time (ns)

The CPU-Memory Gap

100,000,000.0

10,000,000.0 Disk

1,000,000.0

100,000.0 >0
A

10,000.0

1,000.0
100.0 - DRAM

10.0 _

SRAM

1.0

\o<8;§:2 CPU
0.0

1985

1990

1995

2000 2003

Year

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editiog

2005

2010 2015

—8—Disk seek time

—4—SSD access time
—#-DRAM access time
——SRAM access time
—|{+=CPU cycle time
—O—Effective CPU cycle time




Memory Access Times

239 random accesses of an
int spread across...

64B 0.8s
128B 0.8s

32kB 0.8s
64kB 0.83s
128kB 1.2s
256kB 1.7s
512kB 1.9s
IMB  2.3s
2MB  2.5s
4MB 3.9s
8MB 7.2s
|6MB 7.5s



Memory Access Times

239 random accesses of an

int spread across... L1 cache: 32kB
4-5 cycles
64B 0.8s
|28B 0.8s
L2 cache: 256kB
32kB 0.8s 12 cycles
64kB 0.83s
|28kB 1.2s
256kB 1.7s L3 cache: 3MB
512kB  1.9s 36 cycles
IMB 2.3s
2MB 2.5s
4MB 3.9s Memory: 8GB
8MB 7.2s ~100 cycles

|6MB 7.5s



Memory Access Times

230 sequential accesses of an

int spread across...

64B
128B

32kB
64kB
128kB
256kB
512kB
IMB
2MB
4MB
8MB
|6MB

0.8s
0.8s

0.8s

0.83s
0.88s
09ls
091s
0.95s
0.95s
0.99s
1.07s
|.08s

L1 cache: 32kB
4-5 cycles

L2 cache: 256kB
|2 cycles

L3 cache: 3MB
36 cycles

Memory: 8GB
~100 cycles



Cache Lookup

LI

L2

main memory

0x765428 42

0x8005C0| 79




Cache Lookup

LI
0x7654287?

L2

main memory

0x765428 42

0x8005C0| 79




Cache Lookup

0x7654287 >

LI

L2

main memory

0x765428 42

0x8005C0| 79

10



Cache Lookup

0x7654287 >

LI

L2

main memory

0x765428 42

0x8005C0| 79
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Cache Lookup

0x7654287 >

LI

L2

v

main memory

0x765428 42

0x8005C0| 79
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Cache Lookup

0x7654287 >

LI

v

L2

0x765428

42

main memory

0x765428
0x8005CO0

42

79

13



Cache Lookup

0x7654287 >

LI

0x765428

42

L2
0x765428

42

main memory

0x765428
0x8005CO0

42

79

14



Cache Lookup

42« —

LI

0x765428

42

L2
0x765428

42

main memory

0x765428
0x8005CO0

42

79

15



Cache Lookup

LI

0x7654287?
0x765428 42

temporal locality

L2

0x765428| 42

main memory

0x765428 42

0x8005C0| 79




Cache Lookup

0x7654287 >

LI

0x765428

42

L2
0x765428

42

main memory

0x765428
0x8005CO0

42

79

17



Cache Lookup

42« —

LI

0x765428

42

L2
0x765428

42

main memory

0x765428
0x8005CO0

42

79

18



Cache Lookup

LI

0x8005C0?
0x765428 42

L2

0x765428| 42

main memory

0x765428 42

0x8005C0| 79




Cache Lookup

0x8005C07?——»

LI

0x765428

42

L2
0x765428

42

main memory

0x765428
0x8005CO0

42

79

20



Cache Lookup

0x8005C07?——»

LI

0x765428

42

v

L2
0x765428

42

main memory

0x765428
0x8005CO0

42

79

21



Cache Lookup

0x8005C07?——»

LI

0x765428

42

v

L2
0x765428

42

v

main memory

0x765428
0x8005CO0

42

79
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Cache Lookup

0x8005C07?——»

LI

0x765428

42

v

L2

0x765428
0x8005CO

42

79

main memory

0x765428
0x8005CO0

42

79

23



Cache Lookup

0x8005C07?——»

LI

0x8005C0 79

L2

0x765428| 42

0x8005C0| 79

main memory

0x765428 42

0x8005C0| 79

24



Cache Lookup

79<«—

LI

0x8005C0 79

L2

0x765428| 42

0x8005C0| 79

main memory

0x765428 42

0x8005C0| 79

25



Cache Lookup

LI

0x7654287?
0x8005C0| 79

L2

0x765428| 42

0x8005C0| 79

main memory

0x765428 42

0x8005C0| 79




Cache Lookup

0x7654287 >

LI

0x8005C0 79

L2

0x765428| 42

0x8005C0| 79

main memory

0x765428 42

0x8005C0| 79
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Cache Lookup

0x7654287 >

LI

0x8005C0 79

v

L2

0x765428| 42

0x8005C0| 79

main memory

0x765428 42

0x8005C0| 79
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Cache Lookup

0x7654287 >

LI

0x765428

42

L2

0x765428
0x8005CO

42

79

main memory

0x765428
0x8005CO0

42

79

29



Cache Lookup

42« —

LI

0x765428

42

L2

0x765428
0x8005CO

42

79

main memory

0x765428
0x8005CO0

42

79

30



Cache Lookup

LI

L2

main memory

0x765420 42 5

0x8005C0| 79
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0x7654287?

Cache Lookup

LI

L2

main memory

0x765420 42 5

0x8005C0| 79
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Cache Lookup

0x7654287  —>

LI

L2

main memory

0x765420 42 5

0x8005C0| 79
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Cache Lookup

0x7654287  —>

LI

L2

main memory

0x765420 42 5

0x8005C0| 79
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Cache Lookup

0x7654287  —>

LI

L2

v

main memory

0x765420 42 5

0x8005C0| 79
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Cache Lookup

LI
0x7654287?—

v

L2
0x765420 42 5

main memory

0x765420 42 5
0x8005C0, 79




Cache Lookup

LI
0x7654287?—
0x765420 42 5
L2
0x765420 42 5
main memory
0x765420 42 5
0x8005C0, 79




Cache Lookup

LI
42«
0x765420 42 5
L2
0x765420 42 5
main memory
0x765420 42 5
0x8005C0, 79




Cache Lookup

LI

0x7654307
0x765420 42 5

spatial locality

L2

0x765420 42 5

main memory

0x765420 42 5

0x8005C0| 79




Cache Lookup

LI
0x7654307?——>
0x765420 42 5
L2
0x765420 42 5
main memory
0x765420 42 5
0x8005C0, 79




Cache Lookup

LI
5<—
0x765420 42
L2
0x765420 42
main memory
0x765420 42

0x8005CO

79

41



Memory Access Times

230 sequential accesses of an

int spread across...

64B
128B

32kB
64kB
128kB
256kB
512kB
IMB
2MB
4MB
8MB
|6MB

0.8s
0.8s

0.8s

0.83s
0.88s
09ls
091s
0.95s
0.95s
0.99s
1.07s
1.08s

Ll cache: 32kB
4-5 cycles
64B blocks

L2 cache: 256kB
|2 cycles
64B blocks

L3 cache: 3MB
36 cycles
64B blocks

Memory: 8GB
~100 cycles

64B = 16 ints

4?2



Locality

Temporal locality
A previously used address is likely to be used again soon
Cache hierarchy positively correlates performance to
temporal locality

Spatial locality

Newly used addresses are likely to be near recently used
addresses

Blocking positively correlates performance to spatial
locality

43-46



Size versus Stride

long data[MAXELEMS] ;

int test(int elems, int stride) {
long i1, sx2 = stride*2, sx3 = stride*3,
long accO = 0, accl = 0, acc2 = 0, acc3
long length = elems;
long limit = length - sx4;

for (i = 0; i < limit; i += sx4) {
accO0 = accO0 + datal[i];
accl = accl + data[i+stride];
acc2 = acc2 + data[i+sx2];
acc3 = acc3 + data[i+sx3];

for (; 1 < length; i++) {
acc0 + datal[i];

accO

}

return ((accO0 + accl) + (acc2 + acc3));

sx4 = stride*4;

= 0;
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The Memory Mountain gc;rglszaswell
32 KB L1 d-cache
256 KB L2 cache
Aggress{ve 8 MB L3 cache
prefetching .. 64 B block size
oo = ?
. 14000
»
[11]
= 12000 .
= _
2 10000
S
£ 8000 A Ridges
T o0 "’ [ > of temporal
e /) , locality
4000
2000 A
Slopes /
of spatial 32k
localit 128k
s7 m
Stride (x8 bytes) s9 8m Size (bytes)

32m

s11
128m
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Finding a Cache Entry

Address:

0x765428

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editipg



Finding a Cache Entry

Block size B = 2°

Address:
block offset
remaining bits b bits

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editigg



Finding a Cache Entry

Block size B = 2°

Address:
cache key block offset

h e —

remaining bits b bits

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editiep



Finding a Cache Entry

Block size B = 2°

Address:
e ==l = — = — cache key block offset
remaining bits b bits
o O e o —
DO C||0OC 3 o O —

0 o= cache line

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editios



Finding a Cache Entry

Block size B = 2°
E = 2¢lines per set

25 sets

S =

, - Address:
===t == =l — tag set |block offset
t bits s bits b bits
N A o]0 1 o]
o JL_1 [ I ) I [ I I

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editieg




Finding a Cache Entry

Block size B = 2°
E = 2¢lines per set

25 sets

S =

, - Address:
===t == =l — tag set |block offset
t bits s bits b bits
N A o]0 1 o]
o JL_1 [ I ) I [ I I

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editigp



Finding a Cache Entry

Block size B = 2°
E = 2¢lines per set

, - Address:

BEET==I == T — tag set |block offset
2 t bits s bits b bits
Q o I o O I —
A
[
“

\ (0O |00 il —

E-way associative cache E = |: direct-mapped cache

Cache size C = ExSxB

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editieg



Finding a Cache Entry

Block size B = 2°
E = 2¢lines per set

25 sets

S =

, - Address:
===t == =l — tag set |block offset
t bits s bits b bits
N A o]0 1 o]
o JL_1 [ I ) I O 71 [
v
"
- — — —
valid bit B bytes

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editigg



Finding a Cache Entry

Block size B = 2°
E = 2¢lines per set

25 sets

S =

, - Address:
===t == =l — tag set |block offset
t bits s bits b bits
N A o]0 1 o]
o JL_1 [ I ) I O 71 [
v
"
- — — —
valid bit B bytes

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Edition



Cache Lookup Examples

B=8
S=4
E=1

(direct-mapped)

Address:

1 0011

01010

0

1

1

0

0

01010

10110

58



Cache Lookup Examples

B=8
S=4
E=1

(direct-mapped)

Address:

1 0011

01010

0

1

1

0

0

01010

10110

B

59



Cache Lookup Examples

B=8
S=4
E = | (direct-mapped)

Address:

01010

0

1

1

0

0

01010

B

60



valid

Cache Lookup Examples

B=8
S=4
E = | (direct-mapped)

Address:

01010

ﬁatches

0

1

1

0

0

01010

B

61



Cache Lookup Examples

B=8
S=4
E = | (direct-mapped)

valid Address:

0101001100

ﬁatches
W 01010 < J

int as 4 bytes




Cache Lookup Examples

B=8
S=4
E=1

(direct-mapped)

Address:

1 0011

01010

0

1

1

0

0

11111

10110

63



Cache Lookup Examples

B=8
S=4
E = | (direct-mapped)

Address:

01010

0

1

1

0

0

11111

B

64



Cache Lookup Examples

B=8
S=4
E = | (direct-mapped)

valid

Address:

01010

0

1

1

0

0

11111

’ﬁn’t match
B

B

65



Cache Lookup Examples

B=8
S=4
E = | (direct-mapped)

invalid

Address:

01010

0

1

1

0

0

001 010

B

66



Cache Lookup Examples

B =8
S=4
E =12 (2-way)
210011 E
201010 111011
§ 211000
lroxao [[[[[[[]fafzoozof [[[[[[]]

Address:

01010

0

1

1

0

0

67



Cache Lookup Examples

01010 1

11011

Address:

01010

0

1

1

0

0

T/

68



Cache Lookup Examples

01010 1

11011

Address:

01010

0

1

1

0

0

T/

69



Cache Lookup Examples

Address:

K\01010

0

1

1

0

0

01010 ‘L\J

70



Cache Line Replacement

On a cache miss new data come in, old data gets lost

* random — pick a random cache line

* LRU — pick least-recently used line

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editios



Writes

Multiple copies of data exist
...in L1, L2, L3, Main Memory, Disk

What to do on a write-hit?
Write-through — write immediately to memory
Write-back — defer write to memory until replaced

What to do on a write-miss?
Write-allocate — load into cache, update in cache
No-write-allocate — write straight to memory

Typical implementations:

* Write-through + No-write-allocate
* Write-back + Write-allocate « good assumption

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Edjtion



Computing Cache Miss Rates

Cache configuration:

: struct {

* Block size B = 32 bytes :
int x;

* Sets § = 32 :
int y;

* Direct-mapped £ = |

rid[16][16] ;
° E;sza (:j :::4l2><:;><JE; — I():Z‘1 t))fteas } GJ 1l [ ] [ ]

sizeof (grid[0] [0]) = 2*sizeof (int) =8
4 grid elements fit in a block/line

sizeof (grid) = 16*16*2*sizeof (int) = 2048
Half of grid fits in the cache at a time

76-78



Computing Cache Miss Rates

N N

nm n N
Qv K

fits cache line

grid element

79



Computing Cache Miss Rates

AN N

nm n N
Qv K

fits cache line

grid element

i < 16; i++)

0,

for (j = 0;

for (1

J++)

j < 16;

total x +

= grid[i] []] .x;

80



Computing Cache Miss Rates

= grid element
= fits cache line

oy L2 &
oo

_— W
N

for (i = 0; i < 16; i++)
for (5 = 0; § < 16; j++)
total x += grid[i][]].x;

i=0 §J=0 miss

81



Computing Cache Miss Rates

= grid element
= fits cache line

oy L2 &
oo

_— W
N

for (i = 0; i < 16; i++)
for (5 = 0; § < 16; j++)
total x += grid[i][]].x;

i=0 §J=0 miss

82



Computing Cache Miss Rates

AN N

nm n N
Qv K

fits cache line

grid element

it++)

i< 16;

for (1 = 0;

J++)

j < 16;

for (j = 0;

total x +

= grid[i] []] .x;

83



Computing Cache Miss Rates

AN N

nm n N
Qv K

fits cache line

grid element

it++)

i< 16;

for (1 = 0;

J++)

j < 16;

for (j = 0;

total x +

= grid[i] []] .x;

84



Computing Cache Miss Rates

AN N

nm n N
Qv K

fits cache line

grid element

it++)

i< 16;

for (1 = 0;
for (j = 0;

J++)

j < 16;

total x +

= grid[i] []] .x;
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Computing Cache Miss Rates

N N

nm n N
Qv K

fits cache line

grid element

it++)

i< 16;

for (i = 0;

j++)

j < 16;

for (j = 0;

= grid[i] []] .x;

total x +

86



Computing Cache Miss Rates

= grid element
= fits cache line

SRZEE
n 1on
—_— )
N9

for (1 = 0; 1 < 16; i++)
for (j = 0; j < 16; j++)
total x += grid[i] []j].x’

i=7 j=15 hit

87



Computing Cache Miss Rates

= grid element
= fits cache line

SRZEE
n 1on
—_— )
N9

for (1 = 0; 1 < 16; i++)
for (j = 0; j < 16; j++)
total x += grid[i] []j].x’

88



Computing Cache Miss Rates

= grid element B =32

= fits cache line

for (1 = 0; 1 < 16; i++)
for (j = 0; j < 16; j++)
total x += grid[i] []j].x’

0 | 2 3
4 5 6 7
8 9 10 I
12 13 14 I5
16 17 18 19
20 21 22 23
24 25 26 27
28 29 30 31
0 | 2 3
4 5 6 7
8 9 10 I
12 13 14 I5
16 17 18 19
20 21 22 23
24 25 26 27
28 29 30 31

7 J =15 hit
8 =0 miss

i
i

89



Computing Cache Miss Rates

= grid element
= fits cache line

SRZEE
n 1on
—_— )
N9

for (1 = 0; 1 < 16; i++)
for (j = 0; j < 16; j++)
total x += grid[i] []j].x’

90



Computing Cache Miss Rates

= grid element
= fits cache line

SRZEE
n 1on
—_— )
N9

for (1 = 0; 1 < 16; i++)
for (j = 0; j < 16; j++)
total x += grid[i] []j].x’

Miss rate: 25%

91



Reverse Index Order

AN N

nm n N
Qv K

)
/

j++)

gr:-

Move j to outer
V

j < 16;

0,

for (i = O;

for (3

i++)

i< 16;

total x +

= grid[i] []].x;

92



Reverse Index Order

= grid element
= fits cache line

oy L2 &
oo

NN

for (j = 0; j < 16; j++)
for (i = 0; 1 < 16; i++)
total x += grid[i][]].x;

i=0 §J=0 miss




Reverse Index Order

AN N

nm n N
Qv K

fits cache line

grid element

j < 16; j++)

0,

for (i = O;

for (3

i++)

i< 16;

total x +

= grid[i] []].x;

94



Reverse Index Order

AN N

nm n N
Qv K

fits cache line

grid element

= 0; j < 16,’ j++)

for (3

o
+ —
+ N
.1_[
-I.l
6[
- O
v 1

o
-

]
N +
o

o
! |

i
- @
~ P

(o]
q P
(o}
44
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Reverse Index Order

AN N

nm n N
Qv K

fits cache line

grid element

j < 16; j++)

0,

for (i = O;

for (3

i++)

i< 16;

total x +

= grid[i] []].x;
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Reverse Index Order

AN N

nm n N
Qv K

fits cache line

grid element

j < 16; j++)

0,

for (i = O;

for (3

i++)

i< 16;

total x +

= grid[i] []].x;

97



Reverse Index Order

= grid element
= fits cache line

oy L2 &
oo

NN

for (j = 0; j < 16; j++)
for (i = 0; 1 < 16; i++)
total x += grid[i][]].x;

Miss rate: 100%




Reverse Index Order

= grid element
= fits cache line

oy L2 &
oo

for (j = 0; j < 16; j++)
for (i = 0; i < 16; i++)
total x += grid[i] []j].x’

Traverse arrays =
column as inner loop

W
NN

99



When Data Fits in Cache

| Larger cache \
. A
= grid element 2

= fits cache line 5;6'4

for (j = 0; j < 16; j++)
for (1 = 0; 1 < 16; i++)
total x += grid[i] []j].x;

100



When Data Fits in Cache

= grid element
= fits cache line

tqy ©»a o5
n o
—_ O W
N

for (j = 0; j < 16; j++)
for (1 = 0; 1 < 16; i++)
total x += grid[i] []j].x;

i=15 §J=0 miss

101



When Data Fits in Cache

= grid element
= fits cache line

oy “\a O3
n o
—_ O W
BN

for (j = 0; j < 16; j++)
for (i = 0; 1 < 16; i++)
total x += grid[i] []].x’

i=15 §J=0 miss
i=0 J=1 hit

102



When Data Fits in Cache

= grid element
= fits cache line

NENRNNNA ANNARNRN ARRNANNR

o “»2@ ™o
n oo
—_ O W
N

AT ) | fon @ 2 00 3 5 18 3+
AN T OO | e (2= 07 4 < 165 a4
NUARNNAN NRNNAREN NANNRNAR NENANNAD total x += grid[il[j].x;
AUARERAN NRNNARNNNANRNNAN NENANNED
AURNENAN NRNNRRENNANRNNRN NENANEED
QT (DA iR e
PR ETTTTT forder doesn't matter
NURNNNAN NRNNARNNNANRNNAN NENANNED

AURNENAN NRNNRRENNANRNNRN NENANEED

NERRNNNN NRRRENNN NERNEEDD

103



When Data Fits in Cache

= grid element B =32
_ . S =32
= fits cache line [

for (j = 0; j < 16; j++)
for (1 = 0; 1 < 16; i++)
total x += grid[i][]].x;

0 | 2 3
4 5 6 7
8 9 10 I
12 13 14 I5
16 17 18 19
20 21 22 23
24 25 26 27
28 29 30 31
0 | 2 3
4 5 6 7
8 9 10 I
12 13 14 I5
16 17 18 19
20 21 22 23
24 25 26 27
28 29 30 31

Higher associativity increases
the cache size, too
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Multiple Loops

= grid element
= fits cache line

oy L2 &
oo

_— W
N

for (1 = 0; 1 < 16; i++)
for (j = 0; j < 16; j++)
total x += grid[i] []j].x’

for (1 = 0; 1 < 16; i++)
for (j = 0; j < 16; j++)
total y += grid[i][]j].y:
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Multiple Loops

= grid element
= fits cache line

oy L2 &
oo

_— W
N

for (1 = 0; 1 < 16; i++)
for (j = 0; j < 16; j++)
total x += grid[i] []j].x’

for (1 = 0; 1 < 16; i++)
for (j = 0; j < 16; j++)
total y += grid[i][]j].y:

Miss rate: 25%
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Multiple Loops

AN N

nm n N
Qv K

fits cache line

grid element

i < 16; i++)

0,

for (3 = 0;

for (1

Jt++) |

j < 16;

X
R
o
T O
e |
| S
(o) ] o))
i
+ +
SBa
- ~
M o
PP
O O
PP
——
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Multiple Loops

= grid element
= fits cache line

o © O
T LT

_— W
N

for (i = 0; i < 16; i++)
for (j = 0; j < 16; j++) {
total x += grid[i][]j].x;
total y += grid[il[j].y’
}

i=0 j=0 miss
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Multiple Loops

N N

nm n N
Qv K

fits cache line

grid element

it++)

i< 16;

for (1 = 0;

Jt++) |

j < 16;

for (j = 0;

X
R
o
T O
e |
| S
(o) ] o))
i
+ +
SBa
- ~
M o
PP
O O
PP
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Multiple Loops

N N

nm n N
Qv K

fits cache line

grid element

it++)

i< 16;

for (1 = 0;

Jt++) |

j < 16;

for (j = 0;

X
R
o
T O
e |
| S
(o) ] o))
i
+ +
SBa
- ~
M o
PP
O O
PP
——
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Multiple Loops

N N

nm n N
Qv K

fits cache line

grid element

it++)

i< 16;

for (1 = 0;

Jt++) |

j < 16;

for (j = 0;

X
R
o
T O
e |
| S
(o) ] o))
i
+ +
SBa
- ~
M o
PP
O O
PP
——
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Multiple Loops

= grid element
= fits cache line

Yy ©“r O3
1o

_— W
N

for (1 = 0; 1 < 16; i++)
for (j = 0; jJ < 16; j++) {
total x += grid[i] []j].x’
total y += grid[i][]j].y’
}

Miss rate: 12.5%
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Multiple Loops

= grid element
= fits cache line

o G o
n oy

for (1 = 0; 1 < 16; 1i++)
for (j = 0; j < 16; j++) {
total x += grid[i] []j].x’
total y += grid[i][]j].y’
}

Multiple loops =
fuse to improve locality

W
NN
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Array and Cache Summary

Traverse arrays = column as inner loop
Data fits in cache = order doesn’t matter

Multiple loops = fuse to improve locality

Single use of each array element:
1

elements per block

Optimal miss rate =

114-115



Matrix Multiplication

for (i = 0; i < n; i++)
for (j = 0; j < n; j++)
for (k = 0; k < n; k++)
C[i][J] += A[i][k] * B[k][]J]~

—> —> —
k J J
[ |
i X k o i
A B C

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editipg



Matrix Multiplication

for (i = 0; i < n; i++)
for (j = 0; j < n; j++)
for (k = 0; k < n; k++)
C[i][J] += A[i][k] * B[k][]J]~

|
A B C

Time: O(n°)

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Edigipn



Matrix Multiplication

for (i = 0; i < n; i++)
for (j = 0; j < n; j++)
for (k = 0; k < n; k++)
C[i][J] += A[i][k] * B[k][]J]~

|
A B C

Space: O(n?)

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editipg



Matrix Multiplication

for (1 = 0; 1 < n; i++)
for (j = 0; j < n; j++)
for (k = 0; k < n; k++)
C[i][J] += A[i][k] * B[k][]J];

—> —> —
k J J
[ |
i X k o i
A B C

Cache assumptions
* n* >> cache size
* 4 elements per cache block

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editipg



Matrix Multiplication

for (i = 0; i < n; i++)
for (j = 0; j < n; j++)
for (k = 0; k < n; k++)
C[i][J] += A[i][k] * B[k][]J]~

. - . - .
k J J
]
i k i
A B C

Cache performance: consider innermost loop

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editiog



Matrix Multiplication

for (i = 0; 1 < n; i++)
for (J = 0; j < n; j++)
for (k = 0; k < n; k++)
C[i][J] += A[i][k] * B[k][]J];

. R R
k J J
l.i l ] J. .
i k i
A B C
Miss rate: 0.25 + 1.0 + 0.0 =1.25

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Edigiop



Matrix Multiplication: i jk

for (i = 0; 1 < n; i++)
for (j = 0; j < n; j++) {
sum = 0.0;
for (k = 0; k < n; k++)
sum += A[i] [k] * B[k]1[j]:
C[i][]J] += sum;

}
k J J
i k | i
A B C
Miss rate: 0.25 + 1.0 + 0.0 =1.25

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Edigion



Matrix Multiplication: jik

_ : _ Swapping has
for (j = 0; j < n; j++)
for (i = 0; 1 < n; i++) { no effect
sum = 0.0;
for (k = 0; k < n; k++)
sum += A[i] [k] * B[k][]j]:
C[i][j] += sum;
}
B R N
A B
Miss rate: 0.25 + 1.0 + 0.0 =1.25

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editieg



Matrix Multiplication: kij

for (k = 0; k < n; k++)
for (i = 0; i < n; i++) {
a = A[i] [k];
for (j = 0; j < n; j++)
C[i][j] += a * B[k][]]:
}
k J j
l. . l l.i
i K — i
A B C
Miss rate: 0.0 + 0.25 + 0.25 =0.5

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Edigiop



li

Miss rate:

Matrix Multiplication: ikj

. . _ Swapping has
for (1 = 0; i < n; i++)
for (k = 0; k < n; k++) { no effect
a = A[i] [k];
for (J = 0; j < n; j++)
C[i][j] += a * B[k]I[j]:
}
k 3 j
K — i
A B C
0.0 + 0.25 + 0.25 =0.5

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editiog



li

Miss rate:

Matrix Multiplication: jki

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editiog

for (j = 0; j < n; j++)
for (k = 0; k < n; k++) {
b = B[k][]j]:
for (i = 0; 1 < n; i++)
C[i][J] += A[i][k] * Db;
}
k j j
A B C
1.0 + 0.0 + 1.0



li

Miss rate:

Matrix Multiplication: kji

Swapping has
for (k = 0; k < n; k++)
for (j = 0; j < n; j++) { no effect
b = B[k][]]’
for (i = 0; i < n; i++)
C[i][j] += A[i][k] * b;
}
k 3 j

[

0+ 0.0 + 1.0 =2.0

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Ediion



Cycles per inner loop iteration

100

10

50

100

150

Matrix Multiply Performance

200

—=jki
B-kj
> ijk
- jik
—— ki
—2 ik
i l ; + + : : ; —+
5 b —A—4A b5 —25 & &
kij / ikj
250 300 350 400 450 500 550 600 650 700

Array size (n)
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Room for Improvement!?

for (k

for (i = 0; i < n; i++) {

a

for (j = 0; j < n; j++)
C[i][jJ] += a * B[k][]];

= 0; k < n;

A[i] [k];

k++)

lk_

129



Room for Improvement!?

for (k = 0; k < n; k++)
for (1 = 0; i < n; i++) {
a = A[1] [k];
for (jJ = 0; jJ < n; j++)
C[i][J] += a * B[k][]J]’

A B C

If rows don’t fit in cache, B starts over for m

130



li

Room for Improvement!?

for (k = 0; k < n;
for (1 =
a = A[1] [k];
for (j =

0; 1 < n; i++) {

0; jJ < n; j++)
C[i][]J] += a * B[k][]]~

k++)

A

lk

B

Maybe try wide enough segments of m and m in C to stay

in same region of B
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Blocking Matrix Multiplication

for (1 = 0;, i < n; i += W)
for (j = 0, j < n; j += W)
for (k = 0; k < n; k += W)
for (ii = i; ii < i4W; ii++)
for (jj = J; 33 < jJ+W; Jj++)
for (kk = k; kk < k+W; kk++)

Cl11][3j3]1 += A[i1][kk] * B[kk][3j]jl’

B = WxW block

. - . - .
k J J

i k i
A B C

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editios




Blocking Matrix Multiplication

for (1 = 0;, i < n; i += W)
for (j = 0, j < n; j += W)

for (k = 0; k < n; k += W)
for (ii = i; ii < 1i4W; ii++)
for (3J = Jj; 3j < J+W; Ji++)
for (kk = k; kk < k+W; kk++)

Cl11][3j3]1 += A[i1][kk] * B[kk][3j]jl’

B = WxW block

. - . - .
k J J

i k i
A B C

W? elements fit in cache = 0.25 miss rate

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Third Editieg




Blocking Matrix Multiplication

B = WxW block

for (1 = 0;, i < n; i += W)
for (j = 0, j < n; j += W)
for (k = 0; k < n; k += W)
for (ii = i; ii < i+W; ii++)
for (3jj = 3, jj < jJ+wW; jj++)
for (kk = k; kk < k+W; kk++)
C[ii][JJ] += A[ii] [kk] * B[kk][3j]l’
—> —> —>
k J J
i k i
A B C

2‘%‘)[/2 + W2 total elements at 0.25 miss rate

repeated for (Vﬂv)2 result blocks

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, ThirgsEdition




Blocking Matrix Multiplication

B = WxW block

for (1 = 0;, i < n; i += W)
for (J = 0; J < n; J += W)
for (k 0; k < n; k += W)
for (ii = i; ii < i4W; ii++)
for (3j = J; 33 < J+W; jj++)
for (kk = k; kk < k+W; kk++)
C[ii] [J3] += A[1ii] [kk] * B[kk][]]]~
—> —> —>
k J J
i k i
A B C
3
n n n
0.25 x2—-W? X (5)? = =+
WV ) = aw
:Lmiss rate
2W

Bryant and O’Hallaron, Computer Systems:A Programmer’s Perspective, Thirgskdition



