Set Laws & Probability

CS 3130/ECE 3530:
Probability and Statistics for Engineers

Jan 17, 2023
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Commutative Law

For two sets A, B the Commutative Law holds that

AUB=BUA

ANB=RBNA
Ane=8BnA

A-B + B-A



Associative Law

For three sets A, B, C the Associative Law holds that

(AUB)UC=AU

(ANB)NC=AN(BNC)




Associative Law

For three sets A, B, C the Associative Law holds that
(AUB)UC=AU (BUCQ)

(ANB)NC=AN(BNC)
Example:
A=1{3,4,56} Aoz 91,2, 865

B={l1,3,6} (AR o= {139,563
) \ 8 5,63
What is (A U B) U C? (Buc\l):{( ¢ 2

A L@ =934 sy



Associative Law
For three sets A, B, C the Associative Law holds that
(AUB)UC=AU (BUCQ)

(ANB)NC=AN(BNC)

Example: .
A={3.4,5,6) 7 Bowyoc-
B=1{1,3,6} =
C =1{3,5}

What is (AU B) U C?

Whatis (ANB)nC? A0S = 173,43
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Distributive Law

For three sets A, B, C the Distributive Law holds that

(AUB)AC = (ANC)U (BN C)

(ANB)UC=(AUC)N(BUC)
roB




Distributive Law

For three sets A, B, C the Distributive Law holds that
(AUB)NC=(ANC)U(BNC)

(ANB)UC=(AUC)N (BUC)

Example:
A={3,4,56}
B=1{1,3,6}
C={3,5}

Whatis (AU B) N C?



Distributive Law

For three sets A, B, C the Distributive Law holds that
(AUB)NC=(ANC)U(BNC)

(ANB)UC=(AUC)N (BUC)

Example:
A={3,4,56}
B=1{1,3,6}
C=1{35)

Whatis (AU B) N C?
Whatis (AN B) U C?



DeMorgan’s Law

Complement of union or intersection:

(AUB) =@%N B




DeMorgan’s Law

Complement of union or intersection:

(AUB) = A°N B

:AﬂB:C:ACUBC

What is the English translation for both sides of the
equations above?
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Exercises

Check whether the following statements are true or false.
(Hint: you might use Venn diagrams.)

»A—BCA T\cue

C A—BY —AUB e
>AUB§B MU\ L\wo(oé) NI Aéz
. (Auza)mc_<fmC)u(BmC)—\-N1z

(Ar = m = Ao

‘%b{ Mgsé tw<g




Probability
Pd{rnges2y =0

Definition

A probability function on a finite sample space €2

assigns ever C Q anumber in [0, 1], such that
1. P(Q) =1

2 P(A UB) = P(A) + P(B) when

) is the probability that event A occurs.

@ ’ Ac J2




Equally Likely Outcomes

The number of elements in a set A is denoted |A].
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Equally Likely Outcomes ~ \A\ 2 \52)
\A\ zo
The number of elements in a set A is denoted |A].

If {2 has a finite number of elements, and each is equally
likely, then the probability function is given by

9 lo

e(o. 0

P(A)



Equally Likely Outcomes

The number of elements in a set A is denoted |A].

If {2 has a finite number of elements, and each is equally
likely, then the probability function is given by

P(A) = %

Example: Rolling a 6-sided die | a\N=(



Equally Likely Outcomes

The number of elements in a set A is denoted |A].

If {2 has a finite number of elements, and each is equally
likely, then the probability function is given by

Example: Rolling a 6-sided die

- P({1}) =1/6



Equally Likely Outcomes

The number of elements in a set A is denoted |A].

If {2 has a finite number of elements, and each is equally
likely, then the probability function is given by

Al
P(A)
jol
Example: Rolling a 6-sided die
» P({1})=1/6
({1) =1/ .

- P{1,2,3))=1/2 = 7



Repeated Experiments

If we do two runs of an experiment with sample space (2,
then we get a new experiment with sample space

AxQ={(x,y):xeQ,yeQ}



Repeated Experiments

If we do two runs of an experiment with sample space (2,
then we get a new experiment with sample space

AxQ={(x,y):xeQ,yeQ}

The element (x,y) € Q x (2 is called an ordered pair.



Repeated Experiments

If we do two runs of an experiment with sample space (2,
then we get a new experiment with sample space

AxQ={(x,y):xeQ,yeQ}

The element (x,y) € Q x (2 is called an ordered pair.

Properties:
Order matters: (1,2) # (2, 1)
Repeats are possible: (1,1) € N x N



More Repeats

Repeating an experiment n times gives the sample
space N

K

Q"=Q x--- xQ (ntimes) \u=(\;,,u1 __,,\rob
= {(x1,x2,...,%,) : x; € Qforalli}



More Repeats

Repeating an experiment n times gives the sample
space

A"=0Q x---xQ (ntimes)
= {(x1,x2,...,%,) : x; € Qforalli}

The element (x, X, . .., X,) is called an n-tuple.



More Repeats

Repeating an experiment n times gives the sample
space

A"=0Q x---xQ (ntimes)
= {(x1,x2,...,%,) : x; € Qforalli}

The element (x, X, . .., X,) is called an n-tuple.

If]€2| = k, then || = k.



Probability Rules



Probability Rules

Complement of an event A:

PUAT) =1~ plA

e Cot)




Probability Rules

Complement of an event A:
P(A9) = 1 - P(A)
Union of two overlapping events A N B +# ():

P(AUB) = P(A) + P(B) =P(ATB)




Exercise

You are picking a number out of a hat, which contains
the numbers 1 through 100. What are the following
events and their probabilities?

» The number has a single digit 0\400
» The number has two digits %, 4

— \C)

> The number is a multiple of 4 = 2=~ _ =

» The number is net a multiple of 4 = ql =% CAC}:

» The sum of the number’s digits is 5 -G AN
_,é,/ \i 9,)2\_23_3?14\{‘\2‘ [ =3
Yoo T Z

(Y]



Permutations

A permutation is an ordering of an n-tuple. For instance,
the n-tuple (1,2, 3) has the following permutations:

(1,2,3),(1,3,2),(2,1,3)
(2,3,1),(3,1,2),(3,2,1)

(&{c_\t 4 40@‘94}
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Permutations

A permutation is an ordering of an n-tuple. For instance,
the n-tuple (1,2, 3) has the following permutations:

(1,2,3),(1,3,2),(2,1,3)
(2,3,1),(3,1,2),(3,2,1)

The number of unique orderings of an n-tuple is
n factorial:

nl=nxmn—-1)xn—-2)X - x2x\

—



Permutations A N S IO e

'V\f'LA(

A permutation is an ordering of an n-tuple. For instance,
the n-tuple (1,2, 3) has the following permutations:

(1,2.3),(1,3,2, 21,3 ) Moo ) (2)
(2,3,1),(3,1,2),(3,2, 1) <

\D-J%(_S‘

The number of unique orderings of an n- tuple is
N
n factorial: (2 4 T

nl=nxn—-1)xn—-2)x---x2

How many ways can you rearrange (1,2,3,4)?
Wiz a.2.2.\ = 24



Exercise

Consider 4 balls in an urn, with labels A, B, C, and D.
Consider | select them out of the urn (without
replacement) one at a time.

» What is the probability | pick them out in ordc;:-r
(A,B,C,D)? = Ve ( B N n



Exercise

Consider 4 balls in an urn, with labels A, B, C, and D.
Consider | select them out of the urn (without
replacement) one at a time.

» What is the probability | pick them out in order
(A, B, C,D)?
» What is the probability | pick them out in order

(B,C,A,D)? _ —~
24



Exercise

Consider 4 balls in an urn, with labels A, B, C, and D.
Consider | select them out of the urn (without
replacement) one at a time.

» What is the probability | pick them out in order
(A, B, C,D)?

» What is the probability | pick them out in order
(B,C,A,D)?

» What is the probability that the last element chosen

is A?
° 'zl( { ~ Zc(
=



Exercise

Consider 4 balls in an urn, with labels A, B, C, and D.
Consider | select them out of the urn (without
replacement) one at a time.

» What is the probability | pick them out in order
(A, B, C,D)?

» What is the probability | pick them out in order
(B,C,A,D)?

» What is the probability that the last element chosen
isA?

» What is the probability that the last element chosen
is D?



