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Algorithms for e-approximations of Terrains*
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Abstract

Consider a point séb with a measure function : D — R. LetA be the set of subsets ©f
induced by containment in a shape from some geometric faf@ity. axis-aligned rectangles,
half planes, ballsk-oriented polygons). We say a range spébeA) has are-approximation
Pif
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We describe algorithms for deterministically construgtitiscretes-app- roximations for
continuous point sets such as distributions or terrainsrthEumore, for certain families of
subsetsA, such as those described by axis-aligned rectangles, weedtie size of the-
approximations by almost a square root fréni= log 1) to O( polylogl). This is often
the first step in transforming a continuous problem into aréi® one for which combinato-
rial techniques can be applied. We describe applicationikisfresult in geo-spatial analysis,

biosurveillance, and sensor networks.
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1 Introduction

Representing complex objects by point sets may requirestesage and may make computation on
them faster and easier. When properties of the point sepgippate those of the original object,

then problems over continuous or piecewise-linear donei@sow simple combinatorial problems
over point sets. For instance, when studying terrainsegemting the volume by the cardinality of
a discrete point set transforms calculating the differeme®veen two terrains in a region to just
counting the number of points in that region. Alternatiyehithe data is already a discrete point
set, approximating it with a much smaller point set has apfibns in selecting sentinel nodes
in sensor networks. This paper studies algorithms for icrgamall samples with guarantees in
the form of discrepancy andapproximations, in particular we construchpproximations of size

O(% polylog?).

e-approximations. In this paper we study point sets, which we call domains anthisel asD,
which are either finite sets or are Lebesgue-measureatde Bet a given domaifD let A be a
set of subsets db induced by containment in some geometric shape (such asdyadkis-aligned
rectangles). The paiD, A) is called aange spaceWe say thaf is ans-approximationof (D, A)
if
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where| - | represents the cardinality of a discrete set or the Lebesgrasure for a Lebesgue-
measurable set4 is said toshattera discrete seX C D if each subset o is equal toR N X
for someR € A. The cardinality of the largest discrete sétthat.A can shatter is known as the
VC-dimension A classic result of Vapnik and Chervonenkis [30] states$ tbaany range space
(D, A) with constant VC-dimension there exists a subsét C D consisting o0 (X log £) points
that is anc-approximation for(D,.A). Furthermore, if each element &f is drawn uniformly at
random fromD such that| P| = O(Z log J5), then P is anc-approximation with probability at
leastl — 6. Thus, for a large class of range spaces random samplingigeedare-approximation
of sizeO(Z log 1).

Deterministic construction of c-approximations. There exist deterministic constructions for
e-approximations. Whef is the unit cub€0, 1] there are constructions which can be interpreted
ase-approximations of siz€( L) for half spaces [17] an@ (1 log” (**1) L polylog(log 1))
for balls ind-dimensions [6]. Both have lower bounds(@(m) [3]. See Matousek [18] for
more similar results or Chazelle’s book [10] for applicago For a domairD, let R; describe the
subsets induced by axis-parallel rectangleg dimensions, and leé2; describe the subsets induced
by k-oriented polygons (or more generally polytopes) with fadescribed by: predefined normal
directions. More precisely, fa8 = {3;,..., 0} C S, let Qs describe the set of convex poly-
topes such that each face has an outward nothgalfor 5; € 3. If 3 is fixed, we will useQ, to
denoteQg since itis the sizé and not the actual sgtthat is important. Whef® = [0, 1]¢, then the
range spacéD, R,;) has anc-approximation of size)(L log?~! 1 polylog(log 1)) [13]. Also, for

all homothets (translations and uniform scalings) of angi@aar Q € Qj, Skriganov constructs
an c-approximation of size)(1 log?~! L polylog(log 1)). WhenD is a discrete point set of size

n, e-approximations of siz€((2 log %)2_%) exist for bounded VC-dimension [20], and can



be constructed in timé&(n - g}— log" %). In this spirit, forR, and a discrete point set of size
Suri, Toth, and Zhou [28] construct arapproximation of sizé (2 log(en) log* (£ log(en))) in the
context of a streaming algorithm which can be analyzed tanime O(n (2 log* 1)3).

Our results. We answer the questiorfdr which ranges spaces can we constraapproximations
of sizeO(% ponIog%)?” by describing how to deterministically construct asapproximation of
sizeO(% polylog%) for any domain which can be decomposed into or approximayealfimite set
of constant-size polytopes for famili€g; andQy.. In particular:

e For adiscrete point sé of cardinalityn, we give an algorithm for generating arapproximation
for (D, Q) of size O(2 log* L polylog(log 1)) in O(nZ; polylogl) time. This requires a

generalization of the iterative point set thinning aldurit by Chazelle and MatouSek [11]
that does not rely on VC-dimension. This implies similautesfor R, as well.

e For anyd-dimensional domairD that can be decomposed intok’-oriented polytopes, we
give an algorithm for generating arapproximation of siz€&((k+k’) X log* 1 polylog(log 1))

for (D, Q) in time O((k + k')nZ; polylogl).

We are interested in terrain domaifisdefined to have a basg (which may, for instance, be a
subset ofR?) and a height functioh : B — R. Any point(p, z) such thap € B and0 < z < h(p)
(or0 > z > h(p) whenh(p) < 0) is in the domairD of the terrain.

e For a terrain domairD where B andh are piecewise-linear with linear pieces, our result
implies that there exists anapproximation of siz& (k2 log* 1 polylog(log 1)) for (D, Qy),
and it can be constructed ®(n - X polylog?) time.

e For a terrain domairD where B ¢ R? is a rectangle with diametet and h is smooth
(C?-continuous) with minimum height~ and largest eigenvalue of its Hessignwe give an
algorithm for creating as-approximation fofD, R, x R) of sizeO(% log* X polylog(log 1))
in time O(Az—dfei5 polylog?).

These results improve the running time for a spatial anordatgction problem in biosurveil-
lance [1], and can more efficiently place or choose sentindes in a sensor network, addressing
an open problem [23].

Roadmap. We introduce a variety of new techniques, rooted in disarepdheory, to create-
approximations of sizé)(% polylog%) for increasingly difficult domains. First, Section 2 disses
Lebesgue and combinatorial discrepancy. Section 3 géresadnd improves a classic technique
to create are-approximation for a discrete point set. Section 4 dessrib@w to generate ai
approximation for a polygonal domain. When a domain can leemgosed into a finite, disjoint
set of polygons, then each can be givensaapproximation and the union of all these point sets
can be given a smallerapproximation using the techniques in Section 3. Sectitdmeh handles
domains of continuous, non-polygonal point sets by firstaxmating them by a disjoint set of
polygons and then using the earlier described techniquestidd 6 shows some applications of
these results.



2 Lebesgue and Combinatorial Discrepancy

Lebesgue discrepancy. The Lebesgue discrepancy is defined forrapoint setP c [0,1]¢
relative to the volume of a unit culje, 1]¢. * Given a range spadé0, 1]¢,.4) and a point seP, the
Lebesgualiscrepancy is defined

D(P,A) = sup |D(P,R)|, where D(P,R)=n-|RN[0,1% —|RNP|.
ReA

Optimized over all-point sets, define theebesgue discrepancy @, 1]¢,.4) as

D(n,A) = inf D(P,A).
PC[0,1]4,|P|=n

The study of Lebesgue discrepancy arguably began with thed¥a Corput se€’,, [29], which
satisfiesD(C,,, R2) = O(logn). This was generalized to higher dimensions by Hammersiély [1
and Halton [13] so thaD(C,,, Ry) = O(log?~! n). However, it was shown that many lattices also
provideO(log n) discrepancy in the plane [18]. This is generalized{dog? ! nlog! ™" log n) for
T > 0 overR?¢[24, 25, 7]. For a more in-depth history of the progressiothee results we refer
to the notes in MatouSek’s book [18]. For application ofseesults in numerical integration see
Niederreiter's book [21]. The results on lattices extentidmothets of anyy),, € Q. for O(log n)
discrepancy in the plane [24] ar@(log?~! nlog'*™ log n) discrepancy, for > 0, in R [26],
for some constart. A wider set of geometric families which include half plangght triangles,
rectangles under all rotations, circles, and predefinesecoshapes produce(n'/4) discrepancy
and are not as interesting from our perspective.

Lebesgue discrepancy describesapproximation of [0, 1]¢,.A), wheres = f(n) = D(n,.A)/n.
Thus we can construct arapproximation for([0, 1]¢,.A) of sizegp (e, .A) as defined below. (Solve
fornine = D(n,A)/n).)

O(Llog™ L polylog(log 1))  for D(n,A)
O((1/e)V/0=7) for D(n,A)

O(log™ n)

o) (2.1)

gp(e,A) = {

Combinatorial discrepancy. Given a range spacgX, A) where X is a finite point set and a
coloring functiony : X — {—1,+1} we say thecombinatorial discrepancef (X, .A) colored by

X is
disc, (X, A) = max disc, (X N R) where
S

disc (X) = > x(@)=[{reX : x(z)=+1} - {z € X : x(z) =-1}|.

zeX
Taking this over all colorings and all point sets of sizeve say

disc(n,A) = max min disc (X, A).
C< ) {X:|X|=n} x: X—{-1,+1} CX( )

Results about combinatorial discrepancy are usually progéng the partial coloring method [5]
or the Beck-Fiala theorem [9]. The partial coloring methatially yields lower discrepancy by

Although not common in the literature, this definition caplage[0, 1]¢ with an hyper-rectanglf®, w:] x [0, w2] x
oo X [O, wd].



some logarithmic factors, but is nonconstructive. Alténedy, the Beck-Fiala theorem actually
constructs a low discrepancy coloring, but with a slightlgaker bound. The Beck-Fiala theorem
states that for a family of range$ and a point seX such thatnax,cx [{A € A : z € A}| <t,
disq X, A) < 2t — 1. So the discrepancy is only a constant factor larger tharatiest number of
sets any pointis in.

Srinivasan [27] shows that dige, R;) = O(log?® n), using the partial coloring method. An
earlier result of Beck [4] showed dige, R;) = O(log® n) using the Beck-Fiala theorem [9]. The
construction in this approach reduces’t(n) Gaussian eliminations on a matrix of constraints that
is O(n) x O(n). Each Gaussian elimination step requite&:®) time. Thus the coloringy in
the construction for dige, R») = O(log* n) can be found irO(n*) time.We now generalize this
result.

Lemma 2.1. disq(n,Q;) = O(log? n) for points inR¢ and the coloring that generates this dis-
crepancy can be constructed n(n*) time, fork constant.

The proof combines techniques from Beck [4] and Matousék [1

Proof. Given a clas$);, each potential face is defined by a normal vector figin, ..., 5 }. For
t

J € (1, k] project all points along;. Let acanonical intervalbe of the form[Q—q, t;—ql) for integers

g € [1,logn] andt € [0,27). For each directions; choose a valug < [1,logn] creating2?
canonical intervals induced by the ordering alghgLet the intersection of any of these canonical
intervals along a fixed; be acanonical subsetSince there arkyg n choices for the values affor
each of thek directions, it follows that each point is in at maétg n)* canonical subsets. Using
the Beck-Fiala theorem, we can create a coloringfao that no canonical subset has discrepancy
more tharO (log* n).

Each rangek € Q is formed by at mosO(log"C n) canonical subsets. For each ordering by
Gi, the interval in this ordering induced by can be described b@(logn) canonical intervals.
Thus the entire rang®& can be decomposed int@(log"C n) canonical subsets, each with at most
O(log" n) discrepancy.

Applying the Beck-Fiala construction of size this coloring require®)(n*) time to construct.

O

Corollary 2.1. disq(n, R;) = O(log?! n) and the coloring that generates this discrepancy can be
constructed irO(n*) time, ford constant.

A better nonconstructive bound exists due to Matou3ek, [i€ihg the partial coloring method.
For polygons irR? disg(n, Q1) = O(klog®® n+/log(k + logn)), and for polytopes ilR? disq(n, Q},) =
O(k'5L4/2] 10g@+1/2 .\ flog(k + logn)). For more results on discrepancy see Beck and Chen's
book [8].

Similar to Lebesgue discrepancy, the $et= {p € X | x(p) = +1} generated from the
coloring x for combinatorial discrepancy dige, A) describes an-approximation of X, A) where
e = f(n) = disq(n, A)/n. Thus, given this value aof, we can say thaP is ans-approximation for
(X, A) of size

B O(% log™ % polylog(log %)) for disq(n, A) = O(log" n)
964 =1 0((1/e)4/0-7) for disc(n, A) = O(n™).

The next section will describe how to iteratively apply tipiocess efficiently to achieve these
bounds for any value of.

(2.2)



3 Deterministic Construction of c-approximations for Discrete
Point Sets

We generalize the framework of Chazelle and MatouSek [&%Fdbing an algorithm for creating
an e-approximation of a range spa¢&’, A). Consider any range spa¢&’, A), with | X| = n,
for which there is an algorithm to generate a colornghat yields the combinatorial discrepancy
disc (X, A) and can be constructed in tinin" - [(n)) wherel(n) = o(n). For simplicity, we
refer to the combinatorial discrepancy we can construct @i, A) as dis¢n, A) to emphasize the
size of the domain, and we use equation (2.2) to desgfibeA ), the size of the-approximation it
corresponds to. The values discA), w, andi(n) are dependent on the famil§/ (e.g. see Lemma
2.1), but not necessarily its VC-dimension as in [11]. Asduabove, letf(n) = disqn,A)/n be
the value of in thee-approximation generated by a single coloring of a set &siz— the relative
error. We require thatf(2n) < (1 — §)f(n), for constant) < ¢ < 1; thus it is a geometrically
decreasing function.

The algorithm will compress a séf of sizen to a setP of sizeO(g(e,A)) such thatP is an
e-approximation of( X, .A) by recursively creating a low discrepancy coloring. We rtbig an
g-approximation of ar’-approximation is arfe + ¢’)-approximation of the original set.

We start by dividingX into sets of sizeD(g(¢,A)),2 heree is a parameter. The algorithm
proceeds in two stages. The first stage alternates betweginmeairs of sets and halving sets by
discarding points coloreg(p) = —1 by the combinatorial discrepancy method described above.
The exception is after eveny + 2 halving steps, we then skip one halving step. The seconé stag
takes the one remaining set and repeatedly halves it ustétor f (| P|) incurred in the remaining
setP exceeds; ;. This results in a set of siz@(g(e, A)).

Algorithm 3.1 Creates as-approximation for X, A) of sizeO(g(e, A)).
2

1: Divide X into sets{ Xy, X1, X2, ...} each of sizel(w + 2)g(e, A).
2: repeat {Stage }
3:  for w+ 2 stepsdo {or stop if only one set is left
4 MERGE Pair sets arbitrarily (i.e.X; and X;) and merge them into a single set (i.e.
Xi = Xz U XJ)
HALvE: Halve each sek; using the coloringy from disq X;, A) (i.e. X; = {z € X, |
x(x) = +1}).
end for
MERGE Pair sets arbitrarily and merge each pair into a single set.
until only one setpP, is left
repeat {Stage 2
10:  HALvE: Halve P using the coloringy from disq P, A).
11 until f(|P]) > e/(2 + 20)

a

5N

Theorem 3.1. For a finite range spac¢X,A) with | X| = n and an algorithm to construct a
coloring x : X — {—1,+1} such that

2If the sets do not divide equally, artificially increase timeof the sets when necessary. These points can be removed
later.



e the set{x € X : x(z) = +1} is an a-approximation of(X, A) of sizeg(«, A) with
a = disc, (X, A)/n (see equation (2.2)).

e x can be constructed i®(n" - I(n)) time wherd(n) = o(n).

then Algorithm 3.1 constructs arapproximation for X, A) of sizeO(g(e,.A)) in timeO(w*~n -
9(57‘A)w_1 : l(g(z—:, ‘A)) + 9(57 ‘A))

Proof. Let2/ = 4(w+2)g(e,.A), for an integerj, be the size of each set in the initial dividing stage
(adjusting by a constant & < %). Each round of Stage 1 performs+ 3 MERGE steps andv + 2
HALVE steps on sets of the same size and each subsequent roundvifleadsts twice as large.
The union of all the sets is am-approximation of X, A) (to starta = 0) and« only increases in
the HALVE steps. Theth round increases by f(2/~1*%) per HALVE step. Sincef(n) decrease
geometrically as: increases, the size of at the end of the first stage is asymptotically bounded
by the increase in the first round. Hence, after Stage 4 2(w + 2) f(4(w + 2)g(e, A)) < 5.
Stage 2 culminates the step befgig@P|) > 3735+ Thus the final LVE step creates ag%—
approximation and the entire second stage creatgsapproximation, hence overall Algorithm 3.1
creates am-approximation. The relative error caused by eagh = step in stage 2 is equivalent
to a HALVE step in a single round of stage 1.

The running time is also dominated by Stage 1. EachM step of a set of siz&’ takes
O((27)*1(27)) time and runs om /27 sets. In between eachatve step within a round, the number
of sets is divided by two, so the running time is asymptotjcdbminated by the first WLVE step
of each round. The next round has sets of &iz&, but onlyn /2/+%*+2 of them, so the runtime
is at most% that of the first FALVE step. Thus the running time of a round is less than half of that
of the previous one. Sinc® = O(wg(e,.A)) the running time of the WLVE step, and hence the
first stage is bounded b9 (n - (w - g(e,A))* "1 - I(g(e,A)) + g(¢,.A)). Each HALVE step in the
second stage corresponds to a single W step per round in the first stage, and does not affect the
asymptotics. O

We can invoke Theorem 3.1 along with Lemma 2.1 and Corollatyt@ computey in O(n*)
time (notice thatw = 4 and!(-) is constant), sg(e,Q;) = O(2log* L polylog(log 1)) and
g9(2,R4) = O(L1og? L polylog(log 1)). We obtain the following important corollaries.
Corollary 3.1. For a set of size: and over the range8;, anc-approximation of sizé)(1 log?* 1 polylog(log 1))

can be constructed in tim@(n 5 polylog?).

Corollary 3.2. For a set of sizex and over the range®,; ans-approximation of siz@(% log?? % polylog(log %))

can be constructed in tim@(n 2 polylogl).

Weighted case. These results can be extended to the case where eachrpeinX is given a
weightu(x). Now ane-approximation is a sef C X and a weighting: : X — R such that

max [HEOR)  p(XNR)
ReA| p(P) p(X) |~

g,

whereu(P) =3~ . p pu(p). The weights o” may differ from those ok. A result from Matousek
[16], invoking the unweighted algorithm several times atearmgetrically decreasing cost, creates



a weighteds-approximation of the same asymptotic size and with the sasyenptotic runtime
as for an unweighted algorithm. This extension is importahén we combine-approximations
representing regions of different total measure. For taseove weight each point relative to the
measure it represents.

4 Sampling from Polygonal Domains

We will prove a general theorem for deterministically consting smalle-approximations for
polygonal domains which will have direct consequences dygonal terrains. A key observation of
MatouSek [16] is that the union efapproximations of disjoint domains forms amapproximation
of the union of the domains. Thus for any geometric dorfiaime first divide it into pieces for which
we can create-approximations. Then we merge all of these point sets into-@pproximation for
the entire domain. Finally, we use Theorem 3.1 to reduceah®ke size.

Instead of restricting ourselves to domains which we caiddiinto cubes of the fornfo, 1]¢,
thus allowing the use of Lebesgue discrepancy results, steefipand on a result about lattices and
polygons.

Lattices and polygons. Forz € R, let |z| represent the fractional part of and fora. € R4!
letow = (a1, ..., q4—1). Now givena andm let P, ,,, = {po, . .., pm—1} be a set ofn lattice points
in [0,1]¢ definedp; = (£, |aqil, ..., lag—1il). Pam is irrational with respect to any polytope in
Qg ifforall 3; € 3, forall j < d, and for allh < d — 1, the fractions; ; /oy, is irrational. (Note
that 3; ; represents thgth element of the vectas;.) Lattices witha irrational (relative to the face
normals) generate low discrepancy sets.

Theorem 4.1. LetQ@ € Qg be a fixed convex polytope. L@t3' C S%1 pe sets ok and &’ direc-
d—11

tions, respectively. There is arapproximation of @, Q) of sizeO((k-+k’)1 log?~' L polylog(log 1)).
This e-approximation is realized by a set of lattice poifts,, N @ such thatP, ,, is irrational
with respect to any polytope @3 s .

Proof. Consider polytope();, and latticeF, ,,,, where the uniform scaling facteris treated as an
asymptotic quantity. Skriganov's Theorem 6.1 in [26] claim

D(Popn, t =0 |t 1p? St(Poym
max D(Po,m, tQn +v) P+ St(Pagns p)
7
where
S§(Pams p) = O(log®™" plog'* log p)

for = > 0, as long as”, ,, is irrational with respect to the normal of the fagef @, and infinite
otherwise, wheré@ € (0, 1) andp can be arbitrarily large. Note that this is a simplified forielged
by invoking Theorem 3.2 and Theorem 4.5 from [26]. By setiifig= ¢t 1,

mz@ D(Pym, tQp +v) = O(hlog?~1 tlogt*™ logt). (4.2)
IS



Now by noting that aggrows, the number of lattice points#@);, grows by a factor of?, and we can
sett = n'/? so (4.1) implies thaD (P 1, tQr) = O(hlog? 1 nlog'* logn) for |Pom| =m=n
andtQy, C [0, 1]¢.

The discrepancy is a sum over the sehdérms, one for each facg each of which is small as
long asF, ., is irrational with respect tg’s normal 3;. Hence this lattice gives low discrepancy
for any polytope in the analogous family; such that?, ,, is irrational with respect t@ 3. Finally
we realize that any subs@n @y, for @ € Qg and@;, € Qg is a polytope defined by normals from
£ U B and we then refer tgp (e, Qsup:) in (2.1) to bound the size of theapproximation from the
given Lebesgue discrepancy. O

Remark. Skriganov’'s result [26] is proved under thehole spacanodel where the lattice is
infinite (tQ, is not confined td0, 1)), and the relevant error is the difference between the measu
of tQy, versus the cardinalitytQ;, N P, |, where eaclp € P, ,, represents 1 unit of measure.
Skriganov’s main results in this model is summarized in #qung4.1) and only pertains to a fixed
polytope@), instead of, more generally, a family of polytopes, as shown in Theorem 4.1.

Samples for polygonal terrains. Combining the above results and weighted extension of The-
orem 3.1 implies the following results.

Theorem 4.2. We can create a weightedapproximation of siz€ ((k-+k") 1 -log?* L polylog(log 1))
of (D, Q) intimeO((k + k:’)nsi4 polylogl) for any d-dimensional domaitb which can be decom-

posed intor d-dimensional convek’-oriented polytopes.

Proof. We divide the domain inta &’-oriented polytopes and then approximate each polype
with a point setP, ,,, N Qs using Theorem 4.1. We observe that the union of these pdsiisa
weighteds-approximation of D, Qy ), but is quite large. Using the weighted extension of Theorem
3.1 we can reduce the point sets to the size and in the timedstat O

This has applications to terrain domaifisdefined with a piecewise-linear bageand height
function h : B — R. We decompose the terrain so that each linear piece @éscribes one
3-dimensional polytope, then apply Theorem 4.2 to get tHewohg result.

Corollary 4.1. For terrain domainD with piecewise-linear basB and height functiorh : B — R
with n linear pieces, we construct a weightedpproximation of D, ;) of sizeO (k2 log* L polylog(log 1))
in time O(knZ; polylogl).

5 Sampling from Smooth Terrains

We can create anm-approximation for a smooth domain (one which cannot be miposed into
polytopes) in a three stage process. The first stage appategrany domain with a set of polytopes.
The second approximates each polytope with a point set. fAifterherges all point sets and uses
Theorem 3.1 to reduce their size.

This section mainly focuses on the first stage, however, we affer an improvement for the
second stage in a relevant special case. More formally, waggroximate a non-polygonal domain
D with a set of disjoint polygon# such thatP has properties of asrapproximation.
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Lemma5.1. If [D\ P| < §|D|andP C D then max P] Dl | =

ReA

|[RNP| _ |RND|

Proof. No rangeR € A can have ‘ > ¢ because ifiD| > |P| (w.l.o.g.), then

[P 1D
|RND|— {Z|RN P| < &[D| and|RN P| {3 —|RND| < £|D|. The first part follows fromzl > 1
and is loose by a factor of 2. For the second part we can argue
D 1 1
|RﬁP|u—|Rﬂ®| < |RNP| £—|Rﬁ®|§|Rﬁ®| —|RND|

1_¢

1P| 1- p

2

£
= {7zIRNDI<e[RND| <¢[D].
)

O

For terrain domain® defined with a bas®& and a height function : B — R, if B is polygonal
we can decompose it into polygonal pieces, otherwise we parogimate it with constant-size
polygonal pieces according to Lemma 5.1. Then, similafly, is polygonal we can approximate
the components invoking Corollary 4.1; however, if it is sitig then we can approximate each
piece according to Lemma 5.1.

Section 5.1 improves on Theorem 4.1 for the second stageiweslagmore efficient way to create
ane-approximation for(D, R, x R) of a terrain wherB is a rectangle andl is linear. Ranges from
the familyR; x R are generalized hyper-cylindersdn- 1 dimensions where the firdtdimensions
are described by an axis-parallel rectangle and ¢he 1)st dimension is unbounded. Section 5.2
focuses on the first stage and uses this improvement as admese@ recursive algorithm (akin to
a fair split tree) for creating as-approximation for(D, R; x R) when B is rectangular and is
smooth.

5.1 Stretching the Van der Corput Set

The Van der Corput set [29] is a point sB, = {po,...,pn—1} in the unit square defined for
pi = (£,b(i)) whereb(i) is the bit reversal sequence. For simplicity we assuniea power of.
The functionb (i) writesi in binary, then reverses the ordering of the bits, and pltea® after the
decimal point to create a number(in 1). For instance for = 16, ¢ = 13 = 1101 in binary and
b(13) = 0.1011 = L. Formally, ifi = 318" 0,27 thenb(i) = 318" 5%

Halton [13] showed that the Van der Corput $&t satisfiesD(P,,,R2) = O(logn). We can
extend this to approximate any rectangular domain. Fortamgte[0, w] x [0,!] (w.l.0.g.) we can
use the sef’, ,,; wherep; = (w - %,l - b(i)) and a version of the Lebesgue discrepancy over a
stretched domain is stil)(log n).

We can stretch the Van der Corput set to approximate a rdetang- [0, w] x [0,!] with a
weighting by an always positive linear height functibr, y) = ax + By + v. Let A(w, «, 7, %)
be defined such that the following condition is satisfied

A(w,a,7y,3) i w
/ (x +v)de = — / (o 4 7y)dz.
0 n Jo

Note that we can solve foA explicitly and becausé is linear it can simultaneously be defined
for thex andy direction. Now define thetretched Van der Corput sét, ., ; 1, = {so, ..., sn} for

S; = (A(w>a>7>i)>A(l7ﬁ>’7> b(Z) : TL))



Theorem 5.1. For the stretched Van der Corput &8} ., ; 4, D(Sn w,1,h: R2) = O(logn) over the
domain[0, w] x [0,{] with & : [0, w] x [0,]] — R* alinear weighting function.

The proof follows the proof in MatouSek [18] for proving xdthmic discrepancy for the standard
Van der Corput set in the unit square.
Proof. Let acanonical intervalbe of the form{A(l’gﬂk), A(lﬁ;’“l)) for integersg € [1,n] and

k € [0,27). Let any rectangle: = [0,a) x I where! is canonical andi € (0, 1] be called a
canonical rectangle

Claim 5.1. For any canonical rectangle, D (S, ,,1.5,7) < 1.

Proof. Like in the Van der Corput set, every subintervatauch that:(r) = % has exactly 1 point.
Let] = [A(l’gﬂ’k), A(l’ﬁ;’kﬂ)). Thus each rectanglg = [A(l, 8,7, 222), A(l, 8, ~, Y1H20)) »
I contains a single point frorfi,, ., ; , andh(r;) = 1, whereh(r) = [ h(p)dp.

So the only part which generates any discrepancy is the azaloactangle-; which contains the
segment: x I. But since|S, .., N7; Nr| < 1andh(r; Nr) < 1, the claim is proved. O

Let G4 be the family of ranges consisting éfdimensional rectangles with the lower left corner
at the origin. LetC, .y € Co be the corner rectangle with upper right cornefaaty).

Claim 5.2. Any corner rectangle”, ,y can be expressed as the disjoint union of at niaidbg n)
canonical rectangles plus a rectanglé with |D(.S,, , 1.0, M)| < 1.

Proof. Starting with the largest canonical rectangle= [0,a) x I within C, ,y such thatl =

[A(l’gﬁ’o), A(l’gﬂ’l)) for the smallest value possible gf keep including the next largest disjoint
canonical rectangle withi’, ,y. Each consecutive one must incregday at leastl. Thus there
can be at mosb(logn) of these.

The left over rectanglé/ = [m,, x| x[m,, y|, must be small enough such tlféf fn@iy h(p, q)dqdp <

1 thus it can contain at most 1 point afll.S,, ., ; 5, M) < 1. O

It follows from Claim 5.1 and Claim 5.2 that dig§, C2) = O(log n). We conclude by using the
classic result [18] thaD (.S, C2) < D(S,R2) < 4D(S, C2) for any point sefS. O

This improves on the discrepancy for this problem attaingdding Theorem 4.1 by a factor of
log %

Corollary 5.1. A stretched Van der Corput sét, ., ; ;, forms ans-approximation of(D, R,) of
sizen = O(1 log L polylog(log 1)) for D defined by a rectangl, w] x [0, 1] with a linear height
functionh.

Remark. This extends to higher dimensions. A stretched b-ary VarGieput set [18] forms
ane-approximation of D, R,) of sizeO(2 log? ' L polylog(log 1)) for D defined byx %, [0, w;]

with a linear height function. Details are omitted.
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5.2 Approximating Smooth Terrains

Given a terrain domaif® whereB C R? is rectangular andl : B — R is aC?-continuous height
function we can construct anapproximation based on a parametend properties™ p, dp, and
Ap. Letz;, = minyep h(p). Letdp = max, 4ep |[p — ¢|| be the diameter oD. Let Ap be the

d’h  d%h
largest eigenvalue dff;, whereHj, = [ dg’  dedy ] is the Hessian of.
dydz  dy?

We first create a set of linear functions to approximateith a recursive algorithm. If the entire
domain cannot be approximated with a single linear functioen we split the domain by its longest
direction (eitherz or y direction) evenly. This decreasés by a factor of1//2 each time. We
recur on each subset domain.

Lemma 5.2. For a domainD with rectangular basé3 C R? with aC?-continuous height function
2
h : B — R we can approximaté with O(Af@) linear piecesh. so that for allp € B h.(p) <

h(p) < he(p) +e. "

Proof. First we appeal to Lemma 4.2 from Agamwetl al [2] which says that the error of a first
order linear approximation at a distanées bounded by\pd?. Thus we take the tangent at the
point in the middle of the range and this linear (first ordgypraximation has error bounded by
Ap(dp/2)? = Apd% /4. The height of the linear approximation is lowered byd% /4 from the
tangent point to ensure it describes a subseb ofThus, as long as the upper bound on the error

] 2 . . . .
Apd3,/2 is less thanpe then the lemma holds. The ratfr\zésfl—ﬂg is halved every time the domain is
D

split until it is less thari. Thus it ha@(%) base cases. O
D

After running this decomposition scheme so that each lipgsge L has errore/2, we invoke
Corollary 5.1 to create aft/2)-approximation point set of siz(é(% log % polylog(log %)) for each
(L,Ro x R). The union creates a weighteeapproximation of(D, R, x R), but it is quite large.
We can then reduce the size according to Corollary 3.2 teegehthe following result.

We can improve further upon this approach using a stretckeslon of the Van der Corput Set
and dependent on specific properties of the terrain. Conlidecase wherd is a rectangle with
diameterdy andh is C? continuous with minimum value;, and where the largest eigenvalue of
its Hessian is\p. For such a terraifD, interesting range®, x R are generalized cylinders where
the first2 dimensions are an axis-parallel rectangle and the thiretdgion is unbounded. We can
state the following result (proved in the full version).

Theorem 5.2. For a domainD with rectangular base3 ¢ R? and with aC?-continuous height
functionh : B — R we can deterministically create a weighte@pproximation of D, R, x R) of

sizeO <<%> (L1og* L polylog(log %))) . We reduce the size @(Z log* 1 polylog(log 1)) in
2D

. Ap d? 1 1

time O <<%> = polylogg>.

This generalizes in a straightforward way Bre R?. Similar results are possible whéhis not
rectangular or whem is not even piecewise-linear. The techniques of Sectioredacessary if
Qr is used instead dR,, and are slower by a fact@(2).
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6 Applications

Creating smalleg-approximations improves several existing algorithms.

6.1 Terrain Analysis

After creating are-approximation of a terrain we are able to approximatelyangjuestions about
the integral over certain ranges. For instance, a terraimeadel the height of a forest. A foresting
company may deem a region ready to harvest if the averagéndight is above some threshold.
Computing the integral on the-approximation will be much faster than integrating oves fhll
terrain model.

More interesting analysis can be done by comparing twoitexrd hese can represent the forest
height and the ground height or the elevation of sand dunésaasnapshots or the distribution
of a population and a distribution of a trait of that popwati LetT; and 1, be two terrains
defined by piecewise-linear height functiohs and h,, respectively, over a subset B?. The
heighth = hy — hy may be negative in some situations. This can be handled lgimtivit into
two disjoint terrains, where one is the positive partg.@&nd the other is the negative parts. Each
triangle can be split by theé = 0 plane at most once, so this does not asymptotically charge th
number of piecewise-linear sections.

Once anc-approximation has been created for the positive and negtdirain, the algorithms
of Agarwal et. al. [2] can be used to find the rectangle with the largest posititegral. Forn
points this takeg)(n?logn) time. The same can be done for finding the rectangular rantie wi
the most negative integral. The range returned indicatesstiion of largest difference between the
two terrains. The runtime is dominated by the time to crelage tapproximation in Corollary 4.1.

6.2 Biosurveillance

Given two points set representing measured ddtand representing baseline daba anomaly
detection algorithms find the region wheYé is most different fromB. The measure of difference
and limits on which regions to search can vary significantly, [1, 22]. One well-formed and
statistically justified definition of the problem defines tlegion R from a class of regiongl that
maximizes a discrepancy function based on the notion ofidpstan statistics [15, 2]. Where
mp = |[RNM|/|M|andbr = |R N B|/|B| represent the percentage of the baseline and measured
distributions in a rangek, respectively, then the Poisson scan statistic can bephetexd as the
Poisson discrepancy functialp(mpg,br) = mpln 72_1? + (1 —mpg)In 1{_’?}?. This has important
applications in biosurveillance [15] whei® is treated as a population add is a subset which
has a disease (or other condition) and the goal is to detesdile regions of outbreaks of the
disease as opposed to random occurrences. We Bagaa discrepancy functioms of the form
dy(mpg,br) = amp + Bbr + « for constantsy, 3, and~. The Poisson discrepancy function can
be approximated up to an additigdactor with O(% log?n) linear discrepancy functions [2]. The
rangeR € R, which maximizes a linear discrepancy function can be foar@(in? log n) time and
the R € R, which maximizes any discrepancy can be foun®im?) time where| B| + | M| = n.

Agarwalet. al.[1] note that a random sample of si@éal2 log el&) will create ans-approximation
with probability 1 — §. This can be improved using Corollary 3.2. We then conclude:
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Theorem 6.1. Let|M UB| = n. ArangeR € Ry such thatdp(mg, br) —max,cx, dp(m,,b,)| <
e can be deterministically found i@(nZ; polylog(log 1) + 2 polylog(log 1)) time.

ArangeR € R, such thaﬂdp(mR, br)— maXre(R2 dp(my,b,)| < e+ can be deterministically
found inO(nZ polylog(log ) + = polylog(log 1)) time.

This can be generalized to whéd and B are terrain domains. This case arises, for example,
when each point is replaced with a probability distribution

Generating Terrains with Kernel Functions. A drawback of the above approach to finding
maximum discrepancy rectangles is that it places the boigsdaf rectangles in some arbitrary
place between samples. This stems from the representdtieach sample as a fixed point. In
reality its location is probably given with some error, so arenappropriate model would be to
replace each point with a kernel density function. Prohahly most logical kernel function would
be a Gaussian kernel, however, this is continuous and issegiend to infinity. The base domain
can be bounded to some polygéhso that the integral under the kernel function outside3ab
less thare times the entire integral and then Theorem 5.2 can be app(8de Appendix B for
details.) Alternatively, we can replace each point with astant complexity polygonal kernel, like
a pyramid. Now we can ask questions about spatial scant&sfisr a measured),; and a baseline
Ty terrain.

For simple ranges such as; (axis-parallel halfspaces) aggl (axis-parallel slabs) finding the
maximal discrepancy ranges on terrains reduces to findingnmah discrepancy intervals on points
sets inR!.

Theorem 6.2. For a terrain T’ defined by a piecewise-linear height functiomwith »n vertices

argéré%%(/ h(p) dp and arg}r%neagx/ h(p) dp

can be found irO(n) time.

Proof. (sketch)Project all terrains onto the axis perpendicular to haifpta(or slabs). Integrate
between points where the projected terrain crofselreat these intervals as weighted points and
use techniques from Agarwat. al.[2]. The full proof is given in Appendix A. O

However forR,, this becomes considerably more difficult. Under a certama@hof computation
where a set of 4 quadratic equations of 4 variables can bedadivconstant time, the maximal
discrepancy rectangle can be foundifin?) time. However, such a set of equations would require
a numerical solver, and would thus be solved approximamlly.using Theorem 6.1 we can answer
the question withiren in O(nz polylog + polylog ) time for a terrain withO(n) vertices.

Alternatively, we can create anapproxmatlon fora smgle kernel, and then replace eadatt po
M and B with thate-approximation. Appendix B describes, for a Gaussian fancp, how to cre-
ate anc-approximation for(y, Ro) of S|ze0( ponIog(log )) in time O(al7 polylog(log %)). For
standard kernels, such as Guassians, we can assume- apphoximations may be precomputed.
We can then apply Corollary 3.1, before resorting to tealesofrom Agarwaét al. [2].

Theorem 6.3. Let|M U B| = n, whereM and B are point sets describing the centers of Gaussian
kernels with fixed variance. For arange € Ro, letmpg = % and letbg = ﬁ@?#
zER2 ver2 M(x)

ArangeR € Ry such thatj/dp(mpg,br) — max,cx, dp(m,,b,)| < e can be deterministically

found inO(n; polylog(log 1)) time.
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6.3 Cuts in Sensor Networks

Sensor networks geometrically can be thought of as a setpoiints in a domairD. These points
(or nodes) need to communicate information about theirrenment, but have limited power. Shri-
vastaveet. al. [23] investigates the detection of large disruptions todbmain that affect at least
en nodes. They want to detect these significant events but eithféise positives. In particular,
they do not want to report an event unless it affects at lpastodes.

We sayP C D is ane-sentinelof (D, A) ifforall R € A

e if [RND| >e|D|then|RN P| > <3|P|, and

e if [RN P|> 2| P|then|RND| > 2.

Shrivastaveet. al. [23] constructe-sentinels for half spaces of sizfe(%) and in expected time
O(Zlogn). They note that an/4-approximation can be used asasentinel, but that the standard
upper bound foe-approximations [30] requires rough{y(ei2 log %) points which is often imprac-
tical. They pose the questioffor what other classes of ranges can asentinel be found of size
O(4 polylog?)?

Followup work by Gandhiet. al. [12] constructe-sentinels for anyA with bounded VC-
dimensionv (such as disks or ellipses) of sigi1 log 1) and in timeO(n 3 log” 1).

As an alternative to this approach, by invoking Corollary ®e show that we can construct a
smalle-sentinel forQ,,.

Theorem 6.4. For a discrete point seD of sizen, we can compute-sentinels for(D, Q) of size
O(2 log?* L polylog(log 1)) in time O (n; polylog(log 1)).

In fact, if we can choose where we place our nodes we can @eaisentinel of size?(% polylog%)
to monitor some domaif®. We can invoke Theorem 4.1 or Theorem 5.2, depending on tiueena
of D.

Additionally, by modifying the techniques of this paper, wan createO(ne/ log?* %) dis-
joint sets ofe-sentinels. At every HLVE step of Algorithm 3.1 we make a choice of which
points to discard. By branching off with the other set intoisjaint e-approximation, we can
place each point into a disjointsentinel of sizeO (2 log? polylog(log 1)). Since the HLVE
step now needs to be callgd(ne/log?* 1) times on each of th@(log(ne)) levels, this takes

O(n log(ne) polylog(log 1)) time.

Theorem 6.5. For a discrete point seD of sizen, we can create) (ne/ log?* %) disjoint sets of
e-sentinels inD(n 2 log(ne) polylog(log 1)) total time.

The advantage of this approach is that the nodes can akenfath sensors are activated, thus
conserving power. If instead a single node is used in meltigentinels it will more quickly use up
its battery supply, and when its batter runs out,dreentinels using that node can no longer make
the appropriate guarantees.
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A Combinatorial Algorithms on Terrains

A.1 Half spaces, intervals, and slabs

Leth : R — R be a piecewise-linear height function over a one-dimermidamain with a possibly
negative range. Each rangediy is defined by a single point in the domain.

LemmaA.1l. For continuoush : R — R the

h(p) d
arg tax /R (p) dp

is defined by an endpointsuch thati(r) = 0.

Proof. If the end point- moved so the size aR is increased anfl(r) > 0 then the integral would
increase, s@(r) must be non positive. If the end points moved so the size @&t is decreased and
h(r) < 0then integral would also increase, B@°) must be non negative. O

This proof extends trivially to axis-parallel slabg (which can be thought of as intervals) as well.

LemmaA.2. For continuoush : R — R, the

h
arg max /R (p) dp

is defined by two endpoints andr, such thath(r;) = 0 andh(r,) = 0.

Let h haven vertices. For botlH| ands)|, the optimal range can be founddnn) time. ForH,,
simply sweep the space from left to right keeping track ofitiegral of the height function. When
the height function has a pointsuch that:(r) = 0, compare the integral versus the maximum so
far.

Fors|, we reduce this to a one-dimensional point set problemt $wsep the space and calculate
the integral in between every consecutive pair of poifitandr, such thati(r,) = 0 = h(r2) and
there is no point-; such thath(rs) = 0 andr; < r3 < ry. Treat each of these intervals as a
point with weight set according to its value. Now run the aidpon from Agarwalet al. [2] for
linear discrepancy of red and blue points where the poditikegvals have a red weight equal to the
integral and the negative intervals have a blue weight egule negative of the integral.

Theorem A.1. For continuous, piecewise-linedr: R — R with n vertices

arg}gré%?/}zh(p) dp and arggleagx/Rh(p) dp

can be calculated it®(n) time.

This result extends trivially to a higher dimensional domsaks long as the families of ranges are
no more complicated.

Theorem A.2. [Theorem 6.2] For continuous, peicewise-lineadr: R — R with n vertices,

arg}gré%?/Rh(p) dp and arggleagx/Rh(p) dp

can be calculated it®(n) time.
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Proof. The sweep step of the algorithms described above are pextbimthe same way, only now
the integral of up ta)(n) cubic functions must be calculated. However, this integaal be stored
implicitly as a single linear function and can be updatedanstant time every time a new vertex is
reached. O

Finally, we not a slightly surprising theorem about theeafifince between two terrains.

Theorem A.3. Let M : R? — R and B : R — R be piecewise-linear functions withand m
vertices respectively.

arg max / M(p) — B(p) dp and arg max/ M(p) — B(p) dp
ReX) Jr Re8) JR

can be calculated i (n + m) time.

Naively, this could be calculated ©¥(nm) time by counting the vertices on the terrdifp) =
M (p) — B(p). But we can do better.

Proof. Although there are more thart-m vertices inh(p) = M (p) — B(p), the equations describ-
ing the height functions only change when a vertex of one @fitiginal functions is encountered.
Thus there are onl@)(n + m) linear functions which might crods These can be calculated by
projectingM and B independently to the axis df; or §;; and then taking their sum between each
consecutive vertex of either function. O

A.2 Rectangles

Although the work by Agarwakt al. [2] extends the one-dimensional case for point sets to a
O(n?logn) algorithm for rectangles, when the data is given as picelingar terrains the direct
extension does not go through. However, a siml@*) time algorithm, under a certain model,
does work. Following algorithnExact from Agarwalet al. [1], we make four nested sweeps over
the data. The first two bound thecoordinates and the second two bound gheordinates. The
inner most sweep keeps a running total of the integral in émge. However, unlik&xact each
sweep does not give an exact bound for each coordinatey iajhst restricts its position between
two vertices. The optimal position is dependent on all foosifions, and needs to be determined
by solving a system of four quadratic equations. This systeems to in general have no closed
form solution (see the next subsection) and needs to be damenumerical solver. However, these
equations can be updated in constant time in between sfatesio sweep, so under the model that
the numerical solver take3(1) time, this algorithm runs i®(n?) time.

For the full correctness of the algorithm, there is actuafig more step required. Given that each
side of the rectangle is bounded between two vertices, thefdeur equations is dependent on
which face of the terrain that the corner of the rectangkeihe It turns out that each possible corner
placement can be handled individually without affecting #symptotics. The vertices impose an
n x n grid on the domain, yielding@(n?) grid cells in which a corner may lie. Because the terrain is
a planar map, there are(n) edges as well, and each edge can cross at @@s} grid cells. Since
no two edges can cross, this generates at rigsf) new regions inside of alD(n?) grid cells.
Since each rectangle is determined by the placement of tposiie corners the total complexity is
not affected and is stilD(n*). We summarize in the following lemma.
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Lemma A.3. Consider a model where a system4ofluadratic equations can be solved @n(1)
time. Then lek : R? — R be a piecewise-linear function withvertices.

arg max /R h(p) dp

can be solved i (n?) time.

A.3 Equations

For a piecewise-linear terraib : R? — R we wish to evaluateD(h, R) = [, h(p) dp where

R is some rectangle over the domain /af Within R, the value off. is described by a set of
trianglesTr = {t1,...,t;}. Let R be described by its four boundaries. betandx, describe the
left and right boundaries, respectively, andgetandy, describe the top and bottom boundaries,
respectively. Now

D(h,R) = / " / " he,y) dyds.

Z1 Y1

Assume that we have computed the integral frerup to z(v) the z-coordinate of a vertex
in the piecewise-linear terrain. To extend the integralathez(u) wherew is the next vertex to
the right. We need to consider all of the triangles that exétiveen:(v) andz(u). Label this set
{t1,....tx} wheret; is belowt; in they-coordinate sense far< j. Note that no triangle can begin
or end in this range and this order must be preserved. We atsider the intersection between the
edge of the triangulation anll a vertex. Let the slope within a trianglebe described

hi(x,y) = asx + By + i (A.1)
and describe the edge of the triangulation that dividesdt;, 1 as
l; = wix + K;. (A.2)

Now the integral fromz(v) to z:(u) is described

x(u) Y2
/ / h(z,y)dydx
z(v) Y1
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/ (z,y dy—l—Z/ (z,y dy—i—/ hk(x,y)dy‘| dx
Y i—1(x) l

1 k—1(x)

: wlernl(

o(u) a1z + 1y +y1)dy+
= /( ) fw:w;;fjrlm » (i + Biy + vi)dy+ | dx

(arx + Bry + Yr)dy

Wr—1Z+Kk—1

o) [ Cagy 3PP oy BT+
= / > iz QiTY + zﬁw oy [ | de
O | ap12y 4 3819 + V1Y [ et s

[ (c1zyr + 381 (y1)2 + yn) — (az(wiz + k1) + 361 (wiz + K1) + 1 (wiz + K1)+

_ a(s) k—1 (aix(wiflx +Ki-1) + %51‘(%‘7117 + Ki1)? +vi(wiciz + Hifl)) -
Zi:Z ) ) ) L3 (s )2 (s ) + dx
+(v) (azx(wl:v + ki) + 5Bi(wir + ki) + vi(wiz + m))

| (apa(wrz + fr1) + 306 (We—12 + Ke—1)? + e (wr12 + mr-1)) — (ka2 + 506k (Y2)*71y2)
o) | (Oélxyl + 36103 + M)+
/ Ty 11(az+1 ai)r + (Biv1 — Bi)(Wia® + 2miwix + K7) + (Yigr —vi)— | d
@) | (oway2 + $6B6Y3 + Wy2)

Taqya® + (36193 + vyr)a+

= iy _11 (i1 — i + 26w (Big1 — Bi))2? + 2 (W2 (Biv1 — Bi)3® + (yier — i + ki Biv1 — Bi))a—
say2x? — (38kY3 + Wy2)x
s(onyr — arye)(@(u)? — 2(v)?) + (36195 — 56kY3 + Ny1 — Veye) (@(u) — z(v))+

_ - %(Oéz‘—l — i + 26iwi(Biv1 — Bi)) (w(u)® — z(v)?)+

I3 3Wi(Bis1 — Bi)(@(u)?® — z(v)?)+

(Vit1 — Vi + ®i(Big1 — Bi))(z(u) — z(v))

8
—~

u)

The point of all of this computation is that digg 1, z2] X [y1,y2]) = [7 [ h(z,y) dydz is
a third order polynomial inco, the z-position of the right endpoint, given that the set of trilasg

definingh is fixed. Thus to solve

arg H;:lzll disah, [x1, 2] X [y1,y2])

requires finding Wherea‘;’c—Qdisc(h, [z1,22] % [y1,y2]) = 0. If it is outside the rangéx(v), z(u)],
the two vertices boundings, then it is minimized at one of the two end points. It shoulchb&ed
that by symmetry, the minimum of; andz- are independent, givesy andy-, but that both are
dependent o; andys. Also, by symmetry, the previous statements can swap eveandzs with
y1 andys, respectively.

Solving forarg min,, ) [y, 2] diSA P, [71, 22] X [y1, y2]) requires solvingt quadratic equations
of 4 variables. This system is of the form

0 0 0 ay oy, T 0 0wy, wy x% Yeu
0 — 0 0 By By T2 0 0 Ky Fy 3 4+ | e
0 g, 0z, 0 0 Y1 Wegy Wz, 00 i T
0 5:(:1 5:(:2 0 0 Y2 Rgy  Razo 0 0 y% ’sz

which in general has no closed-form solution.
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B c-approximations for a Normal Distribution

A normal distribution often referred to as a Gaussian distribution, is a familgarftinuous distri-
butions often used to model error. Thentral limit theoremhighlights its power by showing that
the sum of independent and identically distributed distidns with bounded variance converge
to a normal distribution as the set size grows. A normal ithistion N(m, o?) is defined by two
parameters, meanm marking the center of the distribution andariances? scaling the spread of
the distribution. Specifically, we can analyze a randomaldelX distributed according to a normal
distribution, denotedC ~ N(m, o). We then say that

1 _@-m?
e 202

Som,a2 ($) - oo
describes the probability that a poiAt drawn randomly from a normal distributidN(m, o?) is
located at: € R. Since itis a distribution, thefi, _ ¢,,, ,2(x) = 1. A standard normal distribution
N(0,1) has meard and variancel. As the variance changes, the normal distribution is diestc
symmetrically and proportional te so the integral is stilll. The inflection points of the curve
describing the height of the distribution are at the points- c andm + o.

A multivariate normal distributioris a higher dimensional extension to the normal distrilbutio
A d-dimensional random variabl& = [X7,..., X4]7 is drawn from a multivariate normal distri-
bution if for every linear combinatiolr = a; X; +. ..+ aq X, (defined by any set of scalar values
a;) is normally distributed. Thus for &dimensional random variabl& defined over the domain
R?, any projection ofX to a one dimensional subspaceRsfis normally distributed.

We now discuss how to createapproximations fofD, R, x R) whereD is a multivariate normal
distribution with domainR?. Extensions to higher dimensions will follow easily. Werpairily
follow the techniques outlined in Section 5.2 for a smoothaie with properties:,, dp, and .
What remains is to approximate with another domairD’ such thatD has better bounds on the
quantitiesz;,, anddqy. The approximation will obey Lemma 5.1, replacifiywith D’ by just
truncating the domain db.

The cumulative distribution functio®,, ,2(x) for a normal distributiony,,, ,> describes the
probability that a random variabl® ~ N(m, o) is less than or equal to. We can write

v 1 T _-m? 1 —
D, 2(x) :/ Om.o2(t) dt = / e dt = = <1+erf<$ m>> ,
’ o oV2T J_o 2 ovV?2

whereerf(z) = % Iy e~ dt. W.l.o.g. we can set = 0. We want to find the value of such
that® ,2(x) > 1—¢/4 so that if we truncate the domain @f .- () which is being approximated,
the result will still be withine /2 of the original domain. We can bourdf(x) with the following
inequality which is very close to equality adecomes large:

.2
e"E

1 —erf(z) <

E

Foraa < 1/(ey/7) then

1 —erf(z) <a when x> /—In(ay7).
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We say that the tail o 2 is sufficiently small wherl — & » = 1 — Jerf(z/(0V2)) < /4.
Thus lettinga = /4, this is satisfied when

x> a\/2 In(1/(e/7/2)).

/m—i-o\/ 21In(1/(e\/7/2))
m—o4/21In(1/(e\/7/2)

and bounding the domain of the normal distributigy) > to

{m —o\/2l(1/(ey/72),m + 02 ln(l/(s\/ﬂ—/Q))}

will approximate the distribution withia/2.

For a multivariate normal distribution, we truncate in theedtions of thezr- andy-axis accord-
ing to the variance in each direction. Lettidgf be the normal distribution with this truncated
domain, then the diameter of the spacéds = O(omax+/10g(1/¢)), Whereoy,x is the maximum
variance over all directions. of,;, is the minimum variance.) la-dimensions, the diameter is
dp = O(Umax V dlog(l/E))

The lower bound:;, is now on the boundary of the truncation. In one dimensioe viiue at
the boundary is

Thus

Omo2(z) de>1—¢/2

2
1 —(a\/zlnu/(a\/w/z))) 202 e

e = —.
oV 2 20

o2 (J\/2ln(1/(5\/77—/2))> _

For a 2-variate normal distribution the lower bound occuaith@corner of the rectangular boundary
where in the 1-variate normal distribution that passesutiincthat point andn = 0 the value of

T = \/50\/2 In(1/(e4/7/2)). Thus the value at the lowest point is

2 = 90,07 <\/§U\/21n(1/(5\/7r/2))> _ Uc\l/%e—(ﬂ%m) /(252)
ey/m/2
20¢
= Q(e%/o0),

whereo—g is the variance in the direction of the corner. In theariate case, the lowest point is
Qe /o).

We calculate a bound foryy by examining the largest second derivative along the 1-dgioaal
normal distribution and along an ellipse defined by the mimimand maximum variance. In the

first case we can write
d2g00,02 (x) x? — o2
dx? = P07 ot

which is maximized at = v/30. And

d%py.2(V/30) 1 2 3
@~ o\ re O
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For a bivariate normal distribution the largest eigenvaifithe Hessian of the extension @f ,»
is similarly not large in the tail. Thus our choice otloes not effect this value.

Hence, we can writ¢\pyd3, /23,) = O(ai2 log %) for constantz. And, using Theorem 5.2, we
can state the following theorem.

Theorem B.1. For a 2-variate normal distributionp with constant variance, we can deterministi-
cally create are-approximation of the range space, R; xR) of sizeO (2 log® 1 polylog(log 1)).
This can be improved to a set of si2é1 log” 1 polylog(log 1)) in time O(Z polylog(log 1)).
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