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What is Machine Learning?
Given X 2 Rd with sign � : X ! {�1,+1}.

Find separating halfspace h 2 H so
x 2 h ) �(x) = +1 and x /2 h ) �(x) = �1.
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How do we solve this problem?



Polytope Distance
Define polytopes P = CH(x 2 X | �(x) = +1)
Q = CH(x 2 X | �(x) = �1)

Find argminp2P,q2Q kp� qk ... a linear program in R2d

Assume all x 2 X have kxk  1
Let � = minp2P,q2Q kp� qk

Iterate 1/("�2) steps,
find p̂ 2 P and q̂ 2 Q so

(1� ")kp̂� q̂k  �
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p3
<latexit sha1_base64="dvN8u6FfX5JmCF2Ihnyg3oUfFpc="></latexit>

p4
<latexit sha1_base64="5ooaGaTmDYQpjo0cQxCvBwmbDPE="></latexit>

p5
<latexit sha1_base64="TXAlTQicePjR26gy7oQy5wdC1tw="></latexit>

p6
<latexit sha1_base64="meqfQRNwq1evigNfhxDRIsatlGg="></latexit>

q1
<latexit sha1_base64="y5xbKlEFXZRqxJkglGBV9iJUt/k="></latexit>

q2
<latexit sha1_base64="ikLqahRkGkmehrOicmhAIFfp3rA="></latexit>

q3
<latexit sha1_base64="YXUcXw630lVUEySdlM0RSd9VSKw="></latexit>

q4
<latexit sha1_base64="RJs5L6wAQqy51bZMyJCDc0FF2Tc="></latexit>

q5
<latexit sha1_base64="4xCfD28lgcS4+byKGC4jm3tjNUY="></latexit>

q6
<latexit sha1_base64="tuE4YOHh41FCVHuRiC1j1/uDdPA="></latexit>

p7
<latexit sha1_base64="bVZrMWdyhmfIu9CdPdio+zjeSKs="></latexit>

Gilbert 1966
Clarkson 2008
Gartner+Jaggi 2009

Polytope Distance
Define polytopes P = CH(x 2 X | �(x) = +1)
Q = CH(x 2 X | �(x) = �1)

Find argminp2P,q2Q kp� qk ... a quadratic program in R2d

Assume all x 2 X have kxk  1
Let � = minp2P,q2Q kp� qk

Iterate 1/("�2) steps,
find p̂ 2 P and q̂ 2 Q so

(1� ")kp̂� q̂k  �
<latexit sha1_base64="3vwZNqM5T4OSfyJuWFpT+isfMhY="></latexit>



Force h through Origin

1: Map p 2 Rd to p0 2 Rd+1 as p0 = (p1, p2, . . . , pd, 1).

2: Force halfspace boundary @h to include origin.
<latexit sha1_base64="ou2n+qS+WT34RQCb+nRmg6tGGnU="></latexit> p1

<latexit sha1_base64="BvVGecHxxThNWqKaNg1f29UeC3s="></latexit>

p2
<latexit sha1_base64="X6MU2CWzHBJMmbfwTmqnWw1kWkg="></latexit>

p3
<latexit sha1_base64="dvN8u6FfX5JmCF2Ihnyg3oUfFpc="></latexit>

p4
<latexit sha1_base64="5ooaGaTmDYQpjo0cQxCvBwmbDPE="></latexit>

p5
<latexit sha1_base64="TXAlTQicePjR26gy7oQy5wdC1tw="></latexit>

p6
<latexit sha1_base64="meqfQRNwq1evigNfhxDRIsatlGg="></latexit>

q1
<latexit sha1_base64="y5xbKlEFXZRqxJkglGBV9iJUt/k="></latexit>

q2
<latexit sha1_base64="ikLqahRkGkmehrOicmhAIFfp3rA="></latexit>

q3
<latexit sha1_base64="YXUcXw630lVUEySdlM0RSd9VSKw="></latexit>

q4
<latexit sha1_base64="RJs5L6wAQqy51bZMyJCDc0FF2Tc="></latexit>

q5
<latexit sha1_base64="4xCfD28lgcS4+byKGC4jm3tjNUY="></latexit>

q6
<latexit sha1_base64="tuE4YOHh41FCVHuRiC1j1/uDdPA="></latexit>

p7
<latexit sha1_base64="bVZrMWdyhmfIu9CdPdio+zjeSKs="></latexit>



Force h through Origin

1: Map p 2 Rd to p0 2 Rd+1 as p0 = (p1, p2, . . . , pd, 1).

2: Force halfspace boundary @h to include origin.
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<latexit sha1_base64="meqfQRNwq1evigNfhxDRIsatlGg="></latexit>
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<latexit sha1_base64="YXUcXw630lVUEySdlM0RSd9VSKw="></latexit>
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<latexit sha1_base64="RJs5L6wAQqy51bZMyJCDc0FF2Tc="></latexit>

q5
<latexit sha1_base64="4xCfD28lgcS4+byKGC4jm3tjNUY="></latexit>

q6
<latexit sha1_base64="tuE4YOHh41FCVHuRiC1j1/uDdPA="></latexit>

p7
<latexit sha1_base64="bVZrMWdyhmfIu9CdPdio+zjeSKs="></latexit>



Force h through Origin

1: Map p 2 Rd to p0 2 Rd+1 as p0 = (p1, p2, . . . , pd, 1).

2: Force halfspace boundary @h to include origin.
<latexit sha1_base64="ou2n+qS+WT34RQCb+nRmg6tGGnU="></latexit> p1

<latexit sha1_base64="BvVGecHxxThNWqKaNg1f29UeC3s="></latexit>

p2
<latexit sha1_base64="X6MU2CWzHBJMmbfwTmqnWw1kWkg="></latexit>

p3
<latexit sha1_base64="dvN8u6FfX5JmCF2Ihnyg3oUfFpc="></latexit>

p4
<latexit sha1_base64="5ooaGaTmDYQpjo0cQxCvBwmbDPE="></latexit>

p5
<latexit sha1_base64="TXAlTQicePjR26gy7oQy5wdC1tw="></latexit>

p6
<latexit sha1_base64="meqfQRNwq1evigNfhxDRIsatlGg="></latexit>

q1
<latexit sha1_base64="y5xbKlEFXZRqxJkglGBV9iJUt/k="></latexit>

q2
<latexit sha1_base64="ikLqahRkGkmehrOicmhAIFfp3rA="></latexit>

q3
<latexit sha1_base64="YXUcXw630lVUEySdlM0RSd9VSKw="></latexit>

q4
<latexit sha1_base64="RJs5L6wAQqy51bZMyJCDc0FF2Tc="></latexit>

q5
<latexit sha1_base64="4xCfD28lgcS4+byKGC4jm3tjNUY="></latexit>

q6
<latexit sha1_base64="tuE4YOHh41FCVHuRiC1j1/uDdPA="></latexit>

p7
<latexit sha1_base64="bVZrMWdyhmfIu9CdPdio+zjeSKs="></latexit>



Perceptron Algorithm
Assume (1) x 2 X ⇢ Rd has kxk  1
(2) halfspace h 2 H0 goes through origin

Algorithm:
choose w = �(x)x
for i = 1 to 1/�2 steps
x0 = any x 2 X s.t. h�(x)x,wi
w = w + �(x0)x0

<latexit sha1_base64="QF8Yu79xJFUdJV6hg2Z6NWV9DgQ="></latexit>

w
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choose w = �(x)x
for i = 1 to 1/�2 steps
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<latexit sha1_base64="QF8Yu79xJFUdJV6hg2Z6NWV9DgQ="></latexit>

w

(Rosenblatt 1958)

< 0
<latexit sha1_base64="wVARIA66h8jqB478X8Pk67wqx60="></latexit>
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Perceptron Algorithm
Assume (1) x 2 X ⇢ Rd has kxk  1
(2) halfspace h 2 H0 goes through origin

Algorithm:
choose w = �(x)x
for i = 1 to 1/�2 steps
x0 = any x 2 X s.t. h�(x)x,wi
w = w + �(x0)x0

<latexit sha1_base64="QF8Yu79xJFUdJV6hg2Z6NWV9DgQ="></latexit>

w

< 0
<latexit sha1_base64="wVARIA66h8jqB478X8Pk67wqx60="></latexit>



w

Perceptron Algorithm
Assume (1) x 2 X ⇢ Rd has kxk  1
(2) halfspace h 2 H0 goes through origin

Algorithm:
choose w = �(x)x
for i = 1 to 1/"�2 steps
x0 = argminh�(x)x,wi
w = w + �(x0)x0

<latexit sha1_base64="DN6kifclRTOaYFkxVVntDTzx0zY="></latexit>



Perceptron Algorithm
Assume (1) x 2 X ⇢ Rd has kxk  1
(2) halfspace h 2 H0 goes through origin

Algorithm:
choose w = �(x)x
for i = 1 to 1/"�2 steps
x0 = argminh�(x)x,wi
w = w + �(x0)x0

<latexit sha1_base64="DN6kifclRTOaYFkxVVntDTzx0zY="></latexit>

What to do if the polytopes intersect?
it is ``non-separable” ?

p1
<latexit sha1_base64="BvVGecHxxThNWqKaNg1f29UeC3s="></latexit>

p2
<latexit sha1_base64="X6MU2CWzHBJMmbfwTmqnWw1kWkg="></latexit>

p3
<latexit sha1_base64="dvN8u6FfX5JmCF2Ihnyg3oUfFpc="></latexit>

p4
<latexit sha1_base64="5ooaGaTmDYQpjo0cQxCvBwmbDPE="></latexit>

p5
<latexit sha1_base64="TXAlTQicePjR26gy7oQy5wdC1tw="></latexit>

p6
<latexit sha1_base64="meqfQRNwq1evigNfhxDRIsatlGg="></latexit>

q1
<latexit sha1_base64="y5xbKlEFXZRqxJkglGBV9iJUt/k="></latexit>

q2
<latexit sha1_base64="ikLqahRkGkmehrOicmhAIFfp3rA="></latexit>

q3
<latexit sha1_base64="YXUcXw630lVUEySdlM0RSd9VSKw="></latexit>

q4
<latexit sha1_base64="RJs5L6wAQqy51bZMyJCDc0FF2Tc="></latexit>

q5
<latexit sha1_base64="4xCfD28lgcS4+byKGC4jm3tjNUY="></latexit>

q6
<latexit sha1_base64="tuE4YOHh41FCVHuRiC1j1/uDdPA="></latexit>

p7
<latexit sha1_base64="bVZrMWdyhmfIu9CdPdio+zjeSKs="></latexit>



Perceptron Algorithm
Assume (1) x 2 X ⇢ Rd has kxk  1
(2) halfspace h 2 H0 goes through origin

Algorithm:
choose w = �(x)x
for i = 1 to 1/"�2 steps
x0 = argminh�(x)x,wi
w = w + �(x0)x0

<latexit sha1_base64="DN6kifclRTOaYFkxVVntDTzx0zY="></latexit>

What to do if the polytopes intersect?
it is ``non-separable” ?

(1)  kernels
(2)  penalize it

p1
<latexit sha1_base64="BvVGecHxxThNWqKaNg1f29UeC3s="></latexit>

p2
<latexit sha1_base64="X6MU2CWzHBJMmbfwTmqnWw1kWkg="></latexit>

p3
<latexit sha1_base64="dvN8u6FfX5JmCF2Ihnyg3oUfFpc="></latexit>

p4
<latexit sha1_base64="5ooaGaTmDYQpjo0cQxCvBwmbDPE="></latexit>

p5
<latexit sha1_base64="TXAlTQicePjR26gy7oQy5wdC1tw="></latexit>

p6
<latexit sha1_base64="meqfQRNwq1evigNfhxDRIsatlGg="></latexit>

q1
<latexit sha1_base64="y5xbKlEFXZRqxJkglGBV9iJUt/k="></latexit>

q2
<latexit sha1_base64="ikLqahRkGkmehrOicmhAIFfp3rA="></latexit>

q3
<latexit sha1_base64="YXUcXw630lVUEySdlM0RSd9VSKw="></latexit>

q4
<latexit sha1_base64="RJs5L6wAQqy51bZMyJCDc0FF2Tc="></latexit>

q5
<latexit sha1_base64="4xCfD28lgcS4+byKGC4jm3tjNUY="></latexit>

q6
<latexit sha1_base64="tuE4YOHh41FCVHuRiC1j1/uDdPA="></latexit>

p7
<latexit sha1_base64="bVZrMWdyhmfIu9CdPdio+zjeSKs="></latexit>



Kernel Perceptron Algorithm
Algorithm: (Kernel SVM)

choose w = �(x)x
for i = 1 to 1/"�2 steps
x0 = argmin�(x)hx,wi
w = w + �(x0)x0

<latexit sha1_base64="ghgjsgYUiNRykYSJ5SHZKmsc2bE="></latexit>

p1
<latexit sha1_base64="BvVGecHxxThNWqKaNg1f29UeC3s="></latexit>

p2
<latexit sha1_base64="X6MU2CWzHBJMmbfwTmqnWw1kWkg="></latexit>

p3
<latexit sha1_base64="dvN8u6FfX5JmCF2Ihnyg3oUfFpc="></latexit>

p4
<latexit sha1_base64="5ooaGaTmDYQpjo0cQxCvBwmbDPE="></latexit>

p5
<latexit sha1_base64="TXAlTQicePjR26gy7oQy5wdC1tw="></latexit>

p6
<latexit sha1_base64="meqfQRNwq1evigNfhxDRIsatlGg="></latexit>

q1
<latexit sha1_base64="y5xbKlEFXZRqxJkglGBV9iJUt/k="></latexit>

q2
<latexit sha1_base64="ikLqahRkGkmehrOicmhAIFfp3rA="></latexit>

q3
<latexit sha1_base64="YXUcXw630lVUEySdlM0RSd9VSKw="></latexit>

q4
<latexit sha1_base64="RJs5L6wAQqy51bZMyJCDc0FF2Tc="></latexit>
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<latexit sha1_base64="4xCfD28lgcS4+byKGC4jm3tjNUY="></latexit>

q6
<latexit sha1_base64="tuE4YOHh41FCVHuRiC1j1/uDdPA="></latexit>

p7
<latexit sha1_base64="bVZrMWdyhmfIu9CdPdio+zjeSKs="></latexit>



p1
<latexit sha1_base64="BvVGecHxxThNWqKaNg1f29UeC3s="></latexit>

p2
<latexit sha1_base64="X6MU2CWzHBJMmbfwTmqnWw1kWkg="></latexit>

p3
<latexit sha1_base64="dvN8u6FfX5JmCF2Ihnyg3oUfFpc="></latexit>

p4
<latexit sha1_base64="5ooaGaTmDYQpjo0cQxCvBwmbDPE="></latexit>

p5
<latexit sha1_base64="TXAlTQicePjR26gy7oQy5wdC1tw="></latexit>

p6
<latexit sha1_base64="meqfQRNwq1evigNfhxDRIsatlGg="></latexit>

q1
<latexit sha1_base64="y5xbKlEFXZRqxJkglGBV9iJUt/k="></latexit>

q2
<latexit sha1_base64="ikLqahRkGkmehrOicmhAIFfp3rA="></latexit>

q3
<latexit sha1_base64="YXUcXw630lVUEySdlM0RSd9VSKw="></latexit>

q4
<latexit sha1_base64="RJs5L6wAQqy51bZMyJCDc0FF2Tc="></latexit>

q5
<latexit sha1_base64="4xCfD28lgcS4+byKGC4jm3tjNUY="></latexit>

q6
<latexit sha1_base64="tuE4YOHh41FCVHuRiC1j1/uDdPA="></latexit>

p7
<latexit sha1_base64="bVZrMWdyhmfIu9CdPdio+zjeSKs="></latexit>

Kernel Perceptron Algorithm
Algorithm: (Kernel SVM)

choose w = �(x)x
for i = 1 to 1/"�2 steps
x0 = argmin�(x)K(x,w)
w = w � �(x0)x0

K(x, p) = exp(�kx� pk2)
K(x, p) = exp(�kx� pk)
K(x, p) = (1 + hx, pi)r

<latexit sha1_base64="qH7R+mvVm7LAqKf7C0jf/mldJXs="></latexit>



p1
<latexit sha1_base64="BvVGecHxxThNWqKaNg1f29UeC3s="></latexit>

p2
<latexit sha1_base64="X6MU2CWzHBJMmbfwTmqnWw1kWkg="></latexit>

p3
<latexit sha1_base64="dvN8u6FfX5JmCF2Ihnyg3oUfFpc="></latexit>

p4
<latexit sha1_base64="5ooaGaTmDYQpjo0cQxCvBwmbDPE="></latexit>

p5
<latexit sha1_base64="TXAlTQicePjR26gy7oQy5wdC1tw="></latexit>

p6
<latexit sha1_base64="meqfQRNwq1evigNfhxDRIsatlGg="></latexit>

q1
<latexit sha1_base64="y5xbKlEFXZRqxJkglGBV9iJUt/k="></latexit>

q2
<latexit sha1_base64="ikLqahRkGkmehrOicmhAIFfp3rA="></latexit>

q3
<latexit sha1_base64="YXUcXw630lVUEySdlM0RSd9VSKw="></latexit>

q4
<latexit sha1_base64="RJs5L6wAQqy51bZMyJCDc0FF2Tc="></latexit>

q5
<latexit sha1_base64="4xCfD28lgcS4+byKGC4jm3tjNUY="></latexit>

q6
<latexit sha1_base64="tuE4YOHh41FCVHuRiC1j1/uDdPA="></latexit>

p7
<latexit sha1_base64="bVZrMWdyhmfIu9CdPdio+zjeSKs="></latexit>

Kernel Perceptron Algorithm
Algorithm: (Kernel SVM)

choose w = �(x)x
for i = 1 to 1/"�2 steps
x0 = argmin�(x)kdeW (x)
kdeW = kdeW + �(x0)K(x0, ·)

K(x, p) = exp(�kx� pk2)
K(x, p) = exp(�kx� pk)
K(x, p) = (1 + hx, pi)r

kernel density estimate:
kdeW (x) = 1

|W |
P

w2W K(w, x)
<latexit sha1_base64="RUXx6v0b3otruuv1utbQdz+F8uE="></latexit>



p1
<latexit sha1_base64="BvVGecHxxThNWqKaNg1f29UeC3s="></latexit>

p2
<latexit sha1_base64="X6MU2CWzHBJMmbfwTmqnWw1kWkg="></latexit>

p3
<latexit sha1_base64="dvN8u6FfX5JmCF2Ihnyg3oUfFpc="></latexit>
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<latexit sha1_base64="4xCfD28lgcS4+byKGC4jm3tjNUY="></latexit>
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<latexit sha1_base64="tuE4YOHh41FCVHuRiC1j1/uDdPA="></latexit>

p7
<latexit sha1_base64="bVZrMWdyhmfIu9CdPdio+zjeSKs="></latexit>

Kernel Perceptron Algorithm
Algorithm: (Kernel SVM)

choose w = �(x)x
for i = 1 to 1/"�2 steps
x0 = argmin�(x)kdeW (x)
kdeW = kdeW + �(x0)K(x0, ·)

K(x, p) = exp(�kx� pk2)
K(x, p) = exp(�kx� pk)
K(x, p) = (1 + hx, pi)r

kernel density estimate:
kdeW (x) = 1

|W |
P

w2W K(w, x)
<latexit sha1_base64="RUXx6v0b3otruuv1utbQdz+F8uE="></latexit>

X



Sketched Kernel SVM Algorithm
Algorithm:

Define mapping � : X ! R⇢
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Loss Functions
Set up penalty for misclassified points

fX(w) =
X

x2X

`(w, x) + prior(w)

loss `i = `(w, xi) = `(zi)
with zi = �(xi)hw, xii
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Coresets for Optimization

Solve for w⇤ = argminw fX(w) ... gradient descent

Subgradient Descent ⇡ Frank-Wolfe
Move towards most helpful point
O(C/"

2) steps to ±" mean for kxk  1.

Stochastic gradient descent (SGD)
For large X, most common
Randomly chooses x 2 X, and step towards �rfx(w).
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VC-dimension and Sample Complexity
Assume: data X is drawn iid from µ.
Build: classifier g : Rd ! {�1,+1} so Ex⇠µ[1(g(x) = �(x))].

how much accuracy is preserved under random sampling?

Range space (X,R), where R is family of subsets.
VC-dimension ⌫: largest Y ⇢ X so all Z ⇢ Y can be
defined so Z = Y \R for some R 2 R.

$ sublinear range searching, approximate hitting sets

An "-sample is a subset S ⇢ X so |S| = O(1/"2�2/(⌫+1))

max
R2R

����
|X \R|
|X| � |S \R|

|S|

����  ".

An "-net is a subset S ⇢ X such that
each R 2 R so |R\X|

|X| � " then S \R 6= ;.
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Geom ML
R ranges classifiers
X ground set samples

O( ⌫
"2 ) "-sample [VC71] agnostic learning

O( ⌫" log
⌫
" ) "-net [HW85] perfect classifiers
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defined so Z = Y \R for some R 2 R.

$ sublinear range searching, approximate hitting sets

An "-sample is a subset S ⇢ X so |S| = O(1/"2�2/(⌫+1))

max
R2R

����
|X \R|
|X| � |S \R|

|S|

����  ".

An "-net is a subset S ⇢ X such that
each R 2 R so |R\X|

|X| � " then S \R 6= ;.
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Recent Results (... of mine)

• Approximate Maximum Disagreement Problem X,�,H

Find halfspace h maximizes �X(h) = 1
|X|

P
x2X 1(h(x) = �(x))

Find ĥ 2 H so �X(h⇤)��X(ĥ)  "

... in O((1/"d+1/3)polylog(1/")) time. [Matheny+P ’18]

• Sublevel-Set Range Space (X,Rd) defined for Rp,⌧ 2 Rd as
Rp,⌧ = {x 2 X | d(p, x)  ⌧}.

General KDE: Kd(x, p) = exp(�d(x, p)2) and kdeX(p) = 1
|X|

P
x2X K(x, p)

If VC-dimension of (X,Rd) is ⌫d then S ⇠ X of size O(⌫d/"2)
has kkdeX � kdeSk1  " [Komaraju etal ’11]

approximates margin ±".
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Many, many types of classifiers
• KNN: voting based on k nearest neighbors

• decision trees: kd-tree until uniform nodes

• random forests: mixtures of decision trees

• deep neural networks: many layers of perceptrons
piecewise-linear classifiers

• ...
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Where can geometry help today?
• non-convex optimization, function classes

• generalizations of VC-dimension

• (implicit) regularization:
what it means, when it occurs

• geometry of data ... e.g., adversarial data

• bias in data, algorithms
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what it means, when it occurs

• geometry of data ... e.g., adversarial data

• bias in data, algorithms
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