Note on Image Registration

Haocheng Dai

1 Overview

Image registration is a key component for medical image analysis to provide spatial correspondences. The
goal is to achieve the best possible agreement between a source(moving) image and a target(fixed) image,

subject to transformation constraints.

Applications. Atlas building for segmentation, data augmentation, image guidance, image fusion, motion

tracking, etc.

Definition 1. ’Diﬂ'eomorphism‘ f M — N is a bijective function between two smooth manifolds M, N,

such that f and f~! are both smooth functions.

Remark 1. The key properties summarized from the definition of diffeomorphism above: both itself and its

inverse are smooth and one-to-one(bijective).

e Parametric transformation models make use of a relateively low-dimension parameterization of the
transformation, which include rigid(preserves the Euclidean distance between every pair of points),

similarity or affine(preserves lines and parallelism) transformation.

o Non—parametricEkdeformable) registration parameterize a transformation locally, with a parameter (or
parameter vector) for each voxel. The most direct non-parametric approach is to represent voxel

displacements u(x) = ¢(z) — .

1The reason why it is called non-parametric is that given nonlinear and nonconvex objective functions, in general, no closed-

form solutions exist to estimate the registration parameters.



2 Large Deformation

2.1 Landmark Matching[1, 2, [3]

2.1.1 Problem formulation

Assuming that there is a set of landmarks {(x,,y,)}, where z, and y, are our approach is to construct

diffeomorphisms ¢ : 2 — €, such that

o(x,t) = argmin E(v) + D(¢(-, 1)) (1)

v

1 N N
- argmin/o S Lv(@n, ) 72dt+ > lyn — ¢(@n, DTSR yn — dlan, 1)),
v n=1 n=1

where
#(z,0) = v
o(x,1) =z + /01 o, t)dt
bty = P80 (1), 1) = v o 0,

The final time diffeomorphism ¢(-,1) is controlled via the velocity field v(-,%),t € [0, 1]. Diffeomorphic
landmark transformations are constructed by forcing the velocity fields to minimize quadratic energetic on

Q2 x [0,1], as shown below

E(U):/O /QHLv(x,t)Hdexdt
1 d
= — 2 Cl)v T 2 X
AL;KV+uumwt

since L is in form of L = I - (—V? + ¢), where I is the identity matrix, d is the dimension of v and c is a
constant.

The squared error distance for landmark matching is given by

N

D(¢( 1) =Y [n — d(@n, ]S, yn — d(an, 1)],

n=1

where Y is the error covariance.

2.1.2 Inexact Landmark Matching

L is a constant coefficient matrix differential operator with d x d matrix Green’s function G(x,y) which is
continuous in both z and y. Let K(z,y) = GGt(x,y) = (2/v2rc)e Vele—vll where K is a d x d matrix
function. K is the Green’s kernel[?]. Given N pairs of landmarks {¢(x;, 1), 2;}, we are going to generate the

vector field in form of
N

@(‘r’t) = ZK((b(xwt)ax) s Wy

%



under the N constraints that

N

b(w1,t) = ZK(qﬁ(%J),m) “w;

%

D(xn,t ZK d(zit), xN) - w

Incorporating all the constraints above in a matrix form, we can have the equation below

K(¢($1,t>,¢($1,t>) K(¢(x17t)7¢(mN7t)) w1 ¢($1,t)—$1
K(d)(xNa t)v d)(xla t)) T K(QS(:L'N’ t)v (ZS(:ENa t)) wWN (ZS(:ENa t) —IN
——
K \Y% D

Therefore, we can derive the vector field in form of

wq
0@ 1) = (Koo, 0).2) - K(daw,0).2)) -
wy
-1
K((b(xlvt)adj(xht)) K(¢($1,t),¢(l‘]v,t)) d)(‘rlvt)
= (K(@@.2) - K@y 0),2)): ' ' ' :
dxNd K(¢($N,t),¢($1,t)) K(¢(1N7t)a¢)(xN7t)) d)(xNat)
NdxNd Ndxd
where the minimized velocity fields dé(xn, t) can be expressed as below
X 1 N .
QS(Inat) = arg min/o Z ¢(x7at)K(¢( )) ‘ij dt + Z Yn — xnv sy 1[yn - ¢(Im 1)} (2)
P(zn,) ij=1

Assuming velocities are constant within the quantized time intervals, for ¢ € [t;,—1, %), we have

d)(xna tm) - ¢(‘rn7 tmfl)

Hews 1)~ 6
where € is the fixed time step size, such that t,, = me.
So the Eq.(2) can have the new form of
tm
(Tn,tm) = argmln z:l Z Az, tm) — Az, tm—1)]T ( - K((ﬁ(t))ijldt) [O(xj,tm) — Oz, trm—1)]
m=14ij=1 m—

(3)
N
+ ) [0 — S@n, DI'S3 yn — b2, 1)]

n=1



2.1.3 Gradient Algorithm

The update rule for minimizing Eq.(3) is shown as below

3 (s tm) sy P00 (1) + o2 D(¢V (1))
S @y t) = | ¢ () | — A X g P () + gzay D6 (1)
68 (. tm) g P () + gizay D6 (1)
where ¢ = 1,2,3 and A is the step size, rather than Laplacian operator. More explicitly,
OP(6(1) _ ,\ ( / . )
) K(d()Ldt[d(z i, tm) — (i, tm
a¢q(xn,tm) ]zzl . ((b( ))n] [¢( J ) ¢< J +1)] .
N tm
j=1 tm—1 q
y 0 [ K(o(t)),) dt
+ QZ/)ZE',tm —QZ/)I',tm T b o JC',tm —(bﬂj',tm
;[ ( J +1) ( J )] 5¢q($j,tm) ( J +1) ( J )]
9D(4(1))

Dg(ntm) 8(tm — 1)(25,  [yn — ¢(2n, 1)])q

where

0 [ K(9()jdt frmns ( _ OK((t)
m — K
e ml A G o
and 6(+) is the Dirac delta function.

K<¢><t>>-1) dt

nj

2.2 Image Matching
2.2.1 Problem formulation

We view a image as a function I(z) from a domain € : R* — R, so that I(z) is the intensity value of the
image at the point of x € ). Then the deformation fied can be expressed as a function ¢ : 2 — . We find

¢(x) by approximately minimizing the energy function

E(¢) = /Q (Io(x) — I (6(x)))2de,

where Iy, I; are source and target images, respectively.
We decompose the solution into two components, a global rigid transformation followed by a deformation

that allows soft tissue to align.

2.2.2 Rigid Registration

In the case of translation, we want to minimize the energy F subject to the condition that ¢(z) = = + b,

where b is the translation vector. Thus we have
B(0) = [ (To@) = 1y (0(a)da

~ B(b) = /Q (To(x) — I (z + b))?dz



We use a quasi-Newton algorithnﬂ to minimize E(b), constructing a sequence {by} such that E(b) converge

to a local minimum. Let by = by + Aby
Blbi) ~ [ (1o(@) = [1(6(a)) = V(6(a) - Al Pda
~ [ (@) = 1i(6(e) + (6(a) - A da
~ [ (ola) = B(6(@))? + 200o(a) =~ H(6(@))(VE(6(0)) - Ab) + (Vh(6(a) - Aby)da

Taking partial derivative on both side of the equation above, we derived

OE(bgt1) 0

[ (1o(@) = B((a)*da
Q

aAbk - aAbk
- a%bk /Q 2(Io(x) — 11 (6(2)))(VIi(¢(x)) - Abg)da
+ fabk /Q(Vh(éf’(x)) - Aby)?dx
OE (bry1)

B0e1) <0+ / 2Io(x) — 1 (9(2))) V11 (6() )z + / VI ($(x)) - Aby) - VI, ((x)) T

Setting the gradient to 0, we get
0= / 2(Io(x) *Il(aﬁ(x)))~V11(¢(1‘))d$+2/(V11(¢(I))~Abk)-Vll(cb(x))TdI
Q Q

0= / (Io(2) — (8(2))) - VIi($(x))de + Ab / VI, (6(2)) - VI (6(x)) T de
Q Q

Aby = ( / v11<¢<z>>v11<¢<x>>de)_ [ ol = 1 (@) VI 6

In a more general case, we consider ¢(x) = Az + b, and list all these parameters in a single vector
T
a= (Au Ap Az Az o0 Az Azz b1 bo 53)

Still letting ax+1 = ax + Aag, we can find that

= T 1axT1'71 z) — I (¢a () Vol (da(z))d
Aak(/ﬂvam%( >>vaz<¢<>>d) /Q(Io() 11 (60(2)) VT (60())d

We then define the x = (21,22, 23)7 in another form of

ry 22 z3 0 0 O O O O 1 0 O
X=10 0 0 2 2 23 0 0 0 0 1 0
0 0 0 0 0 0 =z 22 z3 0 0 1

so that Az + b = Xa. With this convention, VoI (¢q(2)) = (VIi|g, ()" X. VIi(-) is calculated first, with

the result simply evaluated at ¢,(z). Finally, we have

Aay = ( /Q (V11¢a(1))TX(V11%(z))Xde) /Q (Io(%) — I (¢a(2))) (V11| gy () X da

Zhttps://en.wikipedia.org/wiki/Quasi-Newton_method



https://en.wikipedia.org/wiki/Quasi-Newton_method

2.2.3 Deformable Registration

E(¢) :/Q(Io(x)—Il(qﬁ(a:,l)))de—l—/o /QHLregv(x,t)szxdt

The idea is to introduce a time parameter ¢ and define a function ¢(x,t) such that ¢(z,0) = z and ¢(z, 1)
is the desired deformation field that aligns Iy and I;. We construct ¢ as the integral of a time-varying

velocity-field
t
o) =a+ [ v(o(e.s),5)ds
0

where L, is a suitable differential operator and v is the velocity vector field. With proper conditions on

L,cg, the algorithm produces a diffeomorphism, a differentiable with a differentiable inverse.

E(qs):/Q(Io(x)_h (m+/01u(¢(x,s>,s)ds))2dx+/01/9|Lregv(x,t)||2dxdt

We find that v must satisfy the differential equation
(o(z) — LI (¢(2,1))) VI ((x, 1)) = Lo(z,1)

where L is a differential operator proportional to Li,, Lyes. We choose the operator Lv = aV2v+8V(V-v)+7v,

reg

a choice motivated by the Navier-Stokes equations for compressible fluid flow with negligible inertia.



3 LDDMM]J5, 4]

3.1 Introduction

LDDMM is an elegant mathematical formulation shows that the velocity field over time generates diffeomor-
phisms for large deformation diffeomorphic image registration. This framework introduced a distance metric
on the space of diffeomorphisms between images, which gave rise to a variational principle that expresses the

optimal image registration as a geodesic flow. The advantages of having a distance metric are

1. it formulates a statistical model of the least square problem via minimization of the sum-of-squared

residual distance

2. because this distance between images encodes the information of geometric variability, a number of

theoretical methods related to LDDMM.

3.2 Problem Formulation

A image I is deformed by a diffeomorphism ¢ as Iy o ¢~'. Given a source image Iy and a target image I,

we minimize the energy function
! 1
B = [ ILo@)adt+ 5500067 = B
0

which is consisted of a regularization term and a sum-of-squared distance function to estimate diffeomorphic

transformation. o2 represents image noise variance. || - ||3, is equivalent to |- |%.

1o Ipog™!

Figure 1: Deform an axial of a 3D brain MRI image by ¢

3.3 Gradient Algorithm

To ensure that the solution lies in the space of diffeomorphisms, smoothness is achieved by defining the

operator L as L = —aV? + vI. In LDDMM, steepest gradient descent approach is used to perform the



minimization in energy function and the velocity field at each gradient descent iteration k is updated with
VML (E) = oM () — eV B (1),
where V,E(t) as shown below, is the gradient of the energy function
Vo E(0) = 2000) — K x (S5 DOtV ) (@

where J? = Ipo ¢y, Jf =T o1, b5t =Prod; 1, K = (LTL)~! and * is the convolution.

Let the velocity v be perturbed by an e amount along direction h. The Gateaux variation dyE(v) of the

energy functional is related to its Frechet derivative V,E by

OuE(v) = lim E(v+¢eh) — E(v)

e—0 £

1
= [vaE@.n0
0
The variation of Fj(v) = fol v 12-dt = fol | Lvy||2 . dt is given by:
1
OnEn (v) = 2 / (v, by dt.
0
The variation of Es(v) = %|[Ig o ¢} o — I1[|3. is

2
OnEa(v) = ;UO © ¢11},0 —I1,DIpo Qﬁ,o : 6h¢11},O>L’-’

) 1
— 2 (nodto-nDhods (-t [ (Do) eosta))  Lemma(t)
0 L2

2 ! _ .
- / (oo ¢11),0 —1I,D(Ip o ¢11),0) : (D¢11],t) L. hi o ¢51,t>L2dt
0

o2
Lemma 1. The variation of mapping ¢3 , when v € L? is perturbed along h € L? is given by
¢U+8h _ 4

s,t s,t

9

t
— Do, / (D62 ) " 0 87 udu

v
Onds, = lim

2 1
0Ex(v) = =5 [ (1Deilla o 6ty — 0 67,1). Dl 0 63 )he) o
0
2 ! 0 1 0
== [ DRI =3V e

1
2
- <K (gwmuﬁﬁmﬁ) h> "
0 g ’ %

where the subscript V indicates the gradient is in the space V.

Collecting terms, the gradient of the energy functional is thus

2
VyEy =2v — K <02|D¢21|VJ?(J? - Jtl))



The optimizing velocity field satisfies the Euler-Lagrange equation

1
2 .
6hE(f;):/ <217t—K- <2|D¢>”f’1|v|"?(']?"t)),tt> dt =0,
0 g 1%

since h is arbitrary in L2([0,1],V) we get Eq.(4).

In the numerical implementation of LDDMM, the time parameter ¢ of the flow is discretized with a fixed
total number of time steps T', where T' = 10 is selected as the default descent to terminate with a higher final
mismatch error [|Iy o ¢! — I1||2, between the registered atlas image and the target image.

The convolution operation in Eq.(4) is calculated in Fourier domain. The operator K acts as a low pass
filter at each iteration of gradient descent and the parameters « and 7 controls the amount of smoothing
and the elasticity of the deformation. Selection of these parameters depends on the size of the deformation

necessary to register the features of the atlas image to the features of the target image.

4 Metric Matching

4.1 Dewitt metric and Ebin metric
Definition 2. The DeWitt metric is a one-parameter family of metrics defined on Met(Q2) as follows:

e The split metric on Met(M):

G;\(u,v) = / (tr(g™ " uog ™ vo) + Atr(g™ ' u)tr(g ™)) pg,
Q

where g € Met(Q2),u,v € T,Met(Q), A > 0,up = u — 3tr(g7 u)g,vo = v — Ltr(g~'v)g are called the

traceless part of u,v and pg4 is the volume form on €2 induced by g.
e The split metric on Sym , (M):
(U, V)a = tr(A U AT Vo) Vdet A + Mr(A™ U )tr(A1V)Vdet A,

where A € Sym (n),U,V € TySym  (n), and Uy = U — Ltr(A7'U)A, Vo = V — Ltr(A7'V) A are called
the traceless part of U,V and v/det A is the volume form induced by A.

When A\ = %, this metric gives exactly the induced Ebin metric on Sym, (n), which means Ebin metric

is a special case of DeWitt metric.

Definition 3. The Ebin metric is the Riemannian metric on Sym  (n) given by
(U V), = tr(ATTUATV)/det(A),

where A € Sym_ (n) and U,V € T4Sym  (n) = Sym_ (n).



Proof.
1
(U, Vg = tr(A7 ' Ug A Vo) Vdet A + ﬁtr(AflU)tr(AAV)\/detA
1 1 1
=tr (A_l (U - ntr(A_lU)A> A1 (V - ntr(A_lV)A)> Vdet A+ ﬁtr(A_lU)tr(A_lV)v det A

tr ((A—lU - 1tr(A_1U)I) (A—1V - 1tr(A_1V)I)> Videt A + ltr(A—lU)mr(,arlv)\/detA
n n n
= [tr(AT'UATV) - ltr(A’lU)tr(A’IV) - ltr(A’lV)tr(A’lU) + %tr(A’lU)tr(A’IV)n Videt A
n n n
+ itr(A_lU)tr(A_1V)\/det A
n

tr(ATIUATV) — ;tr(AlU)tr(AIV)] Videt A + %tr(A’lU)tr(A’IV)\/det A

=tr(AT'UA™V)Vdet A

4.2 Inexact density matching

For inexact metric matching, given two Riemannian metrics go and g; in Met(Q2), we are aiming to find the
optimal diffeomorphism ¢ € Diff(2) that minimizes the following energy functional w.r.t. the information

metric GI U,U) = [o(—Au,u)

E(¢) = odist®(¢. fo, f1) + dist® (490, 91)

where ¢ > 0 is a constant, fy, fi are called the regularization parameters, dist is the distance function for

the DeWitt metric on the space of metrics Met(Q2) and ¢. denotes the push-forward group action given by

$ego = (¢~ ") g0 = (Do~ ) (g0 0 6™ ) (D)

The gradient of E at ¢ transported to the identity with respect to the information metric Gé(U, U) =
Jo(—Au,u) is given as follows:

v=—ATHVE(¢)oo™")
where VE(¢) o ¢! is the usual gradient of E at ¢ transported to the identity w.r.t. the standard L? metric.

Remark 2. We aim to use the geodesic distance of the Ebin metric as a similarity measure for diffeomorphic
Riemannian metric registration. Therefore, we fiz a background metric g with corresponding volume density
I on our parameter domain 2. Using g, we can express any Riemannian metric g on Q as a field of
matrices A(x) and we can express both the Ebin metric and the geodesic distance of the Ebin metric using
this representation.

Note that these terms are in fact independent of the choice of background metric, due to the invariance

of the Ebin metric.

10



For A, B € Sym_ (n), the space of symmetric, positive definite, n by n matrices, the Riemannian distance

w.r.t. the Ebin metric is given by

dist (A, B) \/ /Q d(A(z), B(x))%fi(z)

where d denotes the geodesic distance on the space of symmetric matrices defined below:

(A, B)? = %6 (V/AeL(A) ~ 2/dei(A) {/ei(B] cos + /Ael(D) )

ntr(K3)

where = min {7‘(, 1

} K =1log(A™'B) and Ko = K — L tr(K)I.

Remark 3. Below is the reason why Ko = K — %tr(K)I 1s call traceless part of K :

1
Ko =K — —tr(K)I
n

tr(Ko) = tr(K —  tr(K)])

tr(Ko) = tr(K) — tx( tr(K)1)

tr(Ko) = tr(K) — %tr(K) (1) o1 is an x n identity matriz
tr(Ko) = tr(K) — %tr(K)n

tr(Ko) = tr(K) — tr(K)

tI‘(Ko) =0
Remark 4. Given Ko = K — L tr(K)I, K =log (A™'B), tr(K3) is given by
K2 = K? — 20(K)K + —t2(K)1
0o =H"— = r(K)K + oAt (K)

tr(K2) = tr(K?) — %tr(K)tr(K) + %M(K)u(m

tr(K3) = tr(K?) — %tr([()2 + %trQ(K)n
(K2 = tr(K?) — %trQ(K)
tr(K2) = tr(K?2) — %logQ(det(A’lB)) > tr(log(K)) = log(det (K))[]

Remark 5. The energy function is given by
E(¢) = distp(¢" A, B)
By introducing some additional notation, we can write d(A, B)? as

A(A,B)” = (0?20 cos(0) + 7).

4 4 . ntr(KZ)
where a = /det(A), 5 = \/mﬁ — min {77’ \/T}

11



In order to perform this minimization numerically, we need to calculate the gradient of this functional at
¢ = id, which is given by
16

6 (d(4, B)?) (64) = — (208(a(4))(3A) — 20(a(A))(64)8 cos(6) + 203 sin(6)5(6(4))(64)),

where § is the differential operator. The & (d(A, B)?) (0A) above can give us the directional derivative in the
direction of 6 A.

Replacing A with ¢* A, we can have

3 (d(¢A, B)?) (69" A) = 1;6(2a5(04(¢*A))(5¢*A)—25(a(¢*A))(5¢*A)5 cos(0) +2afsin(0)5(0(¢"A)) (09" A)).
(5)
As for §(a(A))(6A), it’s given by
B(e(4))(64) = 5(det(4)F)(54)
- idet(A)‘% - 5(det(A))(54)
= idet(A)fg -tr(adj(A))(6A) > Jacobi’s formula
= idet(A)*% -det(A) - tr(A~1)(54)
= idet(A)% tr(A7Y)(6A)
Replacing A with ¢* A, we can have
(06 4)) (69" A) = § det(6" A)F - tx((¢° 4) ) (56" A). (6)
As for §¢* A, it’s given by
5(¢*A)(6¢)’ _LA— (ﬁxAu ﬁxAu) _ 7
p=id LxAxn LxAsp

More specifically,
LxAyj = X 0(Aij) + 0;(X7) Agj + 9;(X7) A

where X = §¢ is induced by ¢.

For the 2D case, we can have the these expressions:

Lx A = X101(A11) + X205(A11) + 01 (XN Ay 4 01 (XY Agy 4 01 (XD Ay 4 01 (X Apy
Lx Ay = X01(A12) + X205(A12) + 01 (XD Ars + 01(X?) Agg + 0o(X1) A1 + 0a(X 1) Ay
Lx Az = X'01(Az1) + X205(Az1) + 02( XN Ay 4 02(X ) Aoy 4 01(X?) Aoy + 01(X?) Ags
LxAzy = X'01(As) + X205(Ans) + 02(X ) Ay + 02(X?) Agg 4 02(X?) Aoy + 02(X?) Ags

By substituting Eq.(@@ nto Eq.(@), we can have the final expression of § (d(cé*A7 B)Q) 5(p*A).

12



S
7N
3
o+
=
=
[v]

5(6(A))(64) =

S(tr(K2))(6A) =6 (tr(KQ) — ilogQ(det(AlB))> (0A)
=4 (tr(log2(A1B)) - ilogQ(det(AlB))> (0A)

= (tr(log?(A"1B)))(6A) — %5 (log®(det(A™'B))) (6 A)

dtr(log’(A~'B)) dlog®(A™'B) dlog(A~'B) d(A~'B)

5(tr(log2(A~1 B))) (6 4) = o iE) doE) dUTE) A

L S(A1)(SA)

=1-2log(A™'B)--B-(-A"'A71)(sA)

d(log®(det(A='B)) d(log(det(A='B)) ddet(A~'B) dA~'B
d(log(det(A=1B)) ~ ddet(A='B)  dA-'B  dA!

m det(ATB)(ATIB) )T B (AT AT (64)

(A7'B)™H)T - B (~ATTATH(64)

SS(ATH(5A)

& (log*(det(A™'B))) (64) =

= 2log(det(A™'B)) -

g(det(A™'B
g(det(A7'B)) - (B'A)T - B- (—A7AT1)(6A)

g(det(A™1B

2log(det(A™"B)) -
2log(det(A™B)) -

=2log(det(A™'B))- AT(B™H)T .- B (~A7'A71)(5A)
2log(det(A™1B)) - AT(BT)"1.B- (—A"tA7Y)(5A)
2log(det(A™"B)) -

g(det(A™'B))- AB™'- B - (—A"'AT)(5A)

= —2log(det(A™1B)) - A~1(5A)

e ((A-D)F
log(4) = kzzzl(*l)l€+ T —
_ A-1? (A-1)
=A-1) - 5 + 3 — .
dlog(A) d(A-I) 1 dA-I)? dA-I) 1 dA-1I)? dA-1I)
dA —  dA 2 d(A-1) ~ dA 3 dA-1) dA

:I—%.Q(A—I)~I+%~3(A—I)~I—m

(-D)MA-1D*

M8

b
Il

0
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5 Appendix

5.1 Geodesic Shooting

Given an initial velocity vy € V, the geodesic path t — ¢; € Diff () under the right-invariant Riemannian

metric is uniquely determined by the Euler-Poincare equations(EPDiff)

0
8—1; = —adlv = —Kad'm = —K[(Dv)"'m + Dmuv + mdivv], (8)

where D denotes the Jacobian matrix, and the operator ad” is the dual of the negative Lie bracket of vector
fields,

ad,w = —[v,w] = Dvw — Dwwv.
By integrating equation (4) forward in time, we generate a time-varying velocity v; : [0,1] — V, which

itself is subsequently integrated in time by rule d¢(z, t)dt = vy 0 ¢¢(x) to arrive at the geodesic path, ¢(x,t) €
Diff*(Q).
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