O P N T R W N =

IS S TS RS S TS S T~ s T T T B ¥ O O B P B O B N B R N N T S R N N N e~ S S S S S~ S
G oA XD PR S VNG R XD R, O DV NG hRD®RN RS YV ® N AR N 2D WV ® N R W N = O

A Spectrum of Type Soundness and Performance

Supplementary Material

Ben Greenman
PLT @ Northeastern University
benjaminlgreenman@gmail.com

CONTENTS
Contents
A Benchmark Descriptions
B Performance vs. Number of Typed Modules
C  Implementing Tagged Racket
Ci1 Generating Type-Constructor Contracts
C.2 Defending Typed Code
C3 Diff vs. Racket v6.10.1
D  Existing Systems
D.1 Thorn
D.2 StrongScript
D3 Dart 2
D.4 Pyret
D.5 SafeTS
D.6 Nom
E Models
E1 Preliminaries
E.2 (H) Higher-Order Embedding
E.2.1 Higher-Order Definitions
E.2.2 Higher-Order Theorems
E.23 Higher-Order Lemmas
E.3 (E) Erasure Embedding
E.3.1 Erasure Definitions
E.3.2 Erasure Theorems
E.3.3 Erasure Lemmas
E.4 (1) First-Order Embedding
E.4.1 First-Order Definitions
E.4.2 First-Order Theorems
E.4.3 First-Order Lemmas
E.5 (HC) Co-Natural Embedding
E.5.1 Co-Natural Definitions
E5.2 Co-Natural Theorems
E.5.3 Co-Natural Lemmas
E.6 (HF) Forgetful Embedding
E.6.1 Forgetful Definitions
E.6.2 Forgetful Theorems

O O O O W N =

10
11
12
13
14
15
16
17
17
18
18
20
21
43
43
45
46
56
56
59
60
91
91
93
94
101
101
104

Permission to make digital or hard copies of part or all of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. Copyrights for third-
party components of this work must be honored. For all other uses, contact
the owner/author(s).

NU-CCIS-2018-002, 2018, Northeastern University
© 2018 Copyright held by the owner/author(s).

E.6.3
E.7
E.8
E.8.1
E.8.2
E.8.3

Matthias Felleisen
PLT @ Northeastern University

Forgetful Lemmas
Embeddings Summary
Simulation Lemmas

Definitions

Theorems

Lemmas

105
125
126
126
128
128

56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110



111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165

NU-CCIS-2018-002, 2018, Northeastern University

Untyped Annotation

Benchmark LOC LOC # Modules
sieve 35 17 (49%) 2
fsm 182 56 (31%) 4
morsecode 159 38 (24%) 4
zombie 302 27 (9%) 4
jpeg 1432 165 (12%) 5
suffixtree 537 129 (24%) 6
kcfa 229 53 (23%) 7
shake 160 51 (32%) 8
tetris 246 107 (43%) 9
synth 835 139 (17%) 10

Fig. 1. Benchmark Size

A Benchmark Descriptions

sieve from Ben Greenman
Computes prime numbers using the sieve of Eratosthenes.

fsm  from Linh Chi Nguyen
Simulates the interactions of economic agents modeled as
finite-state automata.

morsecode from John B. Clements & Neil Van Dyke
Computes Levenshtein distances and morse code translations
for a fixed sequence of pairs of words.

zombie from David Van Horn

Implements a game where players avoid enemies. The bench-
mark runs a fixed sequence of moves (representing user
input).

Jjpeg from Andy Wingo
Parses a bytestream of JPEG data to an internal representa-
tion, then serializes the result.

suffixtree from Danny Yoo
Computes longest common subsequences between strings.

kcfa from Matt Might
Performs 1-CFA on a lambda calculus equation built from
Church numerals.

snake from David Van Horn
Implements the Snake game; the benchmark replays a fixed
sequence of moves.

tetris from David Van Horn
Replays a pre-recorded game of Tetris.

synth from Vincent St. Amour & Neil Toronto
Converts a description of notes and drum beats to WAV format.

For additional details about the benchmarks, their source
code, and links to more (object-oriented) benchmarks, see:
docs. racket-lang. org/gtp-benchmarks/index . html

Ben Greenman and Matthias Felleisen

166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206

208
209
210
211
212
213
214
215
216
217
218
219
220


http://docs.racket-lang.org/gtp-benchmarks/index.html

221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256

258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275

A Spectrum of Type Soundness and Performance

B Performance vs. Number of Typed
Modules

Figures 2, 3, 4, 5, and 6 plot every running time in the dataset.
Each point represents one measurement; specifically, a point
at position (X, Y) reports one running time of Y milliseconds
for one configuration with X “typed units” — in this paper,
one typed unit is one typed module. There are eight such
points for each configuration. To make these points easier to
see, the eight points for one configuration are evenly spaced
along the x-axis within a bucket (delimited by solid vertical
lines). The left-most point plots the running time of the first
trial, the second-from-left point corresponds to the second
trial, and so on.

The figures support three broad conclusions. First, the
orange points for TR-1 are often lower (i.e., show better per-
formance) than the points for TR-H. Second, the performance
of TR-1 tends to degrade linearly as the number of typed
modules increases. This slowdown tapers off at the right-
most end because the implementation skips the codomain-
check for calls to statically-typed identifiers. Third, the per-
formance of TR-H has a steep umbrella shape. The worst
performance is in the middle, but improves significantly as
the number of typed modules approaches the maximum.
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Fig. 4. Running time of TR-H configurations (blue @) and TR-1 configurations (orange @), part 3/5
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C Implementing Tagged Racket
The high-level architecture of TR-H is to:
1. type-check a module,
2. use the type environment to generate contracts,
3. optimize the contracts for the module,
4. output Racket bytecode.

For TR-1, we modified step 2 and replaced step 3.

C.1 Generating Type-Constructor Contracts

Typed Racket defines a function type->contract that (1)
expects a type, (2) compiles the type to a so-called static con-
tract, (3) optimizes the representation of the static contract,
and (4) compiles the static contract to Racket code that will
generate an appropriate contract.

We modified the type->contract function to generate
type-constructor checks by adding a new method to the
internal API for static contracts. For example, the method
converts the contract for a list of elements into a contract
that checks the 1ist? predicate.

C.2 Defending Typed Code

The TR-1 prototype replaces the Typed Racket optimizer
with a completion function that adds type-constructor checks
to typed code. The function implements a fold over the syn-
tax of a type-annotated program, and performs two kinds of
rewrites.

First, the completion function rewrites most applications
(f x) to (check K (f x)), where K is the static type of
the application. If f is an identifier, however, there are two
exceptional cases:

e f may be a built-in function that is certain to return a
value of the correct type constructor (e.g., map always
returns a list); and

e f may be statically typed, in which case soundness
guarantees that f returns a value that matches its static
type constructor. (there is one exception: accessor func-
tions for user-defined structs are unsafe like any other
accessor, e.g., car),

For these exceptional cases, the completion function does
not insert a type-constructor check.

Second, the completion function defends typed functions
from dynamically-typed arguments by translating a function
like (A (x) e) to (A (x) (check x) e).The structure of
the check is based on the domain type of the function.

C.3 Diff vs. Racket v6.10.1

The repository for this paper contains the TR-1 prototype
and a diff between the prototype and Typed Racket v6.10.1.
github. com/nuprl/tag-sound?path=src/locally-defensive . patch
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D Existing Systems

This section illustrates prior work on gradual typing using
the semantic framework of the paper. The goal is to demon-
strate that the framework is able to express the type bound-
aries and boundary checks of existing systems, and to outline
a formal comparison.

This section does not attempt to summarize the novelties
and subtleties of each system. The interested reader must
seek out the primary sources.

The subsections also give canonical forms lemmas for each
system as a taste of their logical implications.

URLs All URLs accessed on 2018-06-28.

e Gradualtalk : https://pleiad.cl/research/software/gradualtalk

e Typed Racket : https://github.com/racket/typed-racket
e TPD : https://github.com/jack-williams/tpd

e StrongScript : https://plg.uwaterloo.ca/~dynjs/strongscript/
e ActionScript : https://www.adobe.com/devnet/actionscript.

html
e mypy : http://mypy-lang.org/
e Flow : https://flow.org/
e Hack : http://hacklang.org/
e Pyre : https://pyre-check.org/

e Pytype: https://opensource.google.com/projects/pytype

e rtc : https://github.com/plum-umd/rtc

e Strongtalk : http://strongtalk.org/

e TypeScript : https://www.typescriptlang.org/

e Typed Clojure : http://typedclojure.org/

e Typed Lua : https://github.com/andremm/typedlua

e Pyret : https://www.pyret.org/

e Thorn : http://janvitek.org/yearly.htm

e Dart 2 : https://www.dartlang.org/dart-2

e Nom : https://www.cs.cornell.edu/~ross/publications/
nomalive/

e Reticulated : https://github.com/mvitousek/reticulated

e SafeTs : https://www.microsoft.com/en-us/research/

publication/safe-efficient-gradual-typing-for-typescript-3/
e TR-1:https://github.com/bennn/typed-racket/releases/

tag/Id1.0
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Fig. 7. Thorn types, values, and boundary functions. The D
function is undefined for all inputs.

D.1 Thorn

Thorn (figure 7) is a nominally-typed object-oriented lan-
guage. The idea is that a program may: declare typed classes,
use the classes to create typed objects, and manipulate the
objects in gradually-typed methods. If a method expects a
dynamically-typed object, the type checker lets the method
perform any operation on the object and the run-time sys-
tem dynamically checks whether the operations are actually
valid.

The types 7 include concrete class names C, like class
names (like C), and a dynamic type (dyn). The values are
possibly-wrapped pointers to instances of classes; a value
is either a direct pointer p, a dynamically-typed view to a
pointer (dyn) p, or a like-typed view to a pointer (like C) p.
Informally, a view is a method-local pointer to an object.

One main invariant of Thorn is that every value comes
with a type. In the figure, every value is an instance of a class
and has the class name as its type. Because of this invariant,
Thorn can efficiently check whether a value is compatible
with some other type annotation at runtime. The S function
demonstrates this compatibility check.

The D function is undefined for all inputs because there is
no such thing as a dynamically-typed value. Put another way,
the Thorn surface language is a single statically-typed lan-
guage as opposed to a pair of languages. (The statically-typed
language includes a dynamic to make it easy to experiment
with statically-typed values, but nevertheless all values are
statically typed to ensure safety and efficiency.)

Lemma 0.0 : Thorn canonical forms
eIfrv:Cthenv=C(f =vp,...)and C' <t C.
o If - v:likeCthenv = (likeC")pand C’ <: C
o If - v : dynthenv = (dyn)p

11
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D.2 StrongScript

StrongScript (figure 8) adapts the ideas from Thorn to a type
system for JavaScript. The types 7 include concrete class
names (!C), like class names (C), a dynamic type (any), and

function types (r = 7). The values are objects and functions.
Every object and function comes with an intrinsic type.

For an object imported from JavaScript, this type is any. (For
a function imported from JavaScript, this type is presumably
any =any.) A typed object cannot inherit from a JavaScript
object, and vice-versa.

The S function checks the intrinsic type of a value against
a type annotation. The idea is, if the check succeeds then
a context may assume that the type annotation accurately
describes the value.

The D function is undefined for all inputs because the
StrongScript paper does not directly model interactions with
JavaScript. Instead, a JavaScript object is modeled as an object
with type any, as mentioned above.

Lemma 0.1 : StrongScript canonical forms
e Iftv:!Cthenv={(s:v)...m...||C’'}and C’ <: C
e If - v : C then either:
—v=A(s:v)...m... ||C"}
-—v=A{(s:v)...m... ||any}
o If+ v : 7y =1, then v = func (x:7y7){returne:z.}
o If - v : any then either:
—v=A{(s:v)...m... ||C"}
-v=A{(s:v)...m... ||any}
- v = func (x:any){returne:any}

12
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StrongScript | (sketch)

T =IC|Clany|rt=7

v = {(s:v)...m... ||t} | func(x:7){returne:7}
s € Strings

m

= x(x:7){returne:7}

(undefined, all values have a static type)

(via explicit type-cast)
S(tg=re,v) =0’
if v = func (x: 7 ){returne: 7, }
where v” = func (x:7g){return ({z¢) (v ({zx) x))): 7c }
S(C,v) =v
ifo={(s:v)...m...||[C'}
and C’' < C
S(any,v)
ifo={(s:v)...m... | any}
orv={(s:v)...m... | C}
S(any, v) !

=0

=v

if v = func (x:7g){returne:z.}

where v’ =func (x:any){return (any)(v ((z4)x)):any}
S(r,v) = BndryErr

otherwise

Fig. 8. StrongScript boundary functions. The D function is
undefined for all inputs.
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D.3 Dart2

Dart 2 is a new language with some support for dynamic
typing. For details, see: dartlang. org/dart-2

Figure 9 summarizes the key aspects of dynamic typing in
Dart for a few types. The types represent integers (int), in-
tegers and decimal numbers (num), lists (List(z)), functions
(r = 1), and a dynamic type (dynamic). The base values b
match these types.

Dart programs do not directly interact with base values.
Instead, base values are stored on a typed heap. The values v
in figure 9 model this indirection by associating a base value
with a compatible type.

Just like in Thorn, a typed value may be used in a context
that expects a less precise type. Also like Thorn, a value of
type dynamic is an object that the type checker assumes can
recieve any method call. The run-time system checks that
such method calls are actually safe for the given value.

The S boundary function checks a value against a type
annotation by checking the value’s associated type. The D
function is undefined for all inputs because it is not possible
to define (or interact with) an untyped value.

Lemma 0.2 : Dart canonical forms
elftv:rthenv=bur"andt’ <7

Remark: a Dart function type must be declared explicitly.
For example, to use the type int = int one must first define
an alias:

typedef int IntFun(int _);

Then the name IntFun may appear in other type annotations,
e.g., in a method signature.

13
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(sketch)

7 = int | num | List(r) | 7= 7 | dynamic
v =bur

lldl[ (T x)=>e

e | (undefined, all values have a static type)

S(r,b=t’)=bu=1’
ifr’' <t

S(r,v) = BndryErr
otherwise

Fig. 9. Dart boundary functions for a restricted grammar of
types. The D function is undefined for all inputs.
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D.4 Pyret

Pyret is a dynamically-typed language with optional type
annotations and an optional static type checker. For details,
see: pyret. org.

A type annotation in a Pyret program acts as a type-
constructor check at run-time. Figure 10 illustrates this as-
pect of Pyret in the [>s and >p notions of reduction. Both
check the argument and result of a typed function against
the function’s type. The X boundary function performs the
check by matching a type constructor K against a value.

One aspect of Pyret that is missing from figure 10 is the
translation that maps type annotations in the source code to
run-time constructor checks. This translation could be mod-
eled with a completion function (~), similar to the model of
the first-order embedding in the paper.

Lemma 0.3 : Pyret assert-canonical forms

If v is a value with the static type 7 then v may be any
kind of value; however, if v is assigned to a variable x with
the programmer-assigned type 7, then one of the following

holds:

e If + x : 7yX1; then v = (vy, vy)

o If + x : 7= 1, then either:
-—v=Ay.e
-v=My:r)):7))- e

e If+ x: Intthenv € Z

e If+ x : Nat thenv € N

14
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Pyret | (sketch)

7 = Int|Nat| Xt |7=7

K = Int | Nat | Pair | Fun

v = i|{v,v)| Ax.e| M(x:7):7).e
i €Z

e

...|chkKe

D rxo—]

D(r,v)=X(|r],v)

Sorxo—r]

S(r,v) = X(|7],v)

X :Kxv—e

X(Fun,v) =v
ifo=Ax.eorv=A(x:7)):7)). e
X(Pair,v) =v
if v = (vy, v1)
X(Int,i) =i
X(Nat,i) =i
ifieN
X(K,v) =BndryErr
otherwise

el>ge

(Ax.e)v >s e[x o]

(M(x:7g):7.). €) v >s BndryErr
if X(|z4],v) = BndryErr

(A(x:74):7c). €) v s chk |7c] (e[x — X(|7a], v)])
if X(|z4],v) # BndryErr

chkK v >s X(K,v)

el>pe

(Ax.e)v >p e[x <]

(A((x:tq):7c).€) v >p BndryErr
if X(|z4],v) = BndryErr

(A(x:74):7c).€) v >p chk |7 ] (e[x —X([7q], v)])
if X(|z4],v) # BndryErr

chk K v >p X(K,v)

Fig. 10. Pyret boundary functions and semantics for a re-
stricted grammar of types.
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D.5 SafeTS

SafeTS is a core model of Safe TypeScript, which is a sound
type system for JavaScript (as opposed to TypeScript).

Figure 11 demonstrates SafeTS on three types: a type
for numbers (number), a type for an object with two fields
({fst:7,snd:7}), and a type for an object with one method
({call(r) : t}). The latter types are intended to represent
tuples and anonymous functions.

Every value in a SafeTS program has an intrinsic type;
there is no notion of a value that is defined in dynamically-
typed code and imported to statically typed code. A typed
value may, however, be used in a context that expects values
with a different type by means of a type cast. The differ-
ent type may contain new fields, but otherwise must be a
supertype of the value’s intrinsic type.

The S boundary function illustrates the run-time checks
that SafeTS performs for our number, pair, and function types.
For type number, SafeTS checks that the value is a number.
For a pair type, SafeTS checks that the value is a pair of
compatible type and recursively transports the components.
For a function type, SafeTS checks that the value is a function
of compatible type.

The D function is undefined because the SafeTS model
does not define interactions with a model of JavaScript.

Lemma 0.4 : SafeTS canonical forms

o If+ v: {fst:ry,snd:7;} thenv = {fst:,or g, snd:7/ v} and

T, < pand 7] <y

o Ifr v :{call(rg) : 7c} then v = {call(x : 7)) : 7/{returne}}

and {call(z)) : 7;} < {call(zq) : 7}
o If - v : number thenv =i
Remark: if a SafeTS cast adds new fields to a value, the
fields are recorded in an external “tag heap” of run-time type
information. Figure 11 does not model the tag heap because
it is not relevant to the types in the figure.
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(sketch)

T = number | {fst:z,snd:7} | {call(z): } | any
v = i|{fst:;v,snd:; v} | {call(x : 7) : r{returne}}

(undefined, all values have a static type)

S{call(ry) : 7.}, v) =wo
ifv = {call(x : 7)) : r/{returne}}
and {call(z)) : 7} < {call(zq) : 7}
S({fst:ro,snd: 71}, v) = {fst:r; S(10, v0), snd:r; S(71, v1)}
ifv= {fst:,(; v, snd:/ 1}
and 7y <'pand 7] <y

S(number, i) =i
S(r,v) = BndryErr
otherwise

Fig. 11. SafeTS. The D function is undefined for all inputs.
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1651 D.6 Nom (sketch) 1706

1652 Nom is a nominal object oriented language. Types include a t = T |C|dynamic 1707
1653 top type (T), class names (C), and a dynamic type (dynamic). v = C(v,...) 1708
199% " Values are instances of classes. Each value has an intrinsic (undefined, all values have a static type) 170
1995 type; namely, the name of its class. 1710
1656 The S function checks that the intrinsic type of a value 7
jzzz is compatible with a given type annotation. The D function S(T,v) =0 zz
e is undefined for all inputs because there way to define or S(C,C'(v,..)=C'(v,...) o
import an untyped value. ifC' < C
12:? Lemma 0.5 : Nom canonical forms S(dynamic,v) =v 1:1;
L eIftv:Cthenv=C'(v/,...)and C’ < C S(r,v) = BndryErr -
otherwise
1663 1718
1664 Fig. 12. Nom. The D function is undefined for all inputs. 1719
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E Models

This section contains full definitions of the languages and
full proofs of our claims about each language.

Aside from the common notions in section 5.1, the defi-
nition and proofs of each model are independent and self-
contained.

E.1 Preliminaries

Definition 1.0 : —* divergence
Given a reduction relation —*, an expression e diverges if for
all ¢’ such that e —»" ¢’ there exists an e’ such that e’ —e”’.

Convention 1.1 : variable convention
All A-bound variables in an expression are distinct from one
another, and from any free variables in the expression.

Assumption 1.2 :  permutation
For all typing judgments and properties F:
o Ifx,x,Trethenx’,x,Tt+e
o If (x:7),(x’:7/),T + ethen (x":7’),(x:7),T + e

Definition 1.3 : + boundary-free
An expression e is boundary free if e does not contain a
subterm of the form (dyn z’ e’), nor a subterm of the form
(stat 7’ ¢).

Notes:

o The upcoming models use a common surface syn-
tax and typing system, but to keep each model self-
contained we reprint this system in each definition.

e The proofs are written in a structured style, typically
as a list of basic steps where each step is justified by an
assumption, alemma, or a previous step. Lemma names
are italicized and hyperlinked to the actual lemma.
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E.2 (H)Higher-Order Embedding
E.2.1 Higher-Order Definitions

Language H

e =x|v|{ee)|ee|lople|op’ee]
dynre|statze|Err

v = i|{v,v)|Ax.e| Ax:7).e|
mon (t=71)v

T = Nat|Int|txr|t=71

r =:|xT]|(x:7),T

Err = BndryErr | TagErr

r = uv|Err

E* =[][E*e|vE"|(E%e)|(v,E%)|
op' E* | op* E* e | op> v E®

E =E|Ee|vE|(Ee)|(v,E)|op'E|
o Ee|op? vE|dynt E | stat T E

A:op'xt—1

A(fst, TOXT1) =1
A(snd, ToXTl) =T

A: opzxz'xr—n"

A(op?, Nat, Nat) = Nat
Aop?, Int, Int) = Int

Nat <t Int - g=1. < 1= 7] ToXT1 < T XT,

T3S Td T <,

T<iT r<it”
T're
xell' x,Ttre T'te T'Fe
I'tx TrAx.e Tri T+ {ey,e1)
F'rey T'Fe ke I'rey T'Fe
I'Fege Fkople I‘I—opzeoel TFErr
T're:t
I'Fstatre

Ben Greenman and Matthias Felleisen

(x:t) el (x:7g),Tre:1, ieN

IF'tx:t TrAx:itg).e:tg=17 TFri:Nat
Tre:1 Tre:1g> 1,
F|-61:T1 rl—ellfd

Tri:lnt T {eyer): 19Xy T'keyge: e
I'key: 1
T'hey:1p T'tei:ny TF'te:7’
Aop',) =1 Aop',ro,m)=1 /<1t

Fl-opleo:r I‘I—opzeoelzr T're:r
I're
I'tdynte:7r

xerl x,The IFhyeo T'hye

'k (eo, €1)

I'pyx Thydx.e Thyi

T'rErr:t

I'hyeo T'hye ke Fhieo I'hyen
1 2
Ik e e Fhop e [k op”eye Ik, Err
lhe:t hoig=r
I'hystatte Tk mon(tg=rt.)v
(x:t)eT (x:7q), I et ieN
Fhyx:t TrAMx:itg).e:tg=71. T hi:Nat
I'hye 1 Ihie:tqg = ¢
Fher:m I'hyei:1q

Fhyi:Int T ke, er): oXT

r Hy €0 7o
’
Fl—qeozro le-Helzrl lhe:t
Alop', ) =1 NAop°,10,11) =7 1/ <1

1 2
F'hyopeg:t Thop’ee:t TIhe:rt

Ihe

'y Err:c T'hydynte:t

Mo

I'ymon(rg=r1)v: (1g=1c)

S(fst, (vg, v1)) =1y
5(snd, (’UO’ Ul>) =0
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S(op?,v,0) = e

S(sum, iy, i) =iyt

d(quotient, iy, 0) = BndryErr

d(quotient, iy, i) = |io/i1]
ifi; 0

Dy :tXv—e€

Dy(tg=1,0) =mon (1y=1.)v
ifv=Ax.eorv=monrt’v’

Dy(roX 11, {00, 1)) = (dyn 79 vy, dyn 71 V1)

Dy(Int, i) =i
Dy(Nat, i) =i
ifieN
Dy(r,v) = BndryErr
otherwise

SH:TXv—e
SH(rg=>1.,0) =mon(tg=r1.)v
Sn(ro X171, (vo, v1)) = (stat 79 vy, stat 7; v1)

Su(Int, v) =v

Sh(Nat, v) =v

dynto >hs Dy(r,v)

(mon (tg=1.)vr) v D>ys dyn 7. (vf (stat 74 v))
(Alx:7).e)v >hs e[x«—v]

op' v >ys 6(opt,v)

op” vy vy >n-s 8(op?, vo, v1)

stat 7 v >n.p Su(r,v)

Vg U1 >n.p TagErr

if vy € Z or vy = {v,0’)
(montg=rt.vr)v >yp stat . (vr (dyn 74 v))

(Ax.e)v >u.p e[x o]

op' v >p.p TagErr
if (op!, v) is undefined

op' v >u.p 6(opt,v)

op® vy v >pp TagErr

if §(op?, vy, v1) is undefined

op® vy v >up S6(op®, vy, v1)

E*[e] —n-s E*[e’]
ife >ys e

E[stat 7 E*[e]] —H-s E[stat 7 E*[e’]]
ife >ps e

E[dyn 7 E*[e]] —ns E[dyn7 E*[e']]
ife >ype’

E[Err] —ys Err

19
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E*[e] —up E°[¢']
ife >ype’
E[stat 7 E*[e]] —H-p E[stat r E*[e]]
ife >ys e
E[dyn 7 E*[e]] —n-p E[dyn T E*[¢']]
ife >ype’
—H-D Err

e =7, ¢ e |reflexive, transitive closure of —ps

e =7, p ¢ |reflexive, transitive closure of —y.p

g
—
m
=
=
—
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E.2.2 Higher-Order Theorems

Theorem 2.0 : static H-soundness
If + e : 7 then i, e : 7 and one of the following holds:
ee—jcvand vt
e e =), ¢ E[dyn 7" E*[¢’]] and e’ >y.p TagErr
e ¢ = ¢ BndryErr
o ¢ diverges
Proof:
1l he:r
by static subset
2. QED by H static progress and H static preservation.

Theorem 2.1 : dynamic H-soundness
If - e then K e and one of the following holds:
e e—fpvand hv
e e —/,  E[e’] and ¢’ >y.p TagErr
e ¢ = o BndryErr
o ¢ diverges
Proof:
1L.Ke
by dynamic subset
2. QED by H dynamic progress and H dynamic preserva-
tion.

O

Corollary 2.2 : H static soundness
If + e : 7 and e is boundary-free, then one of the following
holds:
ee—jvand vt
e ¢ —}, BndryErr
o ¢ diverges
Proof:

Consequence of the proof for static H-soundness

Corollary 2.3 : H compilation
Ifre:r
and D, extends Dy with a rule to monitor a typed function:
D/ (tg=1., Mx:7). ) = mon (1g= 1) (A(x:T). €)
and >p.p’ extends >p.p with a rule to apply a typed func-
tion:
(Alx:7).e) v >pp’ e[x<—v]
and e —p.p’ e is defined as:
Ele] —np’ Ele’]
ife DH-D/ e
E[stat T v] —pp’ E[D}(7,v)]
E[dyn 7 v] —np’" E[D)(z,v)]
E[Err] —n.p’ Err
and —>E_D' is the reflexive transitive closure of —y.p’
then one of the following holds:
fp vand jov:T
o e—7 ' TagErr
e e—} ' BndryErr
o ¢ diverges

® e—
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Proof:

O

By static H-soundness and the fact that Sy and >}y_g are
subsets of D, and >H.p’, respectively.
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E.2.3 Higher-Order Lemmas

Lemma 2.4 : Dy soundness
If i, v then iy Dy(r,v) : T
Proof:
CASE Dy(tg=1c,0) =mon(tg=1.)0:
L hymon(rg=7)v:14=1c
by k, v
2. QED
CASE v = (v, V1)
A Dy(roX1y,v) = {(dyn 15 vy, dyn 71 v1) :
1. Hy o
A h4 U1
by H inversion
2. M dyn To Vo - To
Ay dyn T101: T
by (1)
3. QED (2)
CASE v =1
A Dy(Int,v) = v :
1. QED
CASE v €N
A Dy(Nat,v) =v:
1. QED
cASE Dy(r,v) = BndryErr:
1. QED
O
Lemma 2.5 : Sy soundness
If , v : 7 then iy Su(r,v)
Proof:
CASE b,V :Tg=T,
ASH(tg=1,0v) =mon (tg=1.)v:
1. QED
CASE h, v : ToXT
A Su(roX 11, v) = (stat 1y vy, stat 7; vq) :
1. v = (vy, V1)
by canonical forms
2. Hy ot To
Aorin
by H inversion (1)
3. M stat 79 vg : 19
by the induction hypothesis (2)
4. hystat v i
by the induction hypothesis (2)
5. QED
CASE h, v : Int
ASh(nt,v) =v:
1. QED
CASE h; v: Nat
A Sy(Nat,v) =v:
1. QED
O
Lemma 2.6 : H static subset
IfT'+e:rthenT ke: .
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Proof:

By structural induction on the derivation of ' e : 7.

casg | (x:1) €T

T'rx:t

1L.Thx:t
by (x:7) €T
2. QED
CASE (x:79),Tre:1,

TrAx:tg). ety = 1,

L (x:tq), T hye:

by the induction hypothesis
2. T Axitg). e =1,
3. QED

CASE ieN

I'+i:Nat
1. QED

CASE

T'ri:lnt
1. QED

CASE T'rte:p Ther:my

T+ <€0,€1> L ToXT

1.T Hy € : 7o

AT ke :my

by the induction hypothesis
2. T M <€0,€1> LT X Ty
3. QED

casg | TFe:tgq=>1 The 1y

Theye :z.

L.The:q=>1

Al ke :1q4

by the induction hypothesis
2.Thyee e
3. QED

CASE T'key:1p A(Opl,fo) =T

Trople:t

1.T Hy € : 7o

by the induction hypothesis
2.ThHople:t
3. QED

CASE

Tre:g Tre:ny Alopt,ro,11) =7

I‘l—opzeoelzr

1. T Hy €0 To

AT hyer:ny

by the induction hypothesis
2.Thop*eger:t
3. QED
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. 4 ’ .
casg |TFe:T i<t

IF'te:r
LIThe:t
by the induction hypothesis
2.Twe:r
3. QED
CASE
T'rErr:t
1. QED

CASE Fkre

IF'tdynre:t
1.ThHe
by dynamic subset
2.Thdynte:1
by (1)
3. QED
(I
Lemma 2.7 : H dynamic subset
IfT'+ethenT Ky e.
Proof:

By structural induction on the derivation of T I- e.

casg | X €T
T'kx

L.ThHx
byxeT
2. QED

casg | x.Tre
THrAx.e

L x,The
by the induction hypothesis
2. T, Ax.e
by (1)
3. QED
CASE

T'ri
1. QED

CASE IT're T'Fe
'+ (eo, €1)
1.T Ky €o

AT F}{ €1

by the induction hypothesis
2. T iy (eo, e1)

by (1)
3. QED

CASE Fl—eo FI—61

Tk €p €1

Ben Greenman and Matthias Felleisen

1.T by €0

AT My e

by the induction hypothesis
2.T ke e

by (1)
3. QED

casg | Lhe

Trop'e
1.THe

by the induction hypothesis
2.THop'e

by (1)
3. QED

CASE FFE() Fl—el

'k cqu ey €1

1.T Ky €0
AT by e
by the induction hypothesis
2. Tk, op’ e e
by (1)
3. QED
CASE

T'FErr
1. QED

CASE I're:r
T'kstatre

1.L.The:t
by static subset
2.ThHstatre
by (1)
3. QED

Lemma 2.8 : H static progress

If i, e : 7 then one of the following holds:
e is a value
e € Err
€ —H-S e
e —p-s BndryErr

e ¢ = E[dyn 7" E*[e’]] and e’ >>y.p TagErr
Proof:

By the boundary factoring lemma, there are seven possi-

ble cases.

CASE e is a value :

1. QED

CASE ¢ = E°[vy v1] :
’

Lhyvo:t
by static hole typing
2. k4 v 1 Tg=>T
A h4 V1. Tg
by H inversion
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3. vy = Mx:1)). ¢
V vy = mon (1,=1/) vr
by canonical forms
4. 1F vy = Mx:7)). e :
a. e > E*e’[x —v1]]
by vy v1 D.s e’[x o]
b. QED
ELSE 0y = mon (7, =71/) vf:
a. e =5 E*[dyn 7/ (vr (stat 7 v1))]
by vo v1 >y.s dyn 7/ (v (stat Tg'l v1))
b. QED
CASE e = E*[op! 0] :
L opo:t
by static hole typing
2. v X1
by H inversion
3. v = (vg, V1)
by canonical forms
4. 1F op' =fst:
a. d(fst, (v, v1)) = vy
b. e —p.s E*[vo]
by op! v >ps vy
C. QED
ELSE op' =snd:
a. 8(snd, (vg,v1)) = vy
b. e —p.s E*[v1]
by op! v s 1
C. QED
CASE e = E*[op? vy v1]:
L K op2 vy v T
by static hole typing
2. kDot To
Apyorin
A A(opz, 70, 71) = 1”7
by H inversion
3. 8(op?, vg,vp) = €’
by A type soundness (2)
4. op® vy vy Dy €
by (3)
5. QED by e — s E*[e’]

casE e = E[dyn 7’ e’] and e’ is boundary-free :

1. e’ is a value
Ve’ €Err
Ve =D e
Ve’ —p.p BndryErr
Ve =E’[e] and e” >p.p TagErr
by H dynamic progress
2. 1F ¢’ is a value :
a. QED e —p.s E[Dn(’,e’)]
IF ¢’ € Err:
a. QED e —y.g e’
IF ¢/ —>ype’:
a. QED e —p.s E[dyn 7’ ¢”]
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IF ¢ —p.p BndryErr:
a. QED e —p.s E[dyn 7’/ BndryErr]
ELSE ¢’ = E’[¢”] and e” >.p TagErr:
a. E' € E*
by e’ is boundary-free
b. QED

CASE e = E[stat 7’ ¢’] and e’ is boundary-free :

1. ¢’ is a value
Ve €Err
Ve s e’
Ve’ —p.s BndryErr
Ve =E"[dynt” E*”’[e’]] and " >y.p TagErr
by H static progress
2. IF ¢’ isavalue:
a. QED e —p.s E[Sp(7/, ¢’)]
IF ¢’ € Err:
a. QED e —n.g e’
IF ¢/ —>pse’:
a. QED e —p.5 E[stat 77 e’’]
IF e —p.s BndryErr:
a. QED e —p.s E[stat 7/ BndryErr]
ELSE ¢’ =E”[dyn " E*”[e¢”’]] and e” >y.p TagErr

a. Contradiction by e’ is boundary-free

CASE e = E[Err]:

O

1. QED e — s Err

Lemma 2.9 : H dynamic progress
If 1, e then one of the following holds:

e is a value

e € Err

€ —H-D e

e —p-p BndryErr

e = E[e’] and e’ >>p.p TagErr

Proof:
By the boundary factoring lemma, there are seven cases.
CASE e is a value :

1. QED

CASE e = E*[vg vq] :

IF vy = Ax.e’:
1. e =pp E*[e/[x —v]]
by vy v1 D>hp €'[x 1]
2. QED
IF vg = mon (74 = 1.) vf :
1. e —y.p E*[stat 7. (vf (dyn 74 v1))]
by vy v1 >h.p stat 7. (v (dyn 74 v1))
2. QED
ELSE vy = i
Vo =(v,v):
1. e =n.p TagErr
by (v v1) >p-p TagErr
2. QED

CASE e = E*[op! 0] :

F S(opl,v)=¢’:
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1. (op' v) >yop €’
2. QED
ELSE (op',v) is undefined :
1. e =n.p TagErr
by (op' v) >n.p TagErr
2. QED
CASE e = E*[op? vy v1]:
F S(op?, v, v1) =€’
1. op2 Vo U1 >yp €’
2. QED
ELSE &(op?, v, v;) is undefined :
1. e =»n-p TagErr
by op? vy v1 >.p TagErr
2. QED
caskE e = E[dyn 7’ e’] and e’ is boundary-free :
1. ¢’ is a value
Ve’ €Err
Ve =D e
Ve’ —y.p BndryErr
Ve’ = E[e’] and e’ >y.p TagErr
by H dynamic progress
2. IF ¢’ is a value :
a. QED e —y.p E[Du(r/, e’)]
IF ¢’ € Err:
a. QED e —>y.p €’
IF ¢/ —>ype’:
a. QED e —p.s E[dyn 7/ ¢”’]
IF ¢ —p.p BndryErr:
a. QED e —p.p E[dyn 7’ BndryErr]
ELSE ¢’ = E[e’’] and e” >p.p TagErr:
a. E€ E*
by e’ is boundary-free
b. QED
CASE e = E[stat 7’ ¢’] and e’ is boundary-free :
1. ¢’ is a value
Ve’ € Err
Ve s e’
Ve’ —p.s BndryErr
Ve =E"[dynt” E*”’[e’]] and e”’ >y.p TagErr
by H static progress
2. IF ¢’ is a value :
a. QED e —p.s E[Su(r/,€)]
IF e’ € Err:
a. QED e —n.g e’
IF ¢/ —>pse’:
a. QED e —p.s E[stat 77 e’’]
IF ¢’ —.s BndryErr:
a. QED e —p.s E[stat 7’ BndryErr]
ELSE ¢’ =E”[dyn " E*”[¢”’]] and e” t>y.p TagErr

a. Contradiction by e’ is boundary-free
CASE e = E[Err]:

1. Qep e —yp Err
O
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Lemma 2.10 : H static preservation
Ifhye:rande —ps e’ thenk e : 7
Proof:
By the boundary factoring lemma there are seven cases.
CASE e is a value :
1. Contradiction by e —p.s €’
CASE e = E°*[vy vq] :
IF Uy = A(x:7y). €
Ae —ps E*[e[x —v]]:
1y vo 7
by static hole typing
2. Vo Tg=Tc
ANhyv1:14
ANt <t/
by H inversion
3.1 <ty
by canonical forms (2)
4. (x:1y) e’ i
by H inversion (2)
5. U1 Ty
by (2, 3)
6. by e [xe—uv]: 7,
by substitution (4, 5)
7. e [xev]: 7
by (2, 6)
8. QED by hole substitution (7)
ELSE vy = mon (14 = 1) vf
A e —ys E°[dyn 7. (vr (stat 74 v1))] :
L oot
by static hole typing
2. hyvy 1 T;=>1,
A1ty
AT, < T
by H inversion
3. Koy
by H inversion (2)
4. =T < Té:>TC’
by canonical forms (2)
5. T‘; <ty
AT < T
by (4)
6. hyv1: 14
by (2, 5)
7. Ky stat 74 v
by (6)
8. hy v (stat 74 v1)
by (3,7)
by dyn 7. vf (stat 74 1) : 7
by (8)
10. K, dyn 7. vf (stat g v1) @ 7’
by (2, 5, 9)
11. QED by hole substitution (10)
casE e = E*[op' v]:

hed
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2641 IF v = (vg, V1) 2. hydynt’e 7’ 2696
2642 A op! = fst by boundary hole typing 2697
2643 Ae —ps E*[v] : 3. € 2698
2644 1.k, fst (v, v1) : T’ by H inversion (2) 2699
2645 by static hole typing 4. e’ 2700
2646 2. ky (vo, V1) : TOXTy by H dynamic preservation (3) 2701
2647 Aty <1/ 5.k dynt’ e’ 7’ 2702
2643 by H inversion (1) by (4) 2703
2649 3. v To 6. QED by hole substitution (5) 2704
2650 by H inversion (2) CASE e = E[stat 7’ e’] and e’ is boundary-free : 2705
2651 4. vt IF ¢’ is avalue: 2706
2652 by (2, 3) 1. e —p-s E[Sn(r’,e)] 2707
2653 5. QED by hole substitution (4) 2. by stat 7’ e’ 2708
2654 ELSE v = (U, v1) by boundary hole typing 2709
2655 A op' = snd 3.k €7 2710
2656 Ae —ps E*[v] - by H inversion (2) 2711
2657 1. k, snd (vg, v1) : T’ 4. 1, Su(r',e) 2712
2658 by static hole typing by Sy soundness (3) 2713
2659 2. by (vo,v1) : ToXTy 5. QED by hole substitution (4) 2714
2660 A <t/ ELSE ¢ —pgse’: 2715
2661 by H inversion (1) 1. e —y.s E[stat 7’ '] 2716
2662 5. i 2.y stat 7’ e’ 2717
2663 by H inversion (2) by boundary hole typing 2718
2664 4 ot 3. € 7’ 2719
2665 by (2, 3) by H inversion (2) 2720
2666 5. QED by hole substitution (4) 4. et 2721
2667 casE e = E*[op? vy v]: by H static preservation (3) 2722
2668 1. e =ns E°[6(op?, vg, v1)] 5. k, stat 7’ e” 2723
2669 by e —p.s €’ by (4) 2724
2670 Choptv it 6. QED by hole substitution (5) 2725
2671 by static hole typing CASE e = E[Err]: 2726
2672 . k0o i To 1. e >y Err 2727
2673 AR v1:T 2. QD by K, Err: 7 2728
2674 A A(opz, T0,T1) =T" 2729
2675 AT ST Lemma 2.11 : H dynamic preservation 2730
2676 by H inversion (1) Ifk, eand e >y.p e’ thenk, e’ 2731
2677 . by 8(op?, v, 01) s T Proof: 2732
2678 by A type soundness (2) By the boundary factoring lemma, there are seven cases. 2733
27 -y 8(op®,vo, v1) : 77 CASE e is a value : 73
2680 ] by (2{) 3)h b ) 1. Contradiction by e —p.p €’ 2733
2681 . QED ole substitution — . 2736
2682 CASI:ZQ e =};5[dyn 7’ ¢’] and eE i)s boundary-free : A ¢ __i [UO/ wl: 2737
2683 IF ¢’ isavalue: RN o[p! . 2738
2684 1. e >y E[Dy(tr/, €’ A e = Elleflx ol 2739
. H-S H(z’,e)] 1. kv
2083 2. jydynt’e 7’ by dynamic hole typing 2740
2686 by boundary hole typing 2.k, v 2741
2687 3. e’ Ak o 2742
2088 by H inversion (2) by H inversion (1) 7
2689 4. K, Dy, e): 3. x k, e 2744
209 by Dy soundness (3) by H inversion (2) 2745
2691 5. QEDI by hole iubstitution 4) 4 1, €' [x v 2746
2692 ELSE € —Hpe : by substitution (2, 3) 2747
2693 L. e =y E[dyn 7’ e”] 5. QED hole substitution (4) e
2694 2749

2695 25 2750
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ELSE vy = mon (14 =1.) vf
A e —yp E*[stat 7. (vr (dyn 74 v1))] :
1. Ky Vo V1
by dynamic hole typing
2. Fy Yo
A h4 U1
by H inversion (1)
3. or Ta=T7c
by H inversion (2)
4. b, dyn g0 01y
by (2)
5. by v (dyntgvp) i 7,
by (3, 4)
6. hy, stat 7. vy (dyn 74 v;)
by (5)
7. QED by hole substitution
CASE e = E*[op! 0] :
IF v = (vg, V1)
A op! = fst
Ae —nyp E*[v] :
1. opto
by dynamic hole typing
2. jv
by H inversion (1)
3. Ky vo
by H inversion (2)
4. QED by hole substitution
ELSE 0 = (Vp, V1)

A op' = snd
Ae —pp E*[vq]
1y op' v
by dynamic hole typing
2. jyv
by H inversion (1)
3. jynr

by H inversion (2)
4. QED by hole substitution
CASE e = E*[op? vy v1]:
1. e —=n.p E*[8(op?, vy, v1)]
2. by op® vy vy
by dynamic hole typing
3. FH Vo
A F}* U1
by H inversion (1)
4. iy 8(op®, vy, v1)
by & preservation (2)
5. QED by hole substitution (3)
casE e = E[dyn 7’ ¢’] and e’ is boundary-free :
IF e’ isavalue:
1. e =np E[Du(r’, ¢')]
2. jydynt’e i1’
by boundary hole typing
3. €
by H inversion (2)
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4. by Dy(r',e’) 7’
by Dy soundness (3)
5. QED by hole substitution (4)
ELSE e/ —>pype’:
1. e —p.p E[dyn 7’ ¢”]
2. hydynt’e i 7’
by boundary hole typing
3. €
AT <t
by H inversion (2)
4. e’
by H dynamic preservation (3)
5k dynt’e’ 7’
by (4)
6. QED by hole substitution (5)
CASE e = E[stat 7’ ¢’] and e’ is boundary-free :
IF ¢’ €v:
1. e =np E[Sn(r’, )]
2. b, stat 7’ e’
by boundary hole typing
3. e 7
by H inversion (2)
4. 1, Su(r',e)
by Sy soundness (3)
5. QED by hole substitution (5)
ELSE ¢ —pgse’:
1. e >y.p E[stat 7’ e”]
2. by stat 7’ e’
by boundary hole typing
3. € 7’
by H inversion (2)
4 he T
by H static preservation (3)
5.k, stat 7" e”
by ()
6. QED by hole substitution (5)
CASE e = E[Err]:
1. e »>yp Err

2. QED k, Err
O

Lemma 2.12 : H static boundary factoring
If i, e : 7 then one of the following holds:
e ¢isavalue
e e =E*[v v]

e e =FE*[op' v]
o e =E*[op® v vy]
e ¢ = E[dyn 7 ¢’] where e’ is boundary-free
e ¢ = E[stat 7 e’] where e’ is boundary-free
e ¢ = E[Err]

Proof:

By the unique static evaluation contexts lemma, there are
seven cases.
CASE e is a value :

1. QED
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CASE e = E[vy v1] :
1. E=E*
VE =E'[dyn 7 E*®]
V E = E’[stat T E*]
by inner boundary
2.1r E=E*:
a. QED e = E*[vg v ]
IF E=E'[dynt E*]:
a. QED e = E’[dyn 7 E*[vy v1]]
ELSE E = E’[stat 7 E*] :
a. QED e = E’[stat 7 E*[vg v1]]
CASE e = E[op! v] :
1. E=E*
VE =E'[dyn T E*]
V E = E’[stat 7 E*]
by inner boundary
2.1r E=E*:
a. QED e = E*[op! v]
IF E =E'[dynt E*]:
a. QeD e = E’[dyn 7 E*[op! v]]
ELSE E = E’[stat 7 E*] :
a. QED e = E’[stat 7 E*[op' v]]
CASE e = E[op? vy v1] :
1. E=E*
V E =E'[dyn 7 E*]
V E = E’[stat 7 E*]
by inner boundary
2.1r E=E*:
a. QED e = E*[op? vy v1]
IF E=E'[dynt E*]:
a. QED e = E’[dyn 7 E*[0p? vy v1]]
ELSE E = E’[stat 7 E*] :
a. QED e = E’[stat 7 E*[op? vy v1]]
cASE e = E[dyn 7 v]:
1. QED v is boundary-free
CASE e = E[stat 7 v] :
1. QED v is boundary-free
CASE e = E[Err]:

1. QED
O

Lemma 2.13 : H unique static evaluation contexts

If i, e : 7 then one of the following holds:

e ¢isavalue

e ¢ = E[v v1]

e ¢ = E[op' v]

e e = E[op? vy v1]

e ¢ = E[dyn 7 v]

e ¢ = E[stat 7 v]

e ¢ = E[Err]
Proof:

By induction on the structure of e.
CASE e =X

Ve=Ax.e

Ve=statre :
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1. Contradiction by ;e : 7
CASE e =1
Ve=Ax:1y). e
Ve=mon(rg=1.)v:
1. QED e is a value
CASE e = (ep, e1) :
IF ¢ ¢ v:
1. h1 € : 7o
by H inversion
2. €y = E0[€6]
by the induction hypothesis (1)
3.E= <E0,€1>
4. QED e = E[ej]
IF €y €U
ANep &v:
1L he:n
by H inversion
2. e = El [e{]
by the induction hypothesis (1)
3.E= <€0,E1>
4. QED e = E[e[]
ELSE €) €
Nel  Ev:
1.E=]]
2. QED e is a value
CASE e =¢je;:
IF ey ¢ v:
1. by €0 To
by H inversion
2. e = E0[€6]
by the induction hypothesis (1)
3.E= 130 e
4. QED e = E[e(]
IF ¢ €V
ANey &€ v:
Lhe:n
by H inversion
2. e = El[ei]
by the induction hypothesis (1)
3.E= €o 131
4. QED e = E[e/]
ELSE € € v
NelL€Ev:
1. E=[]
2. QED e = E[eg €]
CASE e = op' ¢ :
IF ey ¢ v:
1. by €0 To
by H inversion
2. e = Eo[e(’)]
by the induction hypothesis (1)
3.E= (U?l 120
4. QED e = E[¢(]
ELSE €y € U :
27
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1. E=[]
2. QED e = E[op' ]
CASE e = op® ¢ e; :
IF ey € v:
1. Hy €0 7o
by H inversion
2. €y = E()[e(;]
by the induction hypothesis (1)
3.E= op2 Ej eq
4. QED e = E[¢(]
IF ey €0
ANei ¢ v:
1. h1 e : 17
by H inversion
2. e = El[e{]
by the induction hypothesis (1)
3. E=op® ey E;
4. QED e = E[e]
ELSE ¢y €V
NelL€Ev:
1. E=[]
2. QED e = E[op? e €]
CASE e=dynrep:
IF ¢y ¢ v:
1. ke
by H inversion
2. €y = Eo[e(,)]

by unique dynamic evaluation contexts (1)

3. E=dyntE,
4. QED e = E[e(]
ELSE ¢ € U :
1. E=[]
2. QED e = E[dyn 7 ¢]
CASE e =statr ej:
Contradiction by ky e : 7
CASE e = Err:
1. E=[]
2. QED e = E[Err]
O

Lemma 2.14 : H inner boundary

For all contexts E, one of the following holds:

e E=E*
e E=FE'[dynt E*]
e E = FE’[stat T E*]
Proof:
By induction on the structure of E.
CASE E=E*:

1. QED
CASE E=Eje;:
1. 120 = l?'

V Ey = Ej[dyn 7 E°]

V Ey = E{[stat 7 E*]

by the induction hypothesis
2.1F Ey = E*:
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a. QED E is boundary-free
IF Ey = Ej[dyn 7 E®]:
a. E' = E(,) €1
b. QeD E = E’[dyn 7 E*]
ELSE E, = Ej[stat 7 E°] :
a. E' =Ej ¢
b. QED E = E’[stat 7 E®]
CASE E =10y E;:
1. 151 = l;‘
V Ey = E{[dyn 7 E®]
V Eq = E{[stat 7 E°]
by the induction hypothesis
2.1F E; =E*:
a. QED E is boundary-free
¥ Ey = E{[dyn 7 E*]:
a. E' = Vo Ei
b. QeD E = E’[dyn 7 E*]
ELSE E; = E{[stat 7 E°] :
a. E' = vy E]
b. QED E = E’[stat 7 E®]
CASE E = (Ep, e;):
1. Eg = E*
V Ey = Ej[dyn 7 E®]
V Ey = Ej[stat 7 E°]
by the induction hypothesis
2.1F Ey =E*:
a. QED E is boundary-free
IF Ey = Ej[dyn 7 E®]:
a. ' =(E],er)
b. QeD E = E’[dyn 7 E*]
ELSE E, = Ej[stat 7 E°] :
a. E' =(E],e;)
b. QED E = E’[stat 7 E*]
CASE E = (Z)O, 131> :
1. 151 = l;.
V E; = Ef[dyn 7 E°]
V Ey = Ef[stat 7 E®]
by the induction hypothesis
2.1F E; = E*:
a. QED E is boundary-free
IF E; = E{[dyn T E°*]:
a. E' = (v, E})
b. Qep E = E’[dyn 7 E*]
ELSE E; = E{[stat 7 E°] :
a. B = (v, E])
b. QED E = E’[stat 7 E®]
case E=op' Ey:
1. Eg = E*
V Ey = Ej[dyn 7 E®]
V Ey = Eg[stat 7 E°]
by the induction hypothesis
2.1F Ey=E*:
a. QED E is boundary-free
IF Ey = Ej[dyn 7 E®]:
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a. E' = op' E}
b. QED E = E’[dyn 7 E*]
ELSE Ey = Ej[stat 7 E°] :
a. E' = op' E}
b. QED E = E’[stat 7 E®]
casE E=op? Ege; :
1. Eg = E*
V Ey = Ej[dyn 7 E®]
V Ey = Eg[stat 7 E°]
by the induction hypothesis
2.1F Ey=E*:
a. QED E is boundary-free
IF Ey = Ej[dyn 1 E°]:
a. E' = op® E} e
b. QeD E = E’[dyn 7 E®]
ELSE Ey = Ej[stat 7 E°] :
a. E' = op® E e
b. QED E = E’[stat 7 E®]
case E=op? vy E; :
1. 121 = 13.
V Eq = E{[dyn 7 E®]
V E; = Ef[stat 7 E*]
by the induction hypothesis
2. IF E; = E*:
a. QED E is boundary-free
IF Ey = E{[dyn 1 E°]:
a. E' = op® vy E]
b. QED E = E’[dyn 7 E*]
ELSE E; = E{[stat 7 E°] :
a. E' = op® vo E]
b. QED E = E’[stat 7 E*]
CASE E=dyntEj:
1. 130 B lf'
V Ey = Ej[dyn 7’ E°]
V Ey = Ej[stat 7’ E°]
by the induction hypothesis
2.1F Ey =E*:
a. QED
IF Ey = Ej[dyn 7’ E®]:
a. E' =dynt E
b. QED E = E’[dyn 7" E°®]
ELSE Ej = Ej[stat 7" E®] :
a. E' =dyntE]
b. QED E = E’[stat 7/ E*]
CASE E =statrt Ej:
1. 150 = l;.
V Ey = Ej[dyn 7’ E®]
V Ey = Eg[stat 7" E®]
by the induction hypothesis
2.1F Ey=E*:
a. QED
IF Ey = Ej[dyn 7’ E*]:
a. B’ = stat 7 E;
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b. QeD E = E’[dyn 7" E°®]
ELSE [ = Ej[stat " E°] :

a. E' = stat 7 E

b. QED E = E’[stat t’ E*]

Lemma 2.15 : H dynamic boundary factoring
If i, e then one of the following holds:
e ¢isavalue
e e=E*[vg 1]

e = E*[op! v]

o e = E*[op? vy 0]
e ¢ = E[dyn 7 e’] where e’ is boundary-free
o ¢ = E[stat r e’] where e’ is boundary-free
e ¢ = E[Err]

Proof:

By the unique dynamic evaluation contexts lemma, there

are seven cases.
CASE e is a value :

1. QED
CASE ¢ = E[vy vq] :
1. E=E*

V E =E'[dyn 1 E*]
V E = E’[stat 7 E*]
by inner boundary
2.1fr E=E*:
a. QED e = E*[vg v ]
IF E = E’[dynt E*]:
a. QED e = E’[dyn 7 E*[vy v1]]
ELSE E = E’[stat 7 E*] :
a. QED e = E'[stat 7 E*[vg v1]]
caseE e = E[op! v]:
1. E=E*
V E =E'[dyn T E*]
V E = E’[stat T E*]
by inner boundary
2.1fr E=E*:
a. QED e = E*[op' ]
IF E =E'[dynt E*]:
a. QED e = E’[dyn 7 E*[op! v]]
ELSE E = E’[stat 7 E®] :
a. QED e = E’[stat 7 E*[op' v]]
casE e = E[op? vy 1] :
1. E=E*
VE =E'[dyn T E*]
V E = E’[stat 7 E*]
by inner boundary
2.1fr E=E*:
a. QED e = E*[op? vy vy ]
IF E = E’[dynt E*]:
a. QED e = E’[dyn 7 E*[op? vy v1]]
ELSE E = E’[stat 7 E®] :
a. QED e = E’[stat 7 E*[op? vy v1]]
CASE e = E[dyn t v]:
1. QED v is boundary-free
29
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CASE e = E[stat 7 0] :

1. QED v is boundary-free
CASE e = E[Err]:

1. QED

Lemma 2.16 : H unique dynamic evaluation contexts
If i, e then one of the following holds:
e ¢isavalue
e e = E[vg v1]

e ¢ = E[op' v]
o e = E[op vy v1]
e ¢ = E[dyn 7 v]
e ¢ = E[stat 7 U]
e ¢ = E[Err]
Proof:
By induction on the structure of e.
CASE € =X

Ve=AMx:7).e
Ve=dynte':
1. Contradiction by k, e
CASE € =i
Ve=Ax.e
Ve=mon(rg=1.)0v:
1. QED e is a value
CASE e = Err:
1. E=[]
2. QED e = E[Err]
CASE e = (eg, e1) :
IF ¢y ¢ v:
1. Fy €o
by H inversion
eo = Eo[eg]
by the induction hypothesis (1)
.E= <E(),€1>
. QED e = E[e(]
IF €y €U
Nep&v:
. h4 €1
by H inversion
e = Eyle]]
by the induction hypothesis (1)
3.E= <€0,E1>
4. QED e = E[e[]
ELSE €) € v
ANe  Ev:
1. E=[]
2. QED e is a value
CASE e =¢e;:
IF ey ¢ v:
1. Hy €o
by H inversion
2. €y = Eo[eé]
by the induction hypothesis (1)
3.E= 120 €1

N
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4. QED e = E[eg]
IF €y €V
ANel&v:
1. h1 €1
by H inversion
2. e = El[e;]
by the induction hypothesis (1)
3.E= €0 l;l
4. QED e = E[e/]
ELSE €) €
NelLEv:
1. E=[]
2. QED e = E[eg €]
CASE e = op ¢ :
IF ey ¢ v:
1. by €o
by H inversion
2. €y = Eo[e(’)]
by the induction hypothesis (1)
3.E= op1 E,
4. QED e = E[¢(]
ELSE € € U :
1. E=[]
2. QED e = E[op' ]
CASE e=op’epe; :
IF ey ¢ v:
1. by €o
by H inversion
2. €y = Eo[e(’)]
by the induction hypothesis (1)
3.E= (4?2 Ey e
4. QED e = E[¢(]
IF €y €0
ANe &v:
1. h1 €1
by H inversion
2. e = El[ei]
by the induction hypothesis (1)
3. E=op® ey E;
4. QED e = E[e/]
ELSE € € v
Nel€Ev:
1. E=[]
2. QED e = E[op? g e1]
CASE e =statr e :
IF ¢ € v:
1. K eo
by H inversion
2. €y = E0[€6]

by unique static evaluation contexts (1)

3. E =stat t E,

4. QED e = E[e(]
ELSE €y € U :

1. E=]
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2. QED e = E[stat 7 eg]
d
Lemma 2.17 : H static hole typing
Ifty, E®[e] : 7 then the derivation contains a sub-term i e : 7’
Proof:
By induction on the structure of E°.
CASE E* =[]:
1. QED E*[e] = e
CASE E* =E°e;:
1. E*[e] = E®y[e] e;
2. iy E%le] s tg=> e
by H inversion
3. QED by the induction hypothesis (2)
CASE E°® =1y E*; :
1. E*[e] = vy E*1[e]
2. hy E*le] - 14
by H inversion
3. QED by the induction hypothesis (2)
CASE E°® = (E®%),e1):
1. E*[e] = (E%le]., 1)
2. M E’O[e] )
by H inversion
3. QED by the induction hypothesis (2)
CASE E°® = (v, E*y) :
1. E*[e] = (vo, E*1[e])
2.y E*le] iy
by H inversion
3. QED by the induction hypothesis (2)
CcASE E* = op' E*:
1. E*[e] = op* E%le]
2. jy E%le] - o
by H inversion
3. QED by the induction hypothesis (2)
CASE E* = op? E*y ey :
1. E*[e] = op? E%le] e;
2. by E%le] i 1o
by H inversion
3. QED by the induction hypothesis (2)
CASE E* = op? vy E*; :
1. E*[e] = op? vy E*1[e]
2. b Ele] iy
by H inversion
3. QED by the induction hypothesis (2)

Lemma 2.18 : H dynamic hole typing
If i, E®[e] then the derivation contains a sub-term , e
Proof:
By induction on the structure of E°®.
case E*=[]:
1. QED E*[e] = e
CASE E* =FE%)e;:
1. E*[e] = E®y[e] e;
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2. M E.()[e]
by H inversion
3. QED by the induction hypothesis (2)
CASE E°® =1y E*; :
1. E*[e] = vy E*1[e]
2. |_H E'l[e]
by H inversion
3. QED by the induction hypothesis (2)
CASE E*® = (E®%),e1):
1. E*[e] = (E%[e]., e1)
2. M E'O[e]
by H inversion
3. QED by the induction hypothesis (2)
CASE E°® = (v, E*y) :
1. E*[e] = (vo, E*1[e])
2. l_H E'l[e]
by H inversion
3. QED by the induction hypothesis (2)
cASE E* = op! E%:
1. E*[e] = op* E%le]
2. M E'O[e]
by H inversion
3. QED by the induction hypothesis (2)
CASE E* = op? E%ye; :
1. E*[e] = op? E%e] e
2. l_H E'O[e]
by H inversion
3. QED by the induction hypothesis (2)
CASE E* = op? vy E*; :
1. E*[e] = op? vy E*1[e]
2. Hy E'l[e]
by H inversion
3. QED by the induction hypothesis (2)

Lemma 2.19 : H boundary hole typing
o Ify, E[dyn 7 e] : 7’ then the derivation contains a sub-term
pdynte:r
e If i, E[dyn 7 e] then the derivation contains a sub-term
hydynrte:r
o If i, E[stat 7 e] : 7’ then the derivation contains a sub-term
b statze
o If i, E[stat 7 e] then the derivation contains a sub-term
by statze
Proof:
By the following four lemmas: static dyn hole typing,
dynamic dyn hole typing, static stat hole typing, and
dynamic stat hole typing.

Lemma 2.20 : H static dyn hole typing
If i, E[dyn 7 e] : 7’ then the derivation contains a sub-term
hydynze:r.

Proof:
By induction on the structure of E.
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CASE E€E*:
1 hdynte:7”
by static hole typing
2.pydynre:t
by H inversion (1)
3. QED
CASE E=Eje;:
1. E[dyn 7 e] = Eg[dyn 7 €] ¢
2. hy Eo[dynte]: 7
by H inversion
3. QED by the induction hypothesis (2)
CASE E=vy E;:
1. E[dyn 7 e] = vy E1[dyn T €]
2. hy Ei[dynte]: 7y
by H inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep,e1):
1. E[dyn 7 e] = (Eo[dyn T €], e1)
2. jy Eo[dynte]: 7o
by H inversion
3. QED by the induction hypothesis (2)
CASE E = (vy,Eq):
1. E[dyn 7 e] = (vg, E1[dyn 7 e])
2. hy Ei[dynte]: 7y
by H inversion
3. QED by the induction hypothesis (2)
case E =op! Ey:
1. E[dyn 7 e] = op' Ey[dyn T e]
2. jy Eo[dynte] : 7o
by H inversion
3. QED by the induction hypothesis (2)
case E=op’ Ege; :
1. E[dyn 7 e] = op? Eg[dyn T e] e;
2. hy Eo[dynte]: 7o
by H inversion
3. QED by the induction hypothesis (2)
case E=op? vy E; :
1. E[dyn 7 e] = op? vy E1[dyn 7 e]
2. hy Ei[dynte] : 1y
by H inversion
3. QED by the induction hypothesis (2)
casE E =dynr Ep:
1. E[dyn 7 e] = dyn 9 E¢[dyn 7 €]
2. iy Eo[dyn 7 e]
by H inversion
3. QED by dynamic dyn hole typing (2)
CASE E =stat 1y Ej :
1. Contradiction by i, E[dyn 7 e] : 7’

O

Lemma 2.21: H dynamic dyn hole typing
If 4, E[dyn 7 e] then the derivation contains a sub-term

hpdynrte:r.

Proof:
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By induction on the structure of E.
CASE E € E*:
1. Contradiction by K, E[dyn 7 €]
CASE E=Eje;:
1. E[dyn 7 e] = Eo[dyn T e] e;
2. iy Eo[dyn 7 e]
by H inversion
3. QED by the induction hypothesis (2)
CASE E=1vy E;:
1. E[dyn 7 e] = vy E1[dyn 7 €]
2. iy Ey[dyn 7 e]
by H inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep, e1):
1. E[dyn 7 e] = (Eo[dyn 7 €], e1)
2. iy Eo[dyn 7 e]
by H inversion
3. QED by the induction hypothesis (2)
CASE E = (vy,E;) :
1. E[dyn 7 e] = (vy, E1[dyn T €])
2. iy Ey[dyn 7 e]
by H inversion
3. QED by the induction hypothesis (2)
caseE E = op' Ey:
1. E[dyn 7 ] = op! Ey[dyn 7 e]
2. iy Eo[dyn 7 e]
by H inversion
3. QED by the induction hypothesis (2)
casE E=op? Eye; :
1. E[dyn 7 e] = op? Eo[dyn T €] e
2. iy Eo[dyn 7 e]
by H inversion
3. QED by the induction hypothesis (2)
case E = op? vy E; :
1. E[dyn 7 e] = op? vy E1[dyn 7 €]
2.y Ey[dyn T e]
by H inversion
3. QED by the induction hypothesis (2)
CcASE E=dyntEj:
1. Contradiction by K, E[dyn 7 €]
CASE E =statp Ej :
1. E[dyn 7 e] = stat 7y Eo[dyn 7 €]
2. iy Eo[dynte] : 7o
by H inversion
3. QED by static dyn hole typing (2)

Lemma 2.22 : H static stat hole typing
If i, E[stat 7 e] : 7’ then the derivation contains a sub-term

Hy stat e
Proof:

By induction on the structure of E.
CASE E € E*:
1. Contradiction by K, E[stat 7 e] : 7’
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CASE E=Eje;:
1. E[stat 7 e] = Ey[stat 7 e] e;
2. ky Eo[stat T e] : 7o
by H inversion
3. QED by the induction hypothesis (2)
CASE E=vyE;:
1. E[stat 7 e] = vy E{[stat 7 €]
2.k, Eq[stat T e] : 1y
by H inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep,e;):
1. E[stat 7 e] = (Eg[stat T e], e1)
2. iy Eo[stat T e] : 7o
by H inversion
3. QED by the induction hypothesis (2)
CASE E = (vy,Eq):
1. E[stat 7 e] = (v, E1[stat 7 e])
2.k, Eq[stat T e] : 1y
by H inversion
3. QED by the induction hypothesis (2)
case E =op! Eg:
1. E[stat 7 e] = op® Ey[stat 7 e]
2. iy Eo[stat T e] : 7o
by H inversion
3. QED by the induction hypothesis (2)
case E=op’ Ege; :
1. E[stat 7 e] = op? Eo[stat 7 e] ¢;
2. iy Eo[stat T e] : 7o
by H inversion
3. QED by the induction hypothesis (2)
case E=op? vy E; :
1. E[stat 7 e] = op? vy Ey[stat 7 e]
2.y Eq[statte] : 1y
by H inversion
3. QED by the induction hypothesis (2)
casE E =dynrg Ep:
1. E[stat 7 e] = dyn 7y Eo[stat 7 e]
2. iy Eo[stat 7 e]
by H inversion
3. QED by dynamic stat hole typing (2)
CASE E =stat p Ey :

1. Contradiction by i, E[stat 7 e] : 7’
O

Lemma 2.23 : H dynamic stat hole typing
If 1, E[stat 7 e] then the derivation contains a sub-term
hy stat t e.
Proof:
By induction on the structure of E.
CASE E € E*:
1. QED by dynamic hole typing
CASE E=Eje;:
1. E[stat 7 e] = Ey[stat 7 e] e;
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2. iy Eg[stat 7 e]
by H inversion
3. QED by the induction hypothesis (2)
CASE E=1vy E;:
1. E[stat 7 e] = vy E{[stat T €]
2. iy Eq[stat 7 e]
by H inversion
3. QED by the induction hypothesis (2)
CASE E = (Eg,e;):
1. E[stat 7 e] = (Eg[stat T e], e;)
2. iy Eo[stat 7 e]
by H inversion
3. QED by the induction hypothesis (2)
CASE E = (vy, E;) :
1. E[stat 7 e] = (v, Eq[stat T e])
2. by Eq[stat 7 e]
by H inversion
3. QED by the induction hypothesis (2)
caseE E = op' Ey:
1. E[stat 7 e] = op® Ey[stat 7 e]
2. iy Eo[stat 7 e]
by H inversion
3. QED by the induction hypothesis (2)
casE E=op? Eye; :
1. E[stat 7 e] = op® Eo[stat 7 e] e;
2. iy Eo[stat 7 e]
by H inversion
3. QED by the induction hypothesis (2)
case E = op? vy E; :
1. E[stat 7 e] = op?® vy E;[stat 7 e]
2. by Eq[stat 7 e]
by H inversion
3. QED by the induction hypothesis (2)
casE E=dyntE:
1. Contradiction by k, E[stat 7 e]
CASE E = stat 1y Ey :
1. E[stat 7 e] = stat 7y Eq[stat 7 e]
2.y Eo[stat T e] : 7o
by H inversion
3. QED by static stat hole typing (2)

Lemma 2.24 : H static boundary-free hole substitution
If b, E*[e] : 7 and the derivation contains a sub-term i, e : 7’
and b, e’ : 7’ then by E°[€] : 7.
Proof:

By induction on the structure of E*
CASE E* =[]:
1. E’[e] = e
ANE°[e'] =¢
2. jye:t
by (1)
3.77=1
4. p e T
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5. QED by (1, 4)
CASE E®* =E°je;:
1. E*[e] = E®y[e] e;
ANE®[e'] = E%le’] e
2. hy E%le]l e : 7
3. M E.o[e] )
Ahjer:
by H inversion
4., E%le’] s o
by the induction hypothesis (3)
5.k E%le’]er: 7
by (2, 3, 4)
6. QED by (1, 5)
CASE E* =vy E*; :
1. E*[e] = vy E*1[e]
A E*[e’] = vy E*1[€’]
2. H Yo E'l[e] i T
3. by Dot To
A M E'l[e] st
by H inversion
4. my Ei[e’] i
by the induction hypothesis (3)
5. Hy o E'l[e’] T
by (2, 3, 4)
6. QED by (1, 5)
case E* = op' E%:
1. E*[e] = op' E%[e]
AE°[e’] = op' E*y[e’]
2.y opt E%le] : 7
3. B E'O[e] )
by H inversion
4. M E’O[e’] )
by the induction hypothesis (3)
5.k, opt E%[e’] : T
by (2, 3, 4)
6. QED by (1, 5)
CASE E* = (E%,e):
1. E*[e] = (E%o[e], e1)
NE®[e'] = (E%o[e’], er)
2. B <E'0[€],€1> T
3. M E'O[e] )
Ahyer:n
by H inversion
4. M E.o[el] )
by the induction hypothesis (3)
5.k (E%le’],er) s T
by (2, 3, 4)
6. QED by (1, 5)
CASE E® = (v, E®y) :
1. E*[e] = (v, E*1]e])
A E®[e'] = (vo, E*1[€’])
2. by (vo, E*qle]) : T
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3. Hy Yo To
Ay E*ife] iy
by H inversion
4. j E*[e’] iy
by the induction hypothesis (3)
5. M <’U(),E.1[€/]> i T
by (2, 3, 4)
6. QED by (1, 5)
caSE E* = op* E%e;:
1. E*[e] = op? E%e] e
AE*[e'] = op? E%le’] e
2. b, op* E%le] e : 7
3. M E.o[e] 1Ty
A her:n
by H inversion
4. M E'O[e'] )
by the induction hypothesis (3)
5.k, op* E%le’ler:
by (2, 3, 4)
6. QED by (1, 5)
casE E* = op’ v E*y :
1. E*[e] = op® vy E*1[e]
A E°[e’] = op? vy E*4[e’]
2. ky op® vo E*q[e] i T
3. Hy Yo : To
Aty E*le] i1
by H inversion
4. M E'l[e/] T
by the induction hypothesis (3)
5.k op? vo E*1[e'] : T
by (2, 3, 4)
6. QED by (1, 5)
O
Lemma 2.25 : H dynamic hole substitution
If i, E®[e] and iy e’ then i E®[e’]
Proof:
By induction on the structure of E*
CASE E* =[]:
1. QED E*[e'] = ¢’
CASE E*® = (E®%),e1):
1. E*[e] = (E%[e], e1)
NE*[e’] = (E%o[e’]. e1)
2. by (E%o[e], e1)
3. M E.o[e]
A by e
by H inversion
4. hy E%le’]
by the induction hypothesis (3)
5.k (E®ole’], er)
by (3, 4)
6. QED by (1, 5)
CASE E°® = (v, E*y):
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6.

. E*[e] = (v, E*1[e])

A E*[e’] = (vo, E*1[€’])

.ty {vo, E*1[e])
-y Y

A |_H E’l[e]
by H inversion

.y E*[e’]

by the induction hypothesis (3)

- by o, E*1[e’])

by (3, 4)
QED by (1, 5)

CASE E®* = E%je;:

1.

6.

E*[e] = E*ole] &
ANE°[e’] = E%le’] ex

. l_H E’O[e] €1
. I-H E'O[e]

A h4 €1
by H inversion

.y E®ole’]

by the induction hypothesis (3)

.y Eole’] e

by (3, 4)
QED by (1, 5)

CASE E* =vy E*; :

1.

6.

E*[e] = vy E*1[e]
A E*[e’] = vy E*1[€’]

.y vo E*q[e]
TR

A I-H E'l[e]
by H inversion

. l_H E'l[e']

by the induction hypothesis (3)

. I-H Vo E'l[e’]

by (3, 4)
QED by (1, 5)

CcASE E* = op! E%:

1.

6.

E*[e] = op' E*o|e]
AE*[e’'] = op' E%le’]

. by op' E%o[e]
. I-H E'o[e]

by H inversion

. l_H E’O[e']

by the induction hypothesis (3)

. by op' E%o[e’]

by (4)
QED by (1, 5)

cASE E* = op’ E%e;:

1.

2.
3.

E*[e] = o Eole] e,
ANE*[e'] = op? E*o[e’] e
M Opz E'O[e] (4]

M E'o[e]

A h4 €1

by H inversion
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4.y E%le’]
by the induction hypothesis (3)
5. ky op® E%le’] e
by (3, 4)
6. QED by (1, 5)
CASE E* = op? vy E*; :
1. E*[e] = op? vy E*[e]
A E*[e’] = op? vy E*1[€’]
2. K, op? vy E*1[e]
3. FH Vo
A l_H E.l [e]
by H inversion
4. ky E*%4[e']
by the induction hypothesis (3)
5. k, op® vo E*1[€’]
by (3, 4)
6. QED by (1, 5)
|
Lemma 2.26 : H hole substitution
e If i, E[e] and the derivation contains a sub-term i, e : 7’
and i, ¢’ : 7’ then k, E[¢’].
o If i, E[e] and the derivation contains a sub-term k, e and
Hy e then iy Efe’].
o If b, E[e] : 7 and the derivation contains a sub-term i, e :
" and iy e’ : 7’ then iy E[e’] : 7.
e If i, E[e] : 7 and the derivation contains a sub-term , e
and i, e’ then iy E[e’] : 7.
Proof:
By the following four lemmas: dynamic context static hole
substitution, dynamic context dynamic hole substitution,
static context static hole substitution, and static context
dynamic hole substitution.

Lemma 2.27 : H dynamic context static hole substitution
If 1, E[e] and contains k, e : 7/, and furthermore i, e’ : 7/,
then 1 E[e’]

Proof:

By induction on the structure of E.
casE Ec€E*:
1. Contradiction by ; E[e]
CASE E=E)e;:
1. E[e] = Eyle] ex
2. M Eo[e]
by H inversion
3. QED by the induction hypothesis (2)
CASE E =9y E;:
1. E[e] = vy Eq[e]
2. M E; [e]
by H inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep,e;):
1. E[e] = (Eole]. e1)
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2. M Eo[e]
by H inversion
3. QED by the induction hypothesis (2)
CASE E = (vy, E;) :
1. E[e] = (vo, Eq[e])
2. |_H E1 [e]
by H inversion
3. QED by the induction hypothesis (2)
case E =op! Ey:
1. E[e] = op! Eqle]
2. M 130[8]
by H inversion
3. QED by the induction hypothesis (2)
caseE E=op’Epe; :
1. E[e] = op® Eo[e] e
2. M 130[6]
by H inversion
3. QED by the induction hypothesis (2)
case E =op? vy E; :
1. E[e] = op? vy Ey[e]
2. l_H E1 [6]
by H inversion
3. QED by the induction hypothesis (2)
casE E=dynt" E:
1. Contradiction by k, E[e]
CASE E =stat 1y Ej :
1. E[e] = stat 7y Eg[e]
2. M Eo[e] )
by H inversion
3. QED by static context static hole substitution (2)

Lemma 2.28 : H dynamic context dynamic hole substitution
If 4, E[e] and contains k, e, and furthermore K, e’, then
hy Ele’]

Proof:

By induction on the structure of E.
casE E € E*:
1. QED by dynamic boundary-free hole substitution
CASE E=Eje;:
1. E[e] = Eole] e;
2. B Eo[e]
by H inversion
3. QED by the induction hypothesis (2)
CASE E =9y E;:
1. E[e] = vy Eq[e]
2. B E, [e]
by H inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep,e;):
1. Ele] = (Eo[e], er)
2. M Eo[e]
by H inversion
3. QED by the induction hypothesis (2)
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CASE E = (v, E{):
1. E[e] = (vo, Eq[e])
2. I-H E, [6]
by H inversion
3. QED by the induction hypothesis (2)
casE E=op' Ey:
1. E[e] = op' Eqle]
2. M Eo[e]
by H inversion
3. QED by the induction hypothesis (2)
case E=op’ Ege; :
1. E[e] = op? Eyle] e
2. M Eo[e]
by H inversion
3. QED by the induction hypothesis (2)
case E=op? vy E; :
1. E[e] = op? vy E1[e]
2. M 121[6]
by H inversion
3. QED by the induction hypothesis (2)
casE E=dynt"” Ey:
1. Contradiction by k, E[e]
CASE E =statrp Ej :
1. E[e] = stat 7y Eo[e]
2. M Eo[e] )
by H inversion
3. QED by static context dynamic hole substitution (2)

Lemma 2.29 : H static context static hole substitution
If b, E[e] : 7 and contains i, e : 7/, and furthermore i e’ : 7/,
then iy E[e’] : 7

Proof "

By induction on the structure of E.
case Ec€E*:
1. QED by static boundary-free hole substitution
CASE E=FEje;:
1. E[e] = Eyle] e1
2. iy Eole] : 7o
by H inversion
3. QED by the induction hypothesis (2)
CASE E=1vy E;:
1. E[e] = vy Eq[e]
2. I-H El[e] T
by H inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep,e1):
1. Ele] = (Eole]., e1)
2. M Eo[e] )
by H inversion
3. QED by the induction hypothesis (2)
CASE E = (v, Eq):
1. E[e] = (vo, Ex[e])
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2. M El[e] i T
by H inversion
3. QED by the induction hypothesis (2)
case E =op! Ey:
1. E[e] = op! Egle]
2. M E()[e] )
by H inversion
3. QED by the induction hypothesis (2)
caseE E=op’ Ege; :
1. E[e] = op® Eo[e] e
2. M Eo[e] )
by H inversion
3. QED by the induction hypothesis (2)
casE E = op? vy E; :
1. E[e] = op? vy Ey[e]
2. hy Eile] iy
by H inversion
3. QED by the induction hypothesis (2)
casE E =dynr Ey:
1. E[e] = dyn 1y Ey[e]
2. M 130[6]
by H inversion
3. QED by static dyn hole typing (2)
CASE E =statrp Ej :
1. Contradiction by K, E[e] : T
O
Lemma 2.30 : H static context dynamic hole substitution
If i, E[e] : 7 and contains ; e, and furthermore ; €', then
m Ele’]: 7
Proof:
By induction on the structure of E.
casE E € E*:
1. Contradiction by K, Ele] : 7
CASE E=E)e;:
1. E[e] = Egle] e;
2. M Eo[e] )
by H inversion
3. QED by the induction hypothesis (2)
CASE E=vyE;:
1. E[e] = vy Eq[e]
2. hy Eq[e] : 1y
by H inversion
3. QED by the induction hypothesis (2)
CASE E = (Eg, e;):
1. E[e] = (Eo[e]. er)
2. M Eo[e] 1Ty
by H inversion
3. QED by the induction hypothesis (2)
CASE E = (vy,Eq):
1. Ele] = (vo, Eq[e])
2. M El[e] i T
by H inversion
3. QED by the induction hypothesis (2)
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casE E=op' Ey:
1. E[e] = op' Eyle]
2. M Eo[e] )
by H inversion
3. QED by the induction hypothesis (2)
cASE E=op’ Eye; :
1. E[e] = op? Eyle] e
2. M Eo[e] )
by H inversion
3. QED by the induction hypothesis (2)
case E =op? vy E; :
1. E[e] = op? vy E1[e]
2. by Eq[e] : 1y
by H inversion
3. QED by the induction hypothesis (2)
casE E=dynrg Ep:
1. E[e] = dyn 7y Ege]
2. M E()[e]
by H inversion
3. QED by dynamic stat hole typing (2)
CASE E =stat 1y Ey :
1. Contradiction by K, E[e] : 7
O
Lemma 2.31: i, static inversion
e Ifl'y, x:7then(x:7")eland 7/ < 7

o If T ky Alx :7)).e : 7 then (x:7)),[ ke : 7/ and
ST ST

o IfT' 1, (eg,e1) : thenT ke : pand T K, e; : 7y and
ToXT] <'T

o Ifl'eper:tcthenlT ke :7;=r7/andT ke : 7} and
Tc/ < T

o IfT' i, fste : 7 thenT k, e : foX1y; and A(fst, roX1y) = 79
and o <i'T

o IfT'k,snde:rthenT i e: 7oX7y and A(snd, o X71) = 7
and <i'tT

eIfI'h,op’eye; : TthenT ke : rpand T K e; : 77 and

Nop?,tg,11) =7’ and 7/ < T
e IfI'y,montg=7.v :rthenT hyv' and 1y =7, <' 7
eIfl'h,dynt’e’ :rthenl e and 7’ <i 7
Proof:
QED by the definition of I' i, e : 7

Lemma 2.32 : b, dynamic inversion
e Ifl', xthenx el
o IfI' b, Ax. e’ then x,T 1 €
o IfI' i, (ep,e1) thenT 1, e and Ik, e;
o IfT'k epe;thenT by epand T iy e
o IfT' K, op' e then T Hy €0
e IfT k, op® eg ey thenT e and T K, e
e IfI'y, montg=r1.v thenT kv : 1y =7,
o IfI' b, stat 7" e’ thenT 1, e’ : 7’

Proof:
QED by the definition of ' 1, e
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O

Lemma 2.33 : H canonical forms
o If b, v : oX7y then v = (vg, v1)
o If b, v : 7= 1, then either:

- v=Ax:1y). €
ANTg <F Ty
—orv=mon(r;=1,)v
A Té:>1'c’ <y
o If, v:Intthenv € i
o Ifh, v : Natthenv € N

Proof:

QED by definition of by, e : 7

O

Lemma 2.34 : A type soundness

Ifj, vo : and K, v; : 77 and A(op?, 19, 71) = 7 then h
S(op?, vg,v1) : T.
Proof:

By case analysis on the definition of A.
CASE A(sum, Nat, Nat) = Nat :
1. vy = i, iy eN
Av =101, €N
by canonical forms
2. 5(sum, io, i]) =ig+i; €N
3. QED
CASE A(sum, Int, Int) = Int:
1. Vo = io
AU = il
by canonical forms
2. 5(5um, io, il) =iy+i; €1
3. QED
caseE A(quotient, Nat, Nat) = Nat :
1. vy = iy, I eN
Av =101,i1 €N
by canonical forms
2. IF i] =0:
a. d(quotient, iy, i;) = BndryErr
b. QED by k, BndryErr: 7
ELSE i1 #0:
a. d(quotient, ig, i1) = |ip/i1] € N
b. QED
cAsE A(quotient, Int, Int) = Int :
1. Vo = io
AU = il
by canonical forms
2.1IF i1 =0:
a. d(quotient, ig, i1) = BndryErr
b. QED by k, BndryErr: 7
ELSE i1 #0:
a. d(quotient, iy, i1) = |ip/i1] € i
b. QED
O

Lemma 2.35 : § preservation

Ben Greenman and Matthias Felleisen

e If i, vand §(op',v) = e thenk, e
e If i, v and k, v; and 5(op?, vg,v1) = e then H e
Proof:
cAsE O(fst, (v, v1)) = vy :
1. b Yo
by H inversion
2. QED
cASE d(snd, (vg,v1)) = vy :
1. FH (%]
by H inversion
2. QED
CASE 6(sum, vy, v1) = vy + 0y ¢
1. QED
cAsE S(quotient, vy, v1) = |vo/v1] :
1. QED
cASE 8(op?, vy, v1) = BndryErr :
1. QED
|
Lemma 2.36 : H substitution
o If (x:7), T iy eand by v : 7, then T ky e[x 0]
o Ifx,T ,eand i, v then T k, e[x ]
o If(x:7y), T iye:tand by v : 7y thenT h e[x 0] : T
o Ifx,Thye:randy vthenT kye[x—v]: 7
Proof:
By the following four lemmas: dynamic context static
value substitution, dynamic context dynamic value substi-
tution, static context static value substitution, and static
context dynamic value substitution.

O

Lemma 2.37 : H dynamic-static substitution
If (x:74),T hyeand iy v : 7, then T iy e[x <]

Proof:
By induction on the structure of e.
CASE € =X:

1. Contradiction by (x:7y),T K x
CASE e =x":
1. QED by (x'[x «v]) = x’
CASE e =1i:
1. Qep by i[x—v] =i
CASE e = Ax".¢":
1. e[x—v] = Ax’. (e/[x —v])
2. x',(x:7%), T by €’
by H inversion
3. x", Ty e'[x ]
by the induction hypothesis (2)
4. Ty Ax'. (e'[x <))
by (3)
5. QED
CASE e = A(x":7'). e :
1. Contradiction by (x:7y),T ke
CASE e = mon(tg=1.)v":
1. e[x —v] = mon (tg=r1.)v'[x 0]
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4181 2. (x:1x), Ty v g =1, 3. T e[xe—v]: 7’ 4236
4182 by H inversion by static context static value substitution (2) 4237
4183 3.Tv[xe—v]:g=>7 4. T iy stat 77 e’[x 0] 4238
4184 by static context static value substitution (2) by (3) 4239
4185 4. Ty mon (14 =17.) v'[x 0] 5. QED 4240
4186 by (3) CASE e = Err: 4241
4187 5. QED 1. QED Err = Err[x «v] 4242
4188 CASE e = <60,61> : (I 4243
4189 1. e[x <] = (eo[x —v], e1[x < v]) Lemma 2.38 : H dynamic-dynamic substitution 4244
4190 2. (x:1x), T hy e If x,T' by e and iy v then T 1, e[x <] 4245
4191 A(x:te), Ty e Proof: 1240
4192 by H inversion By induction on the structure of e a2
4193 3. Tk, eo[x 2] CASE e = X : 4248
4194 AT by er[x o] l.e[xe—v]=v e
4195 by the induction hypothesis (2) 2.T o 1220
4196 4. T 1y (eg[x ], e1[x —v]) by weakening 1
4197 by (3) 3. QED 2
4198 5. QED CASE e =x": 1253
4199 CASE e =¢pe;: 1. QED by (x'[x «—v]) = x’ 2t
4200 1. e[x —v] = gy[x —v] e1[x 0] CASE e=1i: 4255
4201 2. (x:7x), 'k € 1. Qe by i[x 0] =i 1296
4202 A(xity), Iy e CASE e = Ax".¢’: 4257
4203 by H inversion 1. e[x—v] = Ax". (e/[x «v]) 1208
4204 3. Tk, eo[x 2] 2. x",x,T iy e 1299
4205 AT by er[x o] by H inversion 1200
4206 by the induction hypothesis (2) 3. %/, Tk €'[x 0] 4261
4207 4. T 1y eo[x 0] e1[x 7] by the induction hypothesis (2) 1202
4208 by (3) 4. T ky Ax’. (e[x <)) 1269
4209 5. QED by (3) o
4210 CASE e = op' ¢ : 5. QED 4205
4211 1. e[x 0] = op! ey[x 1] CASE e = A(x":7"). ¢ : 1200
4212 2. (x:11x), Ty eo 1. Contradiction by x,I" k, e o7
4213 by H inversion CASE e =mon (14 =1,)v" : 1268
4214 3. T ky eo[x <] 1. e[x o] = mon (g = 1) v'[x —v] 1269
4215 by the induction hypothesis (2) 2. x,Tiyv i y=>re 1270
4216 4. T ky op' eg[x 0] by H inversion 2
4217 by (3) 3.T v [xe—v]:y=r1 27
4218 5. QED by static context dynamic value substitution (2) 27
4219 CASE e = op’ ¢ e; : 4. T Ry mon (tg=17.) v'[x 0] 127
4220 1. e[x —v] = op? eg[x —v] e1[x 0] by (3) 4275
4221 2. (x:7%),T ke 5. QED e
4222 Ax:ty), T ke CASE e = (ep, e1) : 2
4223 by H inversion 1. e[x —v] = (eg[x ], e1[x —v]) e
4224 3. T iy eo[x ] 2. x,T' 1, eo .
4225 ATk er[x 1] Ax,T ke 4280
4226 by the induction hypothesis (2) by H inversion 2l
4227 4. Tk, op? eo[x —v] ey[x 0] 3. T Ky eo[x ] e
4228 by (3) ATk, er[x 0] 1289
4229 5. QED by the induction hypothesis (2) 128
4230 CASE e =stat 7’ e’ : 4. Tk, {eolx 0], e1[x 0]) 4285
4231 1. e[x —v] = stat 7 e’[x 0] by (3) 128
4232 2. (x:7y), Ty e’ 7’ 5. QED e
4233 by H inversion CASE e =¢pe;g: 1288
4234 4289

4235 39 4290
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1. e[x —v] = ey[x —v] e1[x 0]
2. x,T by €0
Ax,T by e
by H inversion
3. T iy eo[x ]
AT by er[x o]
by the induction hypothesis (2)
4. T 1 eo[x —v] eg[x 2]
by (3)
5. QED
CASE e = op ¢ :
1. e[x —v] = op' eg[x ]
2. x,T Ky €0
by H inversion
3. T iy eo[x ]
by the induction hypothesis (2)
4. Tk, op" eg[x 0]
by (3)
5. QED
CASE e=op’ ey e :
1. e[x 0] = op? eg[x 0] e;[x 0]
2. x,T ky eo
Ax,T ke
by H inversion
3. T i eo[x ]
ATy er[x o]
by the induction hypothesis (2)
4. Tk, op? eg[x —v] ey[x 0]
by (3)
5. QED
CASE e =stat7’ e’ :
1. e[x«—v] = stat 77 e/[x < 0]
2. x,Ti e =7
by H inversion
3.T e [xev]:1
by static context static value substitution (2)
4. T 1 stat 77 e'[x <]
by (3)
5. QED
CASE e = Err:
1. QED Err = Err[x < v]

’

O

Lemma 2.39 : H static-static substitution
If(x:7%), T hye:Tand jy v : 7 thenT | e[x o] : 7
Proof:
By induction on the structure of e.
CASE e = X :
le[x—v]=v
2. (x:ty), iy xt
3T ST
by H inversion
4. pyv:t

by (3)

Ben Greenman and Matthias Felleisen

5 Tho:r
by weakening
6. QED
CASE e =x':
1. QED by (x'[x «—1v]) = x
CASE e =1i:
1. QeD by i[x —v] = i
CASE e = Ax".¢":
1. Contradiction by (x:74),T b, e: 7
CASE e = A(x":7'). e :
1. e[x—v] = Ax":7’). (e'[x «0])
2. (x":7), (x:75), Ty e’ o 7]
AT =1, <iT
3. (x":0)), Ty e'[x o] : 7]
by the induction hypothesis (2)
4. Ty AMx":1’).e’ 1
5. QED
CASE e = mon(tg=1.)v":
1. e[x —v] = mon (tg=1.) v'[x 0]
2. (x:1y), T 1y v
by H inversion
3. T iy v'[x 0]
by dynamic context static value substitution (2)
4. T hymon(tg=1) v [xev]: 1
by (3)
5. QED
CASE e = (ep, e1) :
1. e[x—v] = (eg[x —v], e1[x —v])
2. (x:1%), Tk, e0 1 19
Ax:te), T e iy
by H inversion
3.T iy eo[x 0] : 7o
AT by e[xev]:n
by the induction hypothesis (2)
4. Tk (eo[x —v], e[x—v]) : T
by (3)
5. QED
CASE e =¢ e :
1. e[x —v] = eg[x —v] e1[x 0]
2. (x:1%), Tk, e0: 19
Ax:ity), T hye iy
by H inversion
3.T iy eo[x 0] : 7o
AT by e[xe—=v]:n
by the induction hypothesis (2)
4. T hyeo[x—v]exev]: 1
by (3)
5. QED
CASE e = op' e :
1. e[x —v] = op! ey[x 0]
2. (x:1%), Tk e0 s 19
by H inversion
3.T iy eo[x 0] : 7o
by the induction hypothesis (2)

’
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4. T hop' ep[xe—v]:7
by (3)
5. QED
CASE e =op’ ey e :
1. e[x 0] = op? eg[x —v] e;[x 0]
2. (x:rx),l" Hy €0 To
ANx:te), T ey
by H inversion
3. T iy ep[x 0] : 7o
AT he[xe—v]:ny
by the induction hypothesis (2)
4. Tk, op? eo[x —v] e[x—v] : 7
by (3)
5. QED
CASE e=dynt’ e’ :
1. e[x —v] =dyn 1’ e'[x 1]
2. (x:7x), T iy €
by H inversion
3. T iy e'[x 2]

by dynamic context static value substitution (2)

4. Thydynt'e[x—v]:7
by (3)
5. QED
CASE e = Err:
1. QED by Err = Err[x «v]

Lemma 2.40 : H static-dynamic substitution
Ifx,I'hye:7and jyvthenT k e[x«—v]: 7
Proof:
By induction on the structure of e.
CASE € =X:
1. Contradiction by x,I' b, x : 7
CASE e =Xx’:
1. QED by (x'[x «—v]) = x’
CASE e =1i:
1. QeD by i[x 0] =i
CASE e = Ax".¢ :
1. Contradiction by (x:7y),T' e : 7
CASE e = A(x':7'). ¢ :
1 e[x —v] = Ax":7’). (e'[x —0])
2. (x":7"),x,T iy e : 7]
AN =1, <t
3. (x:7)), Ty e'[x 0] : 77
by the induction hypothesis (2)
4. T Mx":t’).e’ i1
5. QED
CASE e =mon(tg=1.)v :
1. e[x —v] = mon(tg=1.) v'[x ]
2. x,I'y o'
by H inversion
3. T iy v'[x 2]

by dynamic context dynamic value substitution (2)

41

4.

5.
CASE e = {eg,€1) :
1.
2.

3.

4.

5.
CASE e=¢pe;:
1.
2.

3.

4.

5.
CASE e = op ¢ :
1.
2.

5.
CASE e = op® ¢ ey :
1.
2.

3.

4.

5.
cASE e=dynrt’e’:
1.
2.

NU-CCIS-2018-002, 2018, Northeastern University

'ty mon(rg=1) v [xv]: 7

by (3)
QED

elx —v] = (eo[x —0], &1[x —v])
x, T Hy € To

Ax,T hel:n

by H inversion
I'helxe—v]:1

AT efx—v]:n

by the induction hypothesis (2)
'y (eolx—v],e1[xe=v]) : T

by (3)

QED

e[x —v] = eg[x —v] er[x 0]
x, T Hy € To

Ax,The

by H inversion
I'helxe—v]:1

AT jefx—v]:n

by the induction hypothesis (2)
I'helxe—v]exev]: 1

by (3)

QED

e[x «—v] = op! eo[x ]
x, T Hy €0 To
by H inversion

Thelxe—v]:1

by the induction hypothesis (2)

Thoplelx—v]:7

by (3)
QED

e[x «—v] = op? ey[x —v] e;[x —v]
x,T ke 1

A JC,Iﬂ h{ e1: 71

by H inversion

Ik elxe—v]:1

AT efxe—v]:7

by the induction hypothesis (2)
Tk, op? e[x—v]exe—v]:7

by (3)

QED

e[x —v] =dyn 7’ e'[x 0]
xThe
by H inversion

Ty e'[x 0]

by dynamic context dynamic value substitution (2)

.Ihydynt’e[xv]: 7

by (3)

. QED
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CASE e = Err:
1. QED by Err = Err[x «v]

Lemma 2.41 : weakening
o Ifl'h,ethenx,Thye
e IfT'ye:rthen (x:7),T he:7
Proof:
e ¢ is closed under I'
by ke
VIhe:r
e QED x is unused in the derivation

O
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E.3 (E) Erasure Embedding

E.3.1 Erasure Definitions

Language E

e =x|v|{ee)|ee|lople|op’ee|
dynte|statre| Err

= i|(v,v) | Ax.e| Alx:7). e

r = Nat|Int|zxr|r=>71
r =-|xT](x:7),T

Err = BndryErr | TagErr

r = v|Err

E* =[]|E*e|vE"|(E%e€)|(v,E")]|
op' E* | op* E® e | op® v E*

E =E|Ee|vE|(Ee)|(v,E)|op E]|
op’Ee|op* vE|dynt E |stat 7 E

A(fst, ToXTl) =T
A(snd, 1o X11) = 74

A:qﬁXTXT—%r‘
A(opz, Nat, Nat) = Nat

A(op?, Int,Int) = Int
<y <, <y ST
Nat < Int g=1. < 1)=71) ToXT < T XT]
Tg TI T’ g TH
T<iT <<t
Ttre
xel' x,Ttre T'rte Tre
'rx TrAx.e TFi T+ {eg, 1)
I'tey TFre I're I'rey TFre
I'tepe Trople TropPeye, TrErr
T're:t
I'kstatre

43
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(x:t) el (x:7g),Tre:1, ieN

IF'tx:t TrAx:itg).e:tg=17 TFri:Nat
Tre:1 Tre:1g> 1,
F|-61:T1 rl—ellfd

Tri:lnt T {eyer): 19Xy T'keyge: e
I'key: 1

T'hey:1p T'tei:ny TF'te:7’

Aop',r) =7  Alop,mo,m) =7 7/ <ot
Fkopleotr I‘I—opzeoelzr I'te:tr TrErr:7
Il're
I'tdynte:7

xel (x:r)eT xTke (x:7),T e
I'kx I x IF'hAx.e ThAx:t).e Thki
FI—EeO FI—Eel FI—EeO Fl—Eel Fl—Ee
I' k (eo, e1) I'koeoe I“FEople
F'he The ke ke
FI—EopzeOel F'hErr Thdynte Thstatre

1

S(fSt, <UO, UI>) =7
§(Snd’ <U()7 'U])) =0

S(op?,v,0) = e

(%)
<
a~)

Q
~

5(sum, io, i1) =iy + i

d(quotient, iy, 0) = BndryErr

d(quotient, iy, iy) = |io/i1]
ifi; £0

D :TXv—>e

De(r,v)=v

Sg:TXv—>

Se(r,v)=v

|I!|
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dynto >es De(r,v)
stat T v >es Se(r,v)
Vg U1 >gs TagErr

if vy € Zor vy = {(v,0’)
(A(x:7).e) v s e[x 0]

(Ax.e)v >es e[x«—v]
op' v >es TagErr
if (op!, v) is undefined
op' v >es 8(op',v)
op® vy v >es TagErr

if §(op?, vy, v1) is undefined
Opz Up U1 I>E—S 5(OPZ,UO’ Ul)
el>Epe

stat T v >ep Se(r,0)
dyn TV >E-D Z)E(T, ’U)
Vg U1 >gp TagErr

ifvg € Zor vy = (v,0’)
(A(x:7).e) v DEp e[x<v]

(Ax.e)v >ep e[x—v]

op' v >e.p TagErr
if §(op!, v) is undefined

op' v >ep S(op',v)

op2 Vo U1 >egp TagErr
if 5(op?, vy, v1) is undefined
op vovr  Dep 8(0p®, v, v1)
e —Es €
Ele] —es E[e’]
ife >ps e
E[Err] —gs Err
—EDE€
Ele] —ep Ele']
ife >gp e’
E[Err] —gp Err

*

E-S

o

e —

*

—* e |reflexive, transitive closure of —g_p

II

E-D

e | reflexive, transitive closure of —_g
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E.3.2 Erasure Theorems

Theorem 3.0 : static E-soundness
If + e : 7 then K e and one of the following holds:
ee—f vandh v
e ¢ —f . TagErr
e ¢ —[ ¢ BndryErr
o ¢ diverges
Proof:
1. ke
by static subset
2. QED by E progress and E preservation

Theorem 3.1 : dynamic E-soundness
If - e then K e and one of the following holds:
ee—iyvand ko
e ¢ —f  Tagkrr
e ¢ —¢ 5 BndryErr

o ¢ diverges

Proof:
L =Ep=%s
by definition

2. QED by static E soundness

Remark 3.2 : E-compilation
The —{ ¢ and —}  relations are identical. In practice, uses
of —{ ¢ may be replaced with —f .

Theorem 3.3 : boundary-free E-soundness
If - e : 7 and e is boundary-free then one of the following
holds:
ee—f.vand Fou:T
® ¢ —¢ ¢ BndryErr
o ¢ diverges
Proof:
QED by boundary-free progress and broundary-free preser-
vation.

O
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4896
4897
4898
4899
4900
4901
4902
4903
4904
4905
4906
4907
4908
4909
4910
4911
4912
4913
4914
4915
4916
4917
4918
4919
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4981
4982
4983
4984
4985
4986
4987
4988
4989
4990
4991
4992
4993
4994
4995
4996
4997
4998
4999
5000
5001
5002
5003
5004
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E.3.3 Erasure Lemmas

Lemma 3.4 : D¢ soundness
If i v then k. De(7,v).
Proof:
CASE Dg(r,v)=v:
1. QED
O
Lemma 3.5 : Sg soundness
If k. v then k. Se(7,v).
Proof:
cASE Sg(r,v) =v:
1. QED
O
Lemma 3.6 : static subset
IfT re:7thenT K e
Proof:

By structural induction on the typing relation.

casg | (x:1) €T
I'rx:7
1. (x:7)eT
2.Thx

by (1)
3. QED

CASE (x:79),Tre:1,

THAMx:tg).e:1g = 1

L (x:1q),T ke
by the induction hypothesis
2. T Mx:1g). e

by (1)
3. QED
CASE ieN
I'ki:Nat
1. QED
CASE
Ii:lnt
1. QED
casg |[TFe:mo Tre:n
T {eg,e1) : o X1y

1. I‘FE €o

AT e

by the induction hypothesis
2. T I'E (60,81)

by (1)
3. QED

casg |[Fe:tgq=>17 Tre:1yg

T'heyer: .

1.T K €o
AT FE (4]
by the induction hypothesis
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2.T ke e

by (1)
3. QED

casg | TFeo:m A(opl,fo) =7

Trople:t

1.T k€0

by the induction hypothesis
2. Tk opl €

by (1)
3. QED

CASE

Tre:1p Tre:ny Alopt,ro,11) =7

I‘l—opzeoelzr

1. I'FE €o

AT K e

by the induction hypothesis
2.Thop e e

by (1)
3. QED
casg | TFe:t /<t
IF'rte:t
1.The
by the induction hypothesis
2. QED
CASE
F'rErr:t
1. QED
CASE ke
F'tdynzte:r
1.The
by dynamic subset
2.Tdynrte
by (1)
3. QED

]

Lemma 3.7 : dynamic subset
IfT'+ethenT K e.
Proof:

By structural induction on the F relation.

casg | X €T
I'rFx

1.xel
2.Thx

by (1)
3. QED

casg | x.Tre
TrAx.e

1L.xT'ke
by the induction hypothesis
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2. T Ax.e
by (1)
3. QED
CASE

Fri
1. QED

casg |[TFe The
I+ (eo, €1)
1. I‘FE €o

AT e

by the induction hypothesis
2. T K (e, e1)

by (1)
3. QED

CASE I'tey TFre

T'Feye

1.T FE ()

AT FE e

by the induction hypothesis
2. I‘FE €p €1

by (1)
3. QED

case | Tre

Trop'e
1L.The

by the induction hypothesis
2.TH op' e

by (1)
3. QED
Tre TFe

CASE
T+op’ee
1. I‘FE €o
AT e
by the induction hypothesis
2. Tk op? ey e
by (1)
3. QED
CASE

I'FErr
1. QED

CASE l're:r
T'kstatre
1.The

by static subset
2. T statre

by (1)
3. QED

O

Lemma 3.8 : E progress
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If i e then one of the following holds:
e is a value
e € Err
e —opgse
e —-s TagErr
e ¢ —ps BndryErr
Proof:
By the unique evaluation contexts lemma, there are seven
possible cases.
CASE e is a value :
1. QED
CASE e = E[vy v1] :
IF vy = Ax.e’:
1. e =g E[e/[x < 01]]
by vy v1 DE-s €'[x 4]
2. QED
IF vy = A(x:7).¢ :
1. e —gs E[e/[x —vi]]
by vy v; D5 €'[x —v;]
2. QED
ELSE vy = i
V oy ={v,v):
1. e —gs TagErr
by vy v1 D>E-s TagErr
2. QED
case e = E[op! v]:
1F 5(op',v)=e”:
1. e —gs E[e”]
by (op' v) >es e”
2. QED
ELSE 5(op', v) is undefined :
1. e —g.s TagErr
by (op' v) >g.s TagErr
2. QED
CASE e = E[op? vy v1] :
1F 5(op?, v, v1) = e’ :
1. e —g5 E[e”]
by (0p? vo v1) g5 €’
2. QED
F 5(op?, vy, v1) = BndryErr :
1. e —g.s BndryErr
by (0p? vy v1) -5 BndryErr
2. QED
ELSE 8(op?, vp, v;) is undefined :
1. e —g.s TagErr
by (0p? v v1) I>E-s TagErr
2. QED
CASE e = E[dyn t v]:
1. e =5 E[De(7,v)]
2. QED
CASE e = E[stat 7 v]:
1. e =5 E[Sg(r,v)]
2. QED
CASE eE[Err]:
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5171 1. e =g Err 1. E[stat 7 v] —Es Se(r,0) 5226
5172 2. QED 2. pstatr o 5227
5173 by hole typing 5228
5174 Lemma 3.9 : E preservation 3. kv 5229
5175 If eand e —>gg ¢’ thenk €. by E inversion (2) 5230
5176 Proof: 4. ki Se(7,0) 5231
S177 By unique evaluation contexts there are seven cases. by Se soundness (3) 5232
5178 CASE e is a value : 5. QED by hole substitution (4) 5233
>179 1. Contradiction by e —.g €’ casE e = E[Err]: 5234
>180 CASE e = E[vy v1] : 1. E[Err] —gs Err 5235
S181 1. vy = Ax.e’ or vy = A(x:7). €’ O 2. QED 5236
o A E[vg v1] —es Ele’[x —v1]] 27
5183 2. k. vy Uy Lemma 3.10 : E boundary-free progress 5238
5184 by hole typing If - e : 7 and e is boundary-free, then one of the following 5239
5185 3. k0o holds: 5240
5186 Ak oy e ¢isavalue 5241
o187 by E inversion (2) e cekrr 5242
5188 4 xre o e —pge 5243
5189 by E inversion (3) ® ¢ —gs BndryErr 5244
5190 5. 1 e'[x—vi] Proof: 5245
5191 by substitution (3, 4) By the unique static evaluation contexts lemma, there are 5246
>192 6. QED by hole substitution (5) five cases: 5247
5193 CASE e = E[Opl U] . CASE e =70 : 5248
5194 1. E[Opl v] —es E[v'] 1. QED 5249
5195 A 8(op',v) = e CASE e = E[vg v1] : 5250
5196 2.k oplo IF vy = A(x:r’,). e': 5251
5197 by hole typing 1. e =g E[e’[x «—11]] 5252
5198 3. ko by Vo U1 DEs €[x 1] 5253
5199 by E inversion (2) 2. QED 5254
5200 4 e ELSE vy = Ax.e’ 5255
5201 by § preservation (1,3) Vuy =i , 5256
5202 5. QED by hole substitution (4) Vo =(,0') 5257
5203 casE e = E[op? vy v1] - 1. Contradiction by e : 7 5258
5204 1. E[op? vo v1] —es E[v'] caseE e = E[op! v]: 5259
5205 A 8(op?, v, v1) = € F S(opt,v)=e”: 5260
5206 2. . op? vy g 1. e —gs Ele”] 5261
5207 by hole typing by (op v) s €” 5262
5208 3. kv 2. QED X . 5263
5209 Ak vy ELSE &(op',v) is undefined : 5264
5210 by E inversion (2) 1. Contradictionby +e: 7 5265
5211 4 e casE e = E[op? vy 1] : 5266
>212 by & preservation (3) ¥ 5(op?, vo,v1) =€ : 5267
7
o213 5. QED by hole substitution (4) le _)E-SZ E[e”] , 5268
b2 casE e = E[dyntv]: by (0p® vo v1) s €” 5269
5215 1. E[dyn 7 v] —gs E[Dg(r, )] 2. QED 5270
5216 2. dynto ¥ 5(op?, vy, v1) = BndryErr : 5271
5217 by hole typing 1. e =g BndryErr 5272
5218 3. kv by (op? vy v1) >gs BndryErr 5273
2219 by E inversion (2) 2. QED s274
5220 4. 1 De(r,v) ELSE 5(0p2, Vg, v1) is undefined : 5275
5221 by D¢ soundness (3) 1. Contradiction by +- e : T 5276
5222 5. QED by hole substitution (4) CASE e = E[Err]: 5277
5223 CASE e = E[stat 7 v] : 1. E[Err] —gs Err 5278
5224 2. QED 5279

5225 48 5280
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O

Lemma 3.11 : E boundary-free preservation

If+ e : 7 and e is boundary-free and e —g.s e’ then e’ : T

and e’ is boundary-free.

Proof:

By the unique static evaluation contexts lemma, there are

five cases.
CASE e is a value :
1. Contradiction by e —g_g €’
CASE e = E[vy v1] :
IF vy = A(x:74). € :
1. E[vg v1] —E-s E[e’[x —v1]]
2. Fyy v T,
3.F0y i Tg=>Te

ANFv:iTg
by (2)

4. (x:tg) b e 1.
by (3)

5 Fe[xe—uv]: 1
by substitution (3, 4)
6. €'[x <] is boundary-free
by e’ and v; are boundary-free
7. QED
ELSE :
1. Contradiction by +- e : T
CASE e = E[op! v] :
1. E[op' v] =5 E[v']
A S(opt,v) =e”
kopto:t
. Fo:ir
4. re” 7
by & preservation (3)
5. QED
casE e = E[op? vy v;] :
1. E[op? vy v1] —Es E[v’]
A 8(op?, v, v1) = €’
kot vyt
3. Fvy Ty
ArFov1 T
4. +e”: 1’
by & preservation (3)
5. QED
CASE e = E[Err]:
1. E[Err] —Es Err
2. Qgepby F Err: 7

w N

Do

Lemma 3.12 : E unique evaluation contexts

NU-CCIS-2018-002, 2018, Northeastern University

If i e then one of the following holds:

e is a value
e = E[vy v1]
e = E[op! v]

e = E[op® vy v1]
e = E[dyn 7 v]
e=E[
e=E[

stat 7 v]
Err]

L)
Proof:
By induction on the structure of e.
CASE € =X:
1. Contradiction by k. e
CASE e =1
Ve=Ax.e
Ve=AMx:tg). e :
1. QED
CASE e = (eg,€1) :
IF ey ¢ v:
1. K €o
by E inversion
2. e = Eo[e(,)]
by the induction hypothesis
3.E= <E0,€1>
4. QED e = E[e(]
IF €y €0
ANel&v:
1. FE €1
by E inversion
2. e = El[ei]
by the induction hypothesis
3.E= <€o,E1>
4. QED e = E[e/]
ELSE € € v
NelLE€Ev:
1. QED
CASE € =¢p €1 :
IF ey ¢ v:
1. K €o
by E inversion
2. €y = Eo[e(/)]
by the induction hypothesis
3.E= 1;0 €1
4. QED e = E[eg]
IF ey €U
ANep &v:
1. FE €1
by E inversion
2. e = E1 [e;]
by the induction hypothesis
3.E= € 131
4. QED e = E[e]
ELSE € €V
ANel€Ev:
1. E=[]
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2. QED
CASE e = op' e :
IF ey € 0:
1. e €0
by E inversion
2. €y = Eo[e(;]
by the induction hypothesis
3.E= 0171 130
4. QED e = E[e]
ELSE € €V :
1. E=[]
2. QED
CASE e = op’ ¢ e; :
IF ¢ € v:
1.  €o
by E inversion
2. €y = E()[eé]
by the induction hypothesis
3.E= 01)2 150 €1
4. QED e = E[e(]
IF ey €0
Nel&v:
1. el
by E inversion
2. e = El [e{]
by the induction hypothesis
3. E=op’ e E;
4. QED e = E[eq]
ELSE €) € v
ANe €v:
1. E=[]
2. QED
CASE e=dynrep:
IF ¢y ¢ v:
1. e €o
by E inversion
2. €y = Eo[e(,)]
by the induction hypothesis
3. E=dyntE,
4. QED e = E[eg]
ELSE € € V:
1. E=[]
2. QED
CASE e =statrej:
IF ¢y ¢ v:
1. e €o
by E inversion
2. €y = Eo[e(,)]
by the induction hypothesis
3. E =stat 7 E,
4. QED e = E[e(]
ELSE € €V :
1. E=[]
2. QED
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CASE e = Err:
1. E=[]
2. QED
O
Lemma 3.13 : E hole typing
If i E[e] then the derivation contains a sub-term . e
Proof:
By induction on the structure of E.
casE E=[]:
1. QED E[e] = e
CASE E=Eje;:
1. E[e] = Eyle] ex
2. ke Eo[e]
by E inversion
3. QED by the induction hypothesis (2)
CASE E =9y E;:
1. E[e] = vy Eq[e]
2. K E, [e]
by E inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep, e;):
1. E[e] = (Eo[e], er)
2. ke E()[e]
by E inversion
3. QED by the induction hypothesis (2)
CASE E = (v, E{):
1. Ele] = (v, Ey[e])
2. ke E, [e]
by E inversion
3. QED by the induction hypothesis (2)
case E = op' Ey :
1. E[e] = op® Eo[e]
2. ke E()[e]
by E inversion
3. QED by the induction hypothesis (2)
case E=op’ Ege; :
1. E[e] = op® Eo[e] e
2. ke Eo[e]
by E inversion
3. QED by the induction hypothesis (2)
case E=op? vy E :
1. E[e] = op? vy E[e]
2. |—E El [e]
by E inversion
3. QED by the induction hypothesis (2)
CcasE E=dynt Ej:
1. E[e] = dyn 7 Ey[e]
2. ke Eo[e]
by E inversion
3. QED by the induction hypothesis (2)
CASE E =statrt E:
1. E[e] = stat t Ey[e]
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2. K E()[e]
by E inversion

3. QED by the induction hypothesis (2)

Lemma 3.14 : E hole substitution
If i E[e] and k. e’ then k. E[e’]
Proof:
By induction on the structure of E.
CASE E=[]:
1. Qep E[e’] = ¢’
cASE E = (Ey,eq):
1. E[e] = (Eole], e1)
ANE[e’] = (Eole’], e1)
- ke (Eole] er)
3. l_E Eo[e]
A FE €1
by E inversion
4. K Eole’]
by the induction hypothesis (3)
5. 17 (Eole').er)
by (3, 4)
6. QED by (1, 5)
CASE E = (vg, E;) :
1. E[e] = (vo, E1[e])
A E[e’] = (vo, Ex[e’])
2. t¢ (o, Ex[e])
3. K Yo
A |—E E1 [e]
by E inversion
4. k Eq[e’]
by the induction hypothesis (3)
5. K (o, Ex[€’])
by (3, 4)
6. QED by (1, 5)
CASE E=Eje;:
1. E[e] = Eole] e;
NE[e’] = Eole'] e;
. Eole] e
-k Eo[e]
Ak e
by E inversion
4. l_E Eo[e']
by the induction hypothesis (3)
5. k Eo[e’] e
by (3, 4)
6. QED by (1, 5)
CASE E=vyE;:
1. E[e] = vy Eq[e]
A E[e’] = vy Eq[e’]
2. kv Eqle]
3. kv
A |-E E; [e]
by E inversion

N

w N
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4. ki Eq[e’]
by the induction hypothesis (3)
5. |'E () E1 [e’]
by (3, 4)
6. QED by (1, 5)
casE E=op' Ey:
1. E[e] = op' Eqle]
AEle’] = op! Eole’]
2. K op' Eo[e]
3. l_E Eo[e]
by E inversion
4. 1 Egle’]
by the induction hypothesis (3)
5. k op' Eole’]
by (3, 4)
6. QED by (1, 5)
cASE E=op’ Eye; :
1. E[e] = op? Eyle] e
A E[e’] = op? Eole’] e
2. K op? Eole] e;
3. b Eo[e]
A FE €1
by E inversion
4. k Eqle’]
by the induction hypothesis (3)
5. b op? Eole’] e;
by (3, 4)
6. QED by (1, 5)
case E = op? vy E; :
1. E[e] = op? vy E1[e]
A Ele’] = op? vg Eq[e’]
2. k. op? vy Eq[e]
3. K Vo
Ak Eq[e]
by E inversion
4. k Eq[e’]
by the induction hypothesis (3)
5. b op? vy Eq[e’]
by (3, 4)
6. QED by (1, 5)
CASE E=dynt Ej:
1. E[e] = dyn 7 Ey[e]
A El[e’] = dyn t Egle’]
2. k. dyn 7 Egle]
3. K Eo[e]
by E inversion
4. k Eole’]
by the induction hypothesis (3)
5. k. dyn 7 Eg[e’]
by (3, 4)
6. QED by (1, 5)
CASE E =stat 7 Ej:
1. E[e] = stat 7 Eg[e]
A E[e’] = stat 7 Eg[e’]
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2. i stat 7 Eg[e]
3. K Eo[e]
by E inversion
4. k Egle’]
by the induction hypothesis (3)
5. i stat 7 Egle’]
by (3, 4)
6. QED by (1, 5)
O
Lemma 3.15 : +; inversion
o Ifl'eye;thenT ki egand T K e
o IfT' i Ax.ethenx, 'k e
o IfT' k. A(x:7). e then (x:7),T e
e IfT'hop' ethenT ke
o IfT' . op? eg ey thenT ko epand T e
e IfI'ydynrtethenT e
o Ifl'k stat TethenT ke
Proof:
QED by the definition of . e.

Lemma 3.16 : E substitution
Ifx,T eor(x:7),T e and k v thenT K e[x o]

Proof:
By induction on the structure of e.
CASE € =X:
le[x—v]=v
2.Tho
by weakening
3. QED

CASE e =x’:
1. QeD by x'[x «—v] = x’
CASE e =1i:
1. QED by i[x 0] =i
CASE e = Ax.e’:
1. QED by (Ax. e')[x «v] = Ax. ¢’
CASE e = A(x:7').¢:
1. QED by (A(x:7”). e’)[x —v] = A(x:7"). €’
CASE e = Ax".¢":
1. e[x—v] = Ax". (e/[x —v])
2. x",x,I'k e
by E inversion
3. x",I' i e'[x 0]
by the induction hypothesis (2)
4. T i Ax’. e'[x <]
by (3)
5. QED
CASE e = A(x":7"). e :
1. e[x—v] = Ax":7"). (e'[x —0])
2. (x":17),x, T €
by E inversion
3. (x":7),T K e'[x ]
by the induction hypothesis (2)
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4. T Ax":7"). (e'[x —])
by (3)
5. QED
CASE e = {eg,€1) :
1. e[x —v] = {(e[x —v], e1[x —v])
2. x,T e
Ax,T e
by E inversion
3. T i eo[x ]
AT K eq[x 2]
by the induction hypothesis (2)
4. T K (eo[x —v], e1[x —v])
by (3)
5. QED
CASE e =¢je;:
1. e[x«—v] = eo[x —v] e1[x 0]
2. x,T e
Ax,T e
by E inversion
3. T i eo[x ]
AT K eq[x 2]
by the induction hypothesis (2)
4. T K eo[x 0] eq[x 0]
by (3)
5. QED
CASE e = op ¢ :
1. e[x o] = op ep[x ]
2. x,T ke
by E inversion
3. T i eo[x ]
by the induction hypothesis (2)
4. T k op' ey[x 0]
by (3)
5. QED
CASE e = op® ¢ ey :
1. e[x —v] = op? ep[x 0] e1[x 2]
2. x,T e
Ax, Tk e
by E inversion
3. T i eg[x 0]
AT K ey[x ]
by the induction hypothesis (2)
4. T k. op? eg[x —v] es[x —v]
by (3)
5. QED
CcASE e=dynrt’e’:
1. e[x —v] =dyn 7’ e'[x 0]
2. x,T'pe
by E inversion
3. Tk e'[x ]
by the induction hypothesis (2)
4. T k. dyn 7’ (e'[x —])
by (3)
5. QED
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CASE e =statz’e’:
1. e[x «—v] = stat 77 e’[x «—v]
2. x,I'p e
by E inversion
3. T e'[x <]
by the induction hypothesis (2)
4. T i stat 77 (e'[x «v])
by (3)
5. QED
CASE e = Err:
1. QED by Err[x «v] = Err

Lemma 3.17 : § preservation
e If k. vand §(op',v) = ¢’ then k. €’
o If i vy and k. v; and 5(op?, vy, v1) = e’ then o
Proof:
case (fst, {(vy,v1)) = v :
1. K Yo
by E inversion
2. QED
cAsE d(snd, (vg,v1)) = vy :
1. FE U1
by E inversion
2. QED
CASE 6(sum, vy, v1) = vy + Uy :
1. QED
casE d(quotient, vy, v1) = [vg/v1] :
1. QED
cAasE d(quotient, vy, v1) = BndryErr :
1. QED
O
Lemma 3.18 : weakening
e Ifl'hethenx,T ke
o IfI' . ethen (x:7),T ke
Proof:

QED because e is closed under T’
O

Lemma 3.19 : unique static evaluation contexts
If + e : 7 then one of the following holds:
e ¢isavalue
* e = E[vg vi]
E[op! v]
e ¢ = E[op? vy v1]
E[Err]

® e =

e e =
Proof:

By induction on the structure of e.
CASE € =X:

1. Contradiction by + e : 7
CASE e =1

Ve=Ax:1g). € :

1. QED e is a value
CASE e =statre’:

1. Contradiction by 1 e : K
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CASE e = (ep, e1) :
IF ¢y ¢v:
1. ¢y = Eo[e(,)]
by the induction hypothesis
2. E= <E0,€1>
3. QED by e = E[¢(]
IF €y €0
ANey &€ v:
1. e = E1 [e{]
by the induction hypothesis
2. E= <€0,E1>
3. QED by e = E[e]]
ELSE €) €
ANe €V
1. E=[]
2. QED e = E[(ep, e1)]
CASE e =¢ e :
IF ¢ ¢ v:
1. ¢y = Eo[e(,)]
by the induction hypothesis
2. E= 130 (5]
3. QED by e = E[¢(]
IF €y €0
ANey &€ v:
1. e = E1 [e{]
by the induction hypothesis
2. E= €o 121
3. QED by e = E[e]]
ELSE €) €
ANe €V
1.E=[]
2. QED e = E[eg 1]
CASE e = op e :
IF ¢y ¢v:
1. ¢y = Eo[e(,)]
by the induction hypothesis
2. E=op' Eg
3. QED e = E[e]
ELSE € €V :
1. E=[]
2. QED e = E[op! ]
CASE e=op’epe; :
IF ey ¢ v:
1. €y = E()[e(,)]
by the induction hypothesis
2. E= (UUZ Ey e
3. QED e = E[e]
IF €y €U
ANep &v:
e = Eyle]]
by the induction hypothesis
2. E= (U?Z €p Eq

3. QED e = E[ef]

—_
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ELSE €y € v
ANe €V
1. E=[]
2. QED e = E[op? e €]
CASE e=dynTep:
1. Contradiction by e is boundary-free
CASE e =statr ep:
1. Contradiction by F e : 7
CASE e = Err:
1. E=[]
2. QED e = E[Err]
O
Lemma 3.20 : I static inversion
e Ifl'+x:rthen(x:t')eTand 7’ <7

o If '+ A(x:7)). e’ : 7 then (x:7)), T+ e’ : 7/ and )= 7/ <

T

o If T + (ep,e;) : TthenT + ey : pand T + e; : 7; and
ToXT] <IT

eIfT'rege; : . thenT F g : Tc’i:M'Lfandl" Foe :r(; and
Tc/ <

o IfT +fste: 7 thenT + e : 7oX7; and A(fst, 7o X7;) = 79 and
To T

e IfT'+snde:rthenT Fe: rpxr and A(snd, 7o X11) = 11
andr <i't

eIfT - op’eye : TthenT ey :pandT + e : 7 and
Aop*,1p,1) =" and 7/ <' 1
e Ifl'rdynt’e’:rthenT+e’ and 7’ <7
Proof:
QED by the definition of T F e : 7

Lemma 3.21 : canonical forms
o If + v : 7yX 1y then v = (vy, vy)
e Ifrv:ty=r1.thenv = Ax:17y). €’
ANTg < Ty
e Ifrv:Intthenv =i

e Ifrv:Natthenv=iandv € N
Proof:

QED by definition of - e : 7

Lemma 3.22 : substitution
If (x:74),T F e : 7, and e is boundary-free and + v : 7, then
IFte[x—v]:1
Proof:
By induction on the structure of e.
CASE e =X :
1. e[x—v]=v
2. Ty =T
3.Tro:t
by weakening
4. QED
CASE e =x":
1. QED by x'[x —v] = x’
CASE e =1i:
1. QeD by i[x 0] =i
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CASE e = Ax.e’:

1.

Contradiction by (x:7), T Fe: 7

CASE e = A(x:7").¢":

1.

QED by (A(x:7’). e')[x —v] = A(x:7"). ¢

CASE e = A(x":7). e’ :

1.
2.

5.

e[x —v] = Ax":7"). (e'[x —])
(x":7"),x,Tre
by static inversion forms

L (x":t)), Tk e[x 0]

by the induction hypothesis (2)

.TRAX 7). (e'[x —v])

by (3)
QED

CASE e = {eg,€1) :

1.
2.

3.

4.

5.

e[x —v] = {ey[x —v], e1[x «—v])
x, '+ e

Ax,T ke

by static inversion forms

T'Fep[x 0]

AT Fe[x <]

by the induction hypothesis (2)
'k (eolx 0], e1]x —v])

by (3)

QED

CASE € =¢p e :

1.
2.

3.

4.

5.

e[x —v] = eg[x —v] er[x 0]
x, '+ e

Ax,TFeq

by static inversion forms

Tk e[x 0]

AT+ eq[x 1]

by the induction hypothesis (2)
I+ eg[x—v] e[x 0]

by (3)

QED

CASE e = op ¢ :

1.
2.

5.

e[x «—v] = op! ep[x ]
x, '+ e
by static inversion forms

. T Fey[x 0]

by the induction hypothesis (2)

. T+ op! eg[x 0]

by (3)
QED

CASE e = op’ ¢ e; :

1.
2.

3.

4.
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e[x —v] = op? ep[x —v] ey[x —v]
x, '+ e

Ax, '+ e

by static inversion forms

I+ eg[x—v]

AT+ eq[x 0]

by the induction hypothesis (2)
T+ op? eg[x 0] e1[x 0]

by (3)
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5. QED
CASE e=dynt’ e :

1. Contradiction by e is boundary-free
CASE e =statr’e’:

1. Contradiction by e is boundary-free
CASE e = Err:

1. QED Err[x o] = Err

Lemma 3.23 : § preservation
e If - v and 5(op',v) = v’ then + ¢’
o If + vy and + v; and (op?, vy, v1) = €’ then + v’
Proof:
cAsE (fst, (vy,v1)) = vy :
1. Foy
by static inversion forms
2. QED
cAsE d(snd, (vg,v1)) = v; :
1. F g
by static inversion forms
2. QED
CASE d(sum, vy, v1) = Ug + v ¢
1. QED
cAsE d(quotient, vy, v1) = |vg/v1] :
1. QED
casE d(quotient, vy, v1) = BndryErr :
1. QED

Lemma 3.24 : weakening

e IfT+ethenx,Tte

o IfT' +ethen (x:7),TFe
Proof:
DQED because e is closed under T’
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E.4 (1) First-Order Embedding
E.4.1 First-Order Definitions

e = x|vl|ee|{ee)|opte|lop’ee]|
dynte|statte|Err|chkKe|dyne]|state
v = i|{(v,v)]|Ax.e| A(x:T). e
T = Nat|Int|tXrt|r>71
K = Nat|Int| Pair | Fun | Any
r = -|x,T|(x:7),T
Err = BndryErr | TagErr
r = o]l Err
E* = [][E*e|vE® |(E%e)|(v,E) |
op' E* | op* E* e | op* v E* | chk K E*
E = E°|Ee|vE|(Ee)| (v,E)|op'E|

op Ee|op? vE|dynt E|statt E |
chk K E | dynE | stat E

A(fst, oX11) =19
A(snd, 1o X11) = 11

A Op2XTXT—>T‘
A(op?, Nat, Nat) = Nat

A(op?, Int, Int) = Int
T <
< < sy <t
Nat < Int g=>1. < 1)=17, ToX1 <X
T<T’ T’gT”
T<iT A
T're
xell x,Tre T're T'he
'tx TrAx.e TtFi T+ {eg, 1)
I'rey T'he I're I'tey The
I'tepe Fl—ople Fl—opzeoel T'FErr
T'rte:t
I'rstatre
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(x:t) el (x:7g),Tre:1, ieN
IF'tx:t TrAx:itg).e:tg=17 TFri:Nat
Tre:1 Tre:1g> 1,
F|-61:T1 rl—ellfd
Tri:lnt T {eyer): 19Xy T'keyge: e
I'key: 1
T'hey:1p T'tei:ny TF'te:7’
Aop',) =1 Aop',ro,m)=1 /<1t
Fkopleotr I‘I—opzeoelzr I'te:tr TrErr:7
Il're
I'tdynte:7r
K <K
K < K K < K"
K<:Any Nat<iInt K<K K < K”
| Nat | = Nat
LInt] = Int
|_TOXT1J = Pair
lzg=71:] = Fun
T'+ep~ e
['+ep ~ e x,Tre~se
Tri~i TF{e,er)~ (e €0 TFAx.e~ Ax.e€
T+ep~ e
ke~ el Fre~e
Trx~x Tree ~eje] Trop e~ ope

’
I'tey~ e
T'ke~ e

T+ op? ey e; ~ op’ e e]
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I+ Err ~ Err

IF'te:7~¢

I'tstatt e~ statte’
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I'Fi:Nat~i

I'ri:lnt~i

The:mo~e Dhep it~ e

T+ {eg, 1) : ToXT1 ~> (€, €1)

(x:tg),Tre:t. ~ €

THAMx:tg).e:tq=1 ~ Mx:tg).e’ Thrx:T~x

Tre:tg=t.~€ Lre:tg~e |r]=K

T'+eper: 1o~ chkK (e e))

[0l =K
I+ fste: g~ chk K (fste)

Tre:rpXr ~ e

[n] =K
I'tsnde:r; ~ chkK (snde’)

T'ke:ryXt ~~ e

Tre:7t/ ~¢€
T <ir

’
I'tep:1~ e
Tke:t ~ e

Troplee :r~ op’eje] Tre:r~e

IF'te~seé

TrErr:t~Err Trdynte:T~>dynte’

ke
IF'he Ther x,The (x:7),[He:Any
Fhi 'k (e, e1) I'hAx.e 'k Ax:7).e
xel' (x:1)el’ The THe I'he
'k x 'k x I'Hepe Fhople
I'he THe I'he:lr] THe:Any
Fhopzeoel 'k Err THstatre T Hstate
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I'Heo: Any
ieN 'k e :Any
I'ni:Nat THi:lnt TH(e,eq) : Pair
x,The (x:7),T K e:Any xeT
I'hAx.e:Fun T K A(x:7).e:Fun Tk x:Any

(x:t)eT I'keo:Fun
lz] =K I'ker:Any Ik e: Pair

'hx:K THee :Any T Kfste:Any

r K eo Ky T H el 1 Kj
A(Op27K07K1) = K

FhopzeoelzK

I'He: Pair

I'ksnde: Any

F'he:K' K' <K I'rhe |7]=K
'he:K I'hErr:K Thdynre:K
ke I'ke:Any

I'bdyne:Any T hkchkKe:K

S(opl,v) =e
O(fst, (vg, v1)) =1y
(S(Snd7 (’UO’ Ul>) =0

5(op?,v,0) = e

S(sum, iy, iy) =g+ i

d(quotient, iy, 0) = BndryErr

d(quotient, iy, iy) = |io/i1]
ifi; #0

D :tXv—0

Di(r,v) = X([r],0)

S tXv—v

Si(r,v)=v

X :KXxv—v

X(Fun, Ax.e) =Ax.e

X(Fun,A(x:7).e) = A(x:7). e

X(Pair, (v, v1)) = (vo,v1)

X(Int, i) =i

X(Nat, i) =i
ifieN

X(K,v) = BndryErr
otherwise
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dynv >1s v
dynto >1.s D(r,v)
chkK v >1s X(K,v)
(A(x:7).€e) v >1.s BndryErr

if X(|r],v) = BndryErr
(A(x:7).e) v >1s e[x—X([7],v)]
(Ax.e)v >1.s dyn (e[x «v])

op' v >15 8(opt,v)

opf vovr s S(0p*,ve, 1)
stat v >1p v

stat T v >1p S(r,v)

Vg U1 >1.p TagErr

if vy € Z or vy = {(v,0’)
(A(x:7).€) v >1.p BndryErr
if X(Lz],v) = BndryErr
(A(x:7).€e) v >1.p stat (e[x —X(|7],v)])

(Ax.e)v >1p e[x o]

op' v >1.p TagErr
if §(op!, v) is undefined

op' v >1.p 8(op',v)

op® vy v >1p TagErr
if 5(op?, vy, v1) is undefined

0P2 Vo V1 >1-p 5(0132,00,’01)
E*[e] —1s E*[e’]
ifer>se

E[stat 7 E*[e]] —1.s E[stat T E*[e]]
ife>qige

Eldyn r E*[e]] —vs Eldyn r E*[¢/]]
ife>pe’

E[Err] —1s Err

E*[e] —1.p E*[€']
ife >qpe’

E[stat 7 E*[e]] —1.p E[stat 7 E*[e’]]
ife>qse

E[dyn 7 E*[e]] —1.p E[dyn 7 E*[€’]]
ife>pe’

—1.p Err

e —7 ¢ e |reflexive, transitive closure of — .5

e =7 e |reflexive, transitive closure of —1.p

s
—
m
=
=
—
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Definition 4.0 : 1 boundary-free
An expression e is boundary free if e does not contain a
subterm of the form:
o (dynt’e’),
o (stat 7’ ¢’),
e (dyne’), or
e (state’).
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E.4.2 First-Order Theorems

Theorem 4.1 : static 1-soundness
Ifre:rthente: 7~ ¢’ andkH e’ : [7] and one of the
following holds:

e =jgvandkv:|7]

e’ =7 E[dyn 7’ E*[¢’]] and €’ >1.p TagErr

e’ =7 E[dyn E*[¢’]] and e’ I>1.p TagErr

e’ =% ¢ BndryErr

o ¢” diverges

Proof:
Lhe:T~e”
Are” 1]

by ~- static soundness
2. QED by 1 static progress and 1 static preservation

Theorem 4.2 : dynamic 1-soundness

If - ethent e ~» e’ and K e”” and one of the following holds:

e ¢’ = vand kv
e ¢” = E[e’] and e’ I>1.p TagErr
e ¢’ =7 BndryErr
o ¢” diverges
Proof:
1. He~e”
/\ '_] e//
by ~~» dynamic soundness
2. QED by 1 dynamic progress and 1 dynamic preservation

Theorem 4.3 : boundary-free 1-soundness
If + e : 7 and e is boundary-free then one of the following
holds:
ee—jcvand Fou:rT
e ¢ —7 ¢ BndryErr
o ¢ diverges
Proof:
QED by progress and preservation

Theorem 4.4 : H/1 base type equivalence
If + e : 7 and all boundary terms in e are of the following
four forms:
e dyn Int e’
o stat Int e’
o stat Nat e’
e dyn Nat ¢’
and e : 7 ~ e”, then e —} ¢ vifand only if e” —7 ¢
Proof:
1. Dy(Int,v) = D4(Int, v)
by by definition
2. Dy(Nat, v) = Dq(Nat, v)
by by definition
3. Sy(Int,v) = S¢(Int, v)
by by definition
4. Sy(Nat,v) = S7(Nat, v)
by by definition

.
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5. QED
|
Corollary 4.5 : 1 compilation
Ifre:r
andre: 7~ e”
and ke’ : | 7]
and [>1.p’ is similar to I>1.p but without the no-op bound-
aries, as follows:
chkK v >1.p" X(K,v)
Vo U1 >1.p’ TagErr
if vg € Z or vy = (v, v’)
(Mx:7).e) v >1.p” BndryErr
if X(|r],v) = BndryErr
(Alx:7).e) v >1p’ e[x—X(|7],v)]

(Ax.e)v >1p’ e[x 0]
op' v >1.p” TagErr
if 6(op', v) is undefined
op' v >1.0” 8(opt,v)

op? vy v >1.p’ TagErr
if §(op?, vy, v1) is undefined

op? vy v >0’ §(op?, vy, v1)
and e —.p’ e is defined as:
Ele] —1.p" Ele’]
ifer1p’e
E[stat 7 v] —1p’ E[D:(1,v)]
Eldyn 7 v] =10 E[Di(z,0)]
E[Err] —1p’ Err

and —>’1‘_D’ is the reflexive transitive closure of —.p’

then one of the following holds:

ee¢’—7 vand v [7]

o ¢”’—7 ' TagErr

e ¢”—% ' BndryErr

e e diverges
Proof (sketch): By static 1-soundness and the fact that >1.g is a
subset of >1.p’ (modulo the dyn e and stat e boundaries).[]
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E.4.3 First-Order Lemmas

Lemma 4.6 : D, soundness
If 5 v then K Dy(r,v) : [7].
Proof:
* Dy(r,v) = X(l7],0)
® QED by check soundness

Lemma 4.7 : S; soundness
If K v : 7 then K Sq(7,v).
Proof:
e Si(r,v) = X(l7],v)
e QED check soundness

O

Lemma 4.8 : ~~ static soundness

IfT+e:rthenT+e:7~ e’ andT He :|7].

Proof:

By induction on the structure of ' - e : 7.

casg | (x:7) €T |,

I'rx:1

1.TFx~x
2.TRx:|7]

by (x:7) €T
3. QED

CASE (x:79),Tre:1,

TrAMx:tg).e: 10 = 1

1.Tre:T. ~ €
Axitg),Tre :|t.]
by the induction hypothesis
2. (x:7q), T+ e’ : Any
by |z.] <: Any

3. Ax:tg). e g =10~ Alxitg). €

4. T K Mx:1g).e" : Fun

by (2)
5. QED (3, 4)

CASE ieN |,
T'+i:Nat
1.TFi:Nat~i
2. Dby I' i i : Nat
CASE :

T'ri:lInt
1.TrFi:Int ~ i
2. QD by T' i : Int

CASE rf—eoifo F|—€1:T1

Ik <€0,€1> T X Ty

LTre :1~ ¢
AT vej: |10]
by the induction hypothesis
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2. I‘I—elzrlwe{
AT vFef:|m]
by the induction hypothesis
3. T Hey:Any
by |7] <: Any
4. T K e : Any
by [71] <: Any
5. Tk (e, e1) : T ~ {e;, 1)
by (1, 2)
6. T' K (e, e;) : Pair
by (3, 4)
7. QED by (5, 6)

casg | Tte:tq=>1 The 1y

Treye: 1.

1L.Tre g1 ~ €
AT ke : lta=1]
by the induction hypothesis
2.T ke :1q~ e
AT Hel ]
by the induction hypothesis
3.T He;: Fun
by |74 =17.] = Fun
4. T K e : Any
by |z.] <: Any
5. T keger: .~ chk|z.] (e e])
by (1, 2)
6. Tk chk 7] () e7) : L7c]
by (3, 4)
7. QED by (5, 6)

case | [Feo T Aop', ) =1

Trople:r

IF op' = fst:
1. A(fst,p) =1
2. 19 = TXT’
by A inversion
3.Tkey: Xt ~ g
AT H e [TxT]
by the induction hypothesis
4. T+ ej : Pair
by tx7’] = Pair
5.T +fstey: 7~ chk [7] (fstey)
by (2)
6. 'k chk 7] (fsteg) : |7]
by (3)
7. QED by 4,5
ELSE op' =snd:
1. A(snd,p) =7
2. 19 = T'X1T
by A inversion
3.T ke :1'XT ~ ¢
AT ke [7/%T]
by the induction hypothesis
60
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4. T e} : Pair
by |z’x7] = Pair

5. T Fsndey: 7~ chk 7] (sndef)
by (2)

6. Tk chk 7] (sndey):|7]
by (3)

7. QED by 4,5

2
casg |TFeo:t Tre:m Alop*,m,m) =7

I‘I—opzeoelzr

L.Trey:7~ ¢

AT H e [70]

by the induction hypothesis
2.T ke 1~ e

AT Hel:|m]

by the induction hypothesis
3. Aop?, Lol Lm]) = L7

by A tag preservation
4. T+ op*eer: 7~ op’e)e]

by (1, 2)
5.THop’e)el:|r]

by (1,2, 3)
6. QED by (5, 6)

. ’ ’ .
casg |[Fe:T 17 <t7T

T'rte:t

L.Tre:7/ ~ ¢
AT He :[T']
by the induction hypothesis
2. '] < e
by subtyping preservation
3.Tre :|7]
by (2)
4. QED by (1, 3)
CASE

I'rEmr:t

F Err:7 ~> Err
HEr:7
QED

1.T
2. T
3.

CASE I'ke
IF'tdynre:t

1.Tre~¢
AT He
by ~+ dynamic soundness
22T'rdynte:7~dynre
by (1)
3.Trdynte :|[7]
by (1)
4. QED by (2, 3)
O
Lemma 4.9 : ~» dynamic soundness
IfT'+ethenl'Fe~ e andI' K e’
Proof:
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By induction on the structure of T I e.

casg | X €T
I'rx

1.TFx~x
2.THx
byxeT
3. QED

casg | HIFe |
TrAx.e
1. x,Tre~c¢
Ax,THe
by the induction hypothesis
2.TFAx.e ~ Ax. ¢’
by (1)
3.T K Ax. ¢
by (1)
4. QED by (2, 3)
CASE :

T'vri
Fi~>i
I-11
ED

~

1.
2.
3.

©

casg | T'Feo Thep|.
I+ (e, e1)
1.Tre ~ g

AT Heg

by the induction hypothesis
2.TFe ~ef

AT ke

by the induction hypothesis
3. T F (e, e1) ~ (e;, €])

by (1, 2)
4. Tk (eg, 1)

by (1, 2)
5. QED by (3, 4)

CASE FFE() Fl—el .

T'teyer

1.TFe ~ g

AT H e

by the induction hypothesis
2.T e~ ef

AT ke

by the induction hypothesis
3.T Feger ~ e e

by (1, 2)
4. THeje

by (1, 2)
5. QED by (3, 4)
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casg | L'the

Tk op1 e
1.Tre~¢
AT He
by the induction hypothesis
2.Trople~ ople
by (1)
3.THop'e
by (1)
4. QED by (2, 3)

CASE T're TFe .

I'r op2 ey €1

LT re ~ e

AT K e

by the induction hypothesis
2.T ke ~ e

AT K e

by the induction hypothesis
3. Tk op® eg e1 ~ op® e} €]

by (1, 2)
4.THope)e]

by (1, 2)
5. QED by 3,4
CASE :

I'FErr
F Err ~ Err
k Err

ED

1.T
2.T
3.

©

CASE I're:t
I'kstatre

1.Tre:T~ ¢
AT e :|7]
by ~ static soundness
2. T +statr e~ statr e’
by (1)
3.THstatre
by (1)
4. QED by (2,3)

Lemma 4.10 : 1 static progress
If 5 e : K then one of the following holds:
e is a value
e € Err
e —>q15 e
e —1.s BndryErr
e = E[dyn ¢’ E*[¢’]] and e’ —1.p TagErr
e ¢ = E[dyn E*[e’]] and e’ —1.p TagErr
Proof:

By the boundary factoring lemma, there are ten cases.

CASE e is a value :
1. QED
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CASE e = E*[vg vq] :
1. kv v K’
by static hole typing
2. K v : Fun
by 1 inversion (1)
3. vy = Ax. e’
Vo =AMx:tg). e
by canonical forms (2)
4. IF vy = Ax. e’ :
a. e —1s E*[dyn (¢/[x —o;])]
by (Ax.€”) vy B>1s (dyn (¢'[x —ov1]))
b. QED
IF vy = A(x:74). €’
AX(lzgl,v1) =01 ¢
a. e —>15 E*[e'[x —vq]]
by (A(x:74).€") v1 D>1g €' [x —v1]
b. QED
ELSE Uy = A(x:74). €’
A X(lz4],v1) = BndryErr :
a. e =15 E*[BndryErr]
by (A(x:74). €") v1 >1.s BndryErr
b. QED
CASE e = E*[op! 0] :
1. op! = fst
V op! = snd
2.hop' v: K’
by static hole typing
3. K v: Pair
by 1 inversion (2)
4. v = (vy, V1)
by canonical forms (3)
5. 8(op',v) = v; where i € {0,1}
by (1, 3)
6. e =15 E°[v;]
by (op' v) 1.5 v;
7. QED
casE e = E*[op? vy 1] :
1. K op* vy vy : K’
by static hole typing
2. H Vo Z}{b
Ak oKy
A A(Opz,Ko,Kl) =K,
by 1 inversion (1)
3. 8(op?, vy, v1) = €”
by A tag soundness
4. QD by e — 1.5 E*[e”]
CASE e = E*[chk K vy] :
1. e =15 E*[X(K,v)]
2. QED

casE e = E[dyn e’] where e’ is boundary-free :

1. e’ is a value
Ve’ €Err
Ve —1D e’
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Ve’ —1.p BndryErr
Ve’ =E’'[e] and e” >1.p TagErr
by 1 dynamic progress
2. IF ¢’ is a value :
a. QED e — 1.5 E[v]
IF ¢’ € Err:
a. QED e —15 e’
IF ¢/ > pe’:
a. QED e —1.s E[dyn e”’]
IF e’ —1.p BndryErr:
a. QED e — 1.5 E[dyn BndryErr]
ELSE ¢’ = E’[e”] and e” >>1.p TagErr:
a. E' € E*
by e’ is boundary-free
b. QED
CASE e = E[stat e’] where e’ is boundary-free :
1. €’ is a value
Ve’ € Err
Ve —ise”
Ve’ —1s BndryErr
Ve’ =E”’[dynt” E*”'[¢”]] and e”’ >1.p TagErr
Ve =E”[dyn E*”[¢”]] and e” 1>1.p TagErr
by 1 static progress
2. 1F ¢’ isavalue:
a. QED e — 1.5 E[e’]
IF e’ € Err:
a. QED e —1.5 e’
IF ¢/ —>s¢e’:
a. QED e — .5 E[stat e’’]
IF e’ —1.5 BndryErr:
a. QED e —1.s E[stat BndryErr]
1F ¢ = E’[dyn " E*"'[¢”’]] and " 1>1.p TagErr

a. Contradiction by e’ is boundary-free
ELSE ¢’ = E”[dyn E*”[¢”’]] and e” 1>1.p TagErr

a. Contradiction by e’ is boundary-free
cASE e = E[dyn 7 ¢’] where e’ is boundary-free :
1. ¢’ is a value
Ve’ €Err
Ve —ipe”’
Ve’ —1.p BndryErr
Ve =E’[e] and e” >1.p TagErr
by 1 dynamic progress
2. 1F ¢’ is a value:
a. QED e — 1.5 E[D(17,¢")]
IF e’ € Err:
a. QED e —s e’
IF ¢/ > 1pe’:
a. QED e — 1. E[dyn 7’ ¢”’]
IF e’ —1.p BndryErr:
a. QED e —1.s E[dyn 7’ BndryErr]
ELSE ¢’ = E’[¢’"] and e” >1.p TagErr:
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a. E' € E*
by e’ is boundary-free
b. QED
CASE e = E[stat 7 e’] where ¢’ is boundary-free :
1. ¢’ is a value
Ve e Err
Ve S e
Ve’ =15 BndryErr
Ve’ =E”’[dynt"” E*”[¢]] and e” >1.p TagErr
Ve’ = E”’[dyn E*”’[e”]] and e”’ t>1.p TagErr
by 1 static progress
2. 1F ¢’ isavalue:
a. QED e — 1.5 E[S1(1/,¢’)]
IF e’ € Err:
a. QED e —g e’
IF ¢/ —>se’:
a. QED e —1.g E[stat 7/ e”’]
IF ¢’ —q.s BndryErr:
a. QED e —1.g E[stat 7’ BndryErr]
1F ¢/ = E"”[dyn t” E*"'[e”]] and e” t>1.p TagErr

a. Contradiction by e’ is boundary-free
ELSE ¢’ = E”’[dyn E*”'[¢”']] and e” 1>1.p TagErr

a. Contradiction by e’ is boundary-free
CASE e = E[Err]:
1. QgD e — 1.5 Err
|
Lemma 4.11 : 1 dynamic progress
If i e : K then one of the following holds:
e ¢isavalue
e eckErr
ee—ipe
e ¢ —1p BndryErr
o e = E[e’] and e’ —1.p TagErr
Proof:
By the boundary factoring lemma, there are nine cases.
CASE ¢ =10:
1. QED
CASE e = E*[vg vq] :
IF vy = Ax.ep:
1. e —>1p E*[eo[x —v1]]
by (Ax. eg) v1 D>1p eo[x 1]
2. QED
IF vy = A(x:74). €
AX(Lzal,v1) = o1 :
. e —1.p E*[stat (eo[x < v1])]
by (A(x:74). €9) v1 D>1.p (stat eg[x «—v1])
2. QED
IF vy = A(x:74). €
A X(lr4]),v1) = BndryErr:
. e >1.p E*[BndryErr]
by (A(x:74). €9) v1 >>1.p BndryErr
2. QED

—_

—_
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ELSE vy = |
Vo ={(v,v):
1. e —1.p E*[TagErr]
by vy v1 >1.p TagErr
2. QED
CASE e = E*[op' 0] :
F S(opl,v) =2
1. e =1p E°[V']
by (op' v) B>1.p ¥’
2. QED
ELSE &(op',v) is undefined :
1. e —q.p TagErr
by (op' v) >1.p TagErr
2. QED
casE e = E*[op? vy 1]
1F 5(op?, v, v1) = e’ :
1. QeD by e —1.p E[e”']
ELSE 8(op?, vy, v;) is undefined :
1. e —1.p E*[TagErr]
by (op® vy v1) >1.p TagErr
2. QED
CASE e = E*[chk K vy] :
1. Contradiction by H e
cAaSE e = E[dyn v] where e’ is boundary-free :
1. e’ is a value
Ve’ e€Err
Ve —1D e’
Ve’ —1.p BndryErr
Ve’ =E’[e] and e” >1.p TagErr
by 1 dynamic progress
2. IF ¢’ is a value :
a. QED e — 1.5 E[v]
IF ¢’ € Err:
a. QED e —5 e’
IF ¢/ > pe’:
a. QED e — 1. E[dyn e”’]
IF e’ —1.p BndryErr:
a. QED e — 1.5 E[dyn BndryErr]
ELSE ¢’ = E’[e¢”] and e” >>1.p TagErr:
a. E' € E*
by e’ is boundary-free
b. QED
CASE e = E[stat e’] where e’ is boundary-free :
1. ¢’ is a value
Ve’ €Err
Ve —ise”
Ve’ —1.s BndryErr
Ve’ = E”’[dyn t” E*”'[¢”]] and e”’ >>1.p TagErr
Ve =E”[dyn E*”[¢”]] and e” 1>1.p TagErr
by 1 static progress
2. 1F ¢’ isavalue:
a. QED e — 1.5 E[e’]
IF e’ € Err:
a. QED e —5 e’
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IF ¢/ —>se’:
a. QED e — .5 E[stat e’’]
IF e’ —1.5 BndryErr:
a. QED e —1.g E[stat BndryErr]
IF ¢ = E’[dyn " E*"'[e”’]] and "’ 1>1.p TagErr

a. Contradiction by e’ is boundary-free
ELSE ¢’ = E”[dyn E*”’[¢"']] and e” 1>1.p TagErr

a. Contradiction by e’ is boundary-free
cAsE e = E[dyn 7 ¢’] where e’ is boundary-free :
1. ¢’ is a value
Ve’ €Err
Ve —ipe”
Ve’ —1p BndryErr
Ve’ =E[e”] and e” >1.p TagErr
by 1 dynamic progress
2. 1F ¢’ is a value:
a. QED e —1.p E[Di(1/,€’)]
IF e’ € Err:
a. QED e —1p €’
IF ¢/ > pe’:
a. QED e — 1. E[dyn 7’ ¢”’]
IF e’ —q.p BndryErr:
a. QED e —1.p E[dyn 7’ BndryErr]
ELSE ¢’ = E[e”] and e’ 1>1.p TagErr:
a. E€E*
by e’ is boundary-free
b. QED
CASE e = E[stat 7 e’] where e’ is boundary-free :
1. €’ is a value
Ve e kErr
Ve S e’
Ve’ —1.s BndryErr
Ve’ =E”’[dynt” E*”[¢]] and e” >1.p TagErr
Ve’ =E”’[dynt"” E*”[¢"]] and e” >1.p TagErr
by 1 static progress
2. 1F ¢’ isavalue:
a. QED e —1.5 E[S1(7/,¢)]
IF e’ € Err:
a. QED e —g e’
IF ¢/ —5¢e’:
a. QED e —1.g E[stat 7/ e”’]
IF ¢ —q.s BndryErr:
a. QED e —1.g E[stat 7’ BndryErr]
1F ¢/ = E"”[dyn t” E*"'[e”]] and e” t>1.p TagErr

a. Contradiction by e’ is boundary-free
ELSE ¢’ = E”[dyn E*”'[¢”']] and e”’ 1>1.p TagErr

a. Contradiction by e’ is boundary-free
CASE e = E[Err]:
1. e —>1p Err
2. QED
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Lemma 4.12 : 1 static preservation
Ifre:Kande —igse’ thenke : K
Proof:
By the boundary factoring lemma, there are ten cases to
consider.
CASE e is avalue:
1. Contradiction by e — .5 €’
CASE e = E°*[vy v1] :
IF vy = Ax. ¢’
Ae —1s E*[dyn e'[x—v]]:
1. K vy vy : Any
by static hole typing
2. K vg : Fun
Ak vyt Any
by 1 inversion
3.xHe
by 1 inversion (2)
4. H (%1
by static value inversion (2)
5. K e'[x ]
by substitution (3, 4)
6. | dyn (e’[x «<v1]) : Any
by (5)
7. QED by hole substitution
IF Uy = A(x:7). €’
A X(lt],v1) = BndryErr
A e —1.p E°[BndryErr] :
1. K vy vy : Any
by static hole typing
2. BndryErr : Any
3. QED by hole substitution (2)
ELSE Uy = A(x:7).¢’
ANe =g E*le'[x < X([7], v1)]] :
1. K vy vy : Any
by static hole typing
2. 5y : Fun
Ak vy Any
by 1 inversion (1)
3. (x:7) K e’ : Any
by 1 inversion (2)
4. 5 X(lzl,v) : |7]
by check soundness (2)
5.k e[x—X(Lr],v1)] : Any
by substitution (3, 4)
6. QED by hole substitution
casE e = E*[op! v]
A 8(opt,v) =0’
ANe —q1s E°[V']:
1 K op' v : Any
by static hole typing
2. K v Pair
by 1 inversion

3.

4.

6.
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v = (v, v1)

by canonical forms
ko : Any

A kv Any

by 1 inversion (2, 3)

v =y

Vv =

by d(fst,v) = vy

A d(snd,v) = vy

QED by hole substitution (5)

casE e = E*[op? vy vy ]

5.

A S(op?, vy, v1) = €”
ANe —qs E*[e”]:

2 .
. Fﬁ op~ vy vy : K’

by static hole typing

Rt Ky

Ak Ky

A A(op?, Ko, Ky) = K”
AK” <:K’

by 1 inversion (1)

A

by A tag soundness (3)

.he”: K’

by (2, 3)
QED by hole substitution (4)

CASE e = E*[chk K vg] :

1.
2.

5.

E*[chk Ko v9] =15 E*[X(Kp, vp)]
kchk Ky v: K”
by static hole typing

. Ko <¢K”

by 1 inversion

- K (‘f(l(b, Z)o) 1 Ky

by check soundness
QED by (3, 4, hole substitution)

CASE e = E[dyn e’] where €’ is boundary-free :
IF e’ isavalue:

1. e -5 E[e’]
2. i dyne’: Any
by boundary hole typing
3. he
by 1 inversion (2)
4. K e’ : Any
by dynamic value inversion (3)
5. QED by hole substitution (4)

ELSE ¢/ —pe’:
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1. e —1.s E[dyn e”']
2. Kk dyne’: Any
by boundary hole typing
3. e
by 1 inversion (2)
4. He”
by 1 dynamic preservation (3)
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5. K dyne” : Any
by (4)
6. QED by hole substitution (5)
CASE e = E[stat e’] where e’ is boundary-free :
IF e’ isavalue:
1. e -5 E[e’]
2. K stat e’
by boundary hole typing
3. e :Any
by 1 inversion (2)
4. He
by static value inversion (3)
5. QED by hole substitution (4)
ELSE ¢/ —ige’:
1. e > E[stat e”’]
2. K stat e’
by boundary hole typing
3. e :Any
by 1 inversion (2)
4. K e” : Any
by 1 static preservation (3)
5. K stat e”
by (4)
6. QED by hole substitution (5)

caSE e = E[dyn 7 ¢’] where e’ is boundary-free :

IF e’ isavalue:
L e =15 E[Di(r’, )]
2. hdynt’e :[7']
by boundary hole typing
3. he
by 1 inversion (2)
4. 5 Di(t',€e) - [T']
by D, soundness (3)
5. QED by hole substitution (4)
ELSE ¢/ —pe’:
1. e =15 E[dyn 77 "]
2. rdynt’e :[7']
by boundary hole typing
3. ne
by 1 inversion (2)
4. He”
by 1 dynamic preservation (3)
5.kdynt’ e’ |1’]
by (4)
6. QED by hole substitution (5)

CASE e = E[stat 7 e’] where e’ is boundary-free :

IF e’ is avalue:
1. e —15 E[Si(",¢")]
2. K stat 7’ e’
by boundary hole typing
3. e :|7]
by 1 inversion (2)
4. K Si(r',¢")
by S; soundness (3)
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5. QED by hole substitution (4)
ELSE ¢/ —ige”:
1. e > E[stat 7’ ']
2. hstat 7’ e’
by boundary hole typing
3. e s |7]
by 1 inversion (2)
4. He"” 1]
by 1 static preservation (3)
5. | stat 7’ e”’
by (4)
6. QED by hole substitution (5)
CASE e = E[Err]:
1. e > Err
2. QED K Err: K
O

Lemma 4.13 : 1 dynamic preservation
Ifh eand e —1.p e’ thenH e’
Proof:
By boundary factoring there are nine cases.
CASE e is a value :
1. Contradiction by e —1.p €’
CASE e = E°[vy v4] :
IF vy = Ax. e’
Ae —1p E*[e'[x—vq]]:
1. K vy vg
by dynamic hole typing
2. H o
A Fﬁ V1
by 1 inversion (1)
3.xKe
by 1 inversion (2)
4. K e'[x—v]
by substitution (2, 3)
5. QED by hole substitution
IF Uy = A(x:7). €’
A X(lt],v1) = BndryErr
A e —1.p E°*[BndryErr] :
1. K Vo V1
by dynamic hole typing
2. b BndryErr
3. QED by hole substitution (2)
ELSE vy = A(x:7).¢’
Ae —1p E*[stat (¢'[x = X([7],v1)])]
1. K v v
by dynamic hole typing
2. K o
A Fﬁ U1
by 1 inversion (1)
3. (x:7) K e: Any
by 1 inversion (2)
4. K X(l7l,v): |7]
by check soundness (2)
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5.k e[x—X(Lr],v1)] : Any
by substitution (3, 4)
6. k stat (e[x —X(L7],v1)])
by (5)
7. QED by hole substitution (6)
CaSE e = E*[op' ]
A S(opl,v) =2’
Ae —1p E°[v]:
1K op' v
by dynamic hole typing
2.hv
by 1 inversion (1)
3. /0
by & preservation (2)
4. QED by hole substitution (3)
case e = E*[op? vy vy ]
A 8(op?, v, v1) = €
Ae —1p E*[e”]:
1. K op® vy v
by dynamic hole typing
2. K o
A h U1
by 1 inversion (1)
3. ne”
by & preservation (2)
4. QED by hole substitution (3)

CcASE e = E[dyn e’] where €’ is boundary-free :

IF e’ isavalue:
1. e —>1p E[¢/]
2. i dyne’: Any
by boundary hole typing
3. Ke
by 1 inversion (2)
4. e’ : Any
by D, soundness (3)
5. QED by hole substitution (4)
ELSE ¢/ —>pe’:
1. e —1.p E[dyn e”]
2. i dyne’: Any
by boundary hole typing
3. he
by 1 inversion (2)
4. He”
by 1 dynamic preservation (3)
5. K dyne” : Any
by (4)
6. QED by hole substitution (5)

CASE e = E[stat e’] where e’ is boundary-free :

IF e’ €v:
1. e =1p E[€’]
2. K stat e’
by boundary hole typing
3. e :Any
by 1 inversion (2)
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4. He
by static value inversion (3)
5. QED by hole substitution (5)
ELSE ¢ —gse’:
1. e —>p E[stat e”’]
2. K stat e’
by boundary hole typing
3. e :Any
by 1 inversion (2)
4. ke’ : Any
by 1 static preservation (3)
5. K stat e”
by (4)
6. QED by hole substitution (5)

CASE e = E[dyn 7 e’] where e’ is boundary-free :

IF e’ isavalue:
1. e =1.p E[Dy(1’,¢")]
2. pdynt’e :[7']
by boundary hole typing
3. he
by 1 inversion (2)
4. K Di(r',e’): | T']
by D, soundness (3)
5. QED by hole substitution (4)
ELSE ¢/ —pe’:
1. e —1.p E[dyn 77 e”’]
2. hdynt’e :|[7']
by boundary hole typing
3. e
AT <t
by 1 inversion (2)
4. He”
by 1 dynamic preservation (3)
5. hdynt’ e’ :|7’]
by (4)
6. QED by hole substitution (5)

CASE e = E[stat 7 e’] where e’ is boundary-free :

IF ¢/ €v:
1. e =1p E[S(7', ¢')]
2. stat 7’ e’
by boundary hole typing
3. he 7]
by 1 inversion (2)
4. K Si(',¢")
by Sy soundness (3)
5. QED by hole substitution (5)
ELSE e —ige”:
1. e > p E[stat 7 ¢”’]
2. K stat 7’ e’
by boundary hole typing
3. e 7]
by 1 inversion (2)
4. He”:|7']
by 1 static preservation (3)
67
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5. K stat 77 e”
by (4)
6. QED by hole substitution (5)
CASE e = E[Err]:
1. e —>1p Err

2. QED K Err
O

Lemma 4.14 : boundary-free progress

If+ e : 7 and e is boundary-free, then one of the following

holds:
e ¢isavalue
e e —ge

® ¢ —15 BndryErr
Proof:

By the L unique static evaluation contexts lemma, there

are five cases:
CASE ¢ =10
1. QED
CASE e = E*[vg vq] :
IF vy = A(x:7'). ¢ :
1. e =5 E*[e’[x —v1]]
by vy v1 D>1.s €’[x —v1]

2. QED
ELSE vy = Ax. e’
Vo =1

Vo ={(v,v):
1. Contradictionby e : 7
cAsE e = E*[op! 0] :
1F S(opt,v) =e”:
1. e —>15 E*[e”]
by (op' v) 15 €”
2. QED
ELSE 5(op', v) is undefined :
1. Contradictionby e : 7
casE e = E*[op? vy 1]
F S(op®, v, v1) =€’
1. e =15 E*[e”]
by (Op2 Vo Ul) >1.s e’
2. QED
IF 5(op2,vo, v1) = BndryErr :
1. e —=1.s BndryErr
by (op? vy v1) I>1.5 BndryErr
2. QED
ELSE 5@yf,vmzh)isundeﬁned:
1. Contradictionby e : 7
CASE e = E°*[Err]:
1. E*[Err] =15 Err
2. QED
O

Lemma 4.15 : 1 boundary-free preservation
If + e : 7 and e is boundary-free and e —1.5 ¢’ thent+ e’ : 7

and e’ is boundary-free.
Proof:
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By the L unique static evaluation contexts lemma, there
are five cases.
CASE e is avalue:
1. Contradiction by e —.5 €’
CASE e = E*[vg vq] :
IF vy = A(x:74). € :
L. E*[vg v1] =15 E*[e’[x < 1]]
2. Fyy vyt T,
3. FUy t Tg=>Te

ANFv:iTg
by (2)

4. (x:tg) ke i1,
by (3)

5. ke [xe—v]: 7
by substitution (3, 4)
6. €’[x <] is boundary-free
by e’ and v; are boundary-free
7. QED
ELSE :
1. Contradictionby e : 7
CASE e = E*[op' v]:
1. E*[op' v] =15 E*[v']
A S(opt,v) =e”
2.roplo:t
3.FU:IT
4. +e”: 1’
by 6 preservation (3)
5. QED
CASE e = E*[op? vy v1] :
1. E*[op? vy v1] —1.s E*[V']
A 8(op?, vy, v1) = e”
2. Foptvg vy i T’
3. Fyy g
ANFo T
4. re” 1’
by 6 preservation (3)
5. QED
CASE e = E*[Err]:
1. E°[Err] —s Err
2. QgeDby F Err: 7

Lemma 4.16 : X soundness
For all K and v, v X(K,v) : K.
Proof:
CASE K v:K:
1. X(K,v)=v
2. QED
CASE W v:K:
1. X(K,v) = BndryErr
2. QED
(I

Lemma 4.17 : 1 static boundary factoring
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7481 Ifm e: K then one of the following holds: V E = E'[dyn 7 E*] 7536
7482 e cis a.\/alue V E = E’[stat T E°] 7537
7z | @ e=E*[vy 0] by inner boundary 7538
7484 e e= E.[OP; 0] 2.1F E=E*: 7539
7485 | ® €= E'Fﬁ)k? Ui] a. QED e = E*[op? vy vy ] 7540
7486 e e= c v 1IF E = E'[dyn E*]: 7541
7487 . E[dyn e’] where e’ is boundary-free a. QED e = E’[dyn E*[op? vo v1]] 7542
7488 ° E[stat e’] where e’ is boundary-free ¥ E = E'[stat E*] : 7543
7489 U E[dyn 7 ¢’] where e’ is boundary-free a. QED e = E[stat E*[op? vy v1]] 7544
7490 o E[stat 7 e’] where e’ is boundary-free ¥ E = E'[dynr E*]: 7545
7491 P. ef_ E[Err] a. QED e = E’[dyn 7 E*[0p? vy v1]] 7546
roo
7492 . ‘ ELSE E = E’[stat 7 E*] : 7547
2493 By the unique evaluation contexts lemma, there are ten a. QED e = E’[stat 7 E*[op? vy v1]] 7548
cases.
7494 . cASE e = E[dynv]: 7549
7495 C?SE e isavalue: 1. QED v is boundary-free 7550
7496 CA’SEE;)_ Elop 0] CASE e = E[stat v] : 7551
7497 LE _E. 0 =Ll 1. QED v is boundary-free 7552
7498 : v ;: _ B'ldyn E°) casE e = E[dynt v]: 7553
7499 vE : B tyt B 1. QED v is boundary-free 7554
7500 h_ E’B an ;i g.] CASE e = E[stat 7 v] : 7555
7501 vE B Bl tyt ] 1. QED v is boundary-free 7556
= E’[stat T
7502 CASE e = E[Err]: 7557
503 by inner boundary 1. QED [Err] J558
504 2.1r E=E*: . | o 7559
a. Qep e = E*[yy v
7505 - 1?: E/[dyn E.O] ! Lemma 4.18 : 1 unique static evaluation contexts 7560
7506 a OED ¢ —yE’[dyn. E*[vo v,]] If 5 e : K then one of the following holds: 7561
7507 : - 01 i 7562
v E = E'[stat E*] . le;[vzjlh;e]
2500 a. QED e = E’[stat E*[vg v1]] . B [0;) 71)] Jsen
7510 IF E = E'[dynt E*]: . Elop? 0o v1] 565
a. QED ¢ = E'[dyn 7 E*[vg v1]] « ¢ = E[chk K o]
510 ELSE E = E’'[stat 7 E*] : . E[dyn 0] 567
o1s a. QED e = E’[stat T E*[vg v1]] . [st);t o] -
_ 1.7.
7514 C?Sg iE.E[Op vl : . E[dyn 7 v] 7569
7515 : . . E[stat 7 v] 7570
7516 VE i E:[dyn E.] . E[Err] 7571
7517 VE= E’[stat E ]. Proof 7572
7518 v g = g/{dyn T g } By induction on the structure of e. 7573
V E = E’[stat 7 E*
7519 CASE e =X 7574
7520 ) by zgnerEb.oundary 1. Contradiction by K e : K 7575
.IF E=E*: )
7521 CASE e =i 7576
7522 a. QED e = E*[op' v] Ve=Ax.¢e 7577
7523 IF E= E’[dyn, E°]: o 1 Ve=Ax:1g).e : 7578
7524 I: ;E—D];’[ztft [];i.y]nE [op” ©]] 1. QED e is a value 7579
7525 - : CASE e = (ep, e1) : 7580
J506 a. QED e = F’[stat E*[op® v]] IF e &0 0 ! S5
7527 IF E= E’[dynl T B o1 1. ep = Eo[eg] 7582
7528 a. QE; € zl[? [dyn 2? lop” ©]] by the induction hypothesis 7583
ELSE E = E’[stat 7 E®] :
7529 2. E=(Ey,e 7584
7530 a. QeDe j E'[stat 7 E*[op" ©]] 3. QED i)yoe 1:>E[e(3] 7585
7531 C‘:Sg € E.E[Op v 1] : IF ey €V 7586
7532 - E= ANel &v: 7587
Y .
7534 - by the induction hypothesis 7589
7535 69 7590
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2. E= <€0,E1>
3. QED by e = E[e]]
ELSE ¢y €V
Nel€Ev:
1. E=[]
2. QED e = E[(ep, e1)]
CASE e =¢pe;:
IF ey ¢ v:
1. €y = Eo[eé]
by the induction hypothesis
2. E= 120 e
3. QED by e = E[e]
IF € €V
ANel ¢ v:
1. e = El[e{]
by the induction hypothesis
2. E= €o 131
3. QED by e = E[e]]
ELSE €y €V
NelL€Ev:
1. E=[]
2. QeD e = E[eg e1]
CASE e = op' e :
1.IF eg ¢ v:
a. ey = Eo[eg]
by the induction hypothesis
b. E = op' E,
C. QED e = E[e;]
2. ELSE ¢ €Ev:
a. E=[]
b. QED e = E[op’ e]
CASE e =op’ ey e :
IF ey ¢ v:
1. €y = Eo[e(;]
by the induction hypothesis
2. E= op2 Ej eq
3. QED e = E[e]
IF ¢y €0
ANei ¢ v:
1. e = El [e{]
by the induction hypothesis
2. E= (q?z eo Eq
3. QED e = E[ef]
ELSE €y € v
ANe €V
1.E=[]
2. QED e = E[op? e €]
CASE e =chk K e :
IF ey ¢ v:
1. €y = Eo[eé]
by the induction hypothesis
2. E = chk K E,
3. QED e = E[e]
ELSE € € U :
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1. E=T]
2. QD e = E[chk K ¢]
CASE e =dyne:
IF ey ¢ v:
1. K €o
by 1 inversion
2. e = Eo[e(,)]
by unique evaluation contexts (1)
3. E=dynE,
4. QED e = E[e(]
ELSE € €V :
1. E=T]
2. QED e = E[dyn ¢]
CASE e = stat ey :
1. Contradiction by k e : K
CASE e=dynre):
IF ey ¢ v:
1. K eo
by 1 inversion
2. €y = Eo[e(’)]
by unique evaluation contexts (1)
3. E=dyntE,
4. QED e = E[e(]
ELSE ¢ €0V :
1.E=]]
2. QED e = E[dyn 7 ¢]
CASE e =stat K’ ¢ :
1. Contradiction by K e : K
CASE e = Err:
1. E=]
2. QED e = E[Err]
O

Lemma 4.19 : 1 inner boundary

For all contexts E, one of the following holds:

e E=F°
e E = E’[dyn v]
e E = FE’[stat v]
e E=FE'[dyn 1 E*]
e FE = F’[stat 7 E°®]
Proof
By induction on the structure of E.
case E=E*:

1. QED
CASE E=Eje;:
1. l;o = 13'
V Ey = Ej[dyn E°]
V Ey = E/[stat E*]

Ejl
V Ey = Ej[dyn 7 E®]
V Ey = Eg[stat 7 E°]
by the induction hypothesis
2.1F Ey =E*:

a. QED E is boundary-free
¥ Ey = Ej[dyn E°] :

a. E' = Ej ¢
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b. QD E = E’[dyn E*]
IF Ey = Eg[stat E°] :
a. E' = E(,] €1
b. QED E = E’[stat E°]
IF Ey = Ej[dyn 7 E°]:
a. E' =Ej e
b. QED E = E’[dyn t E*]
ELSE Ey = Ej[stat 7 E°] :
a. E' = Ej e
b. QED E = E’[stat 7 E*]
CASE E=19y E;:
1. 151 B 13'
V E; = E{[dyn E*]
V E; = Ej[stat E°]
V Ey = E{[dyn 7 E®]
V Ey = Ef[stat 7 E®]
by the induction hypothesis
2.1F E; =E°*:
a. QED E is boundary-free
1F E; = E{[dyn E°] :
a. E' = v E;
b. QD E = E’[dyn E*]
1Fr E; = E{[stat E*]:
a. E' = vy E]
b. QED E = E’[stat E*]
IF Ey = E{[dyn 7 E°]:
a. E' = v E;
b. QeD E = E’[dyn 7 E®]
ELSE E; = E{[stat 7 E°] :
a. E' = vy E]
b. QED E = E’[stat 7 E*]
CASE E = (Ep,e;):
1. 150 = lf.
V Ey = Ej[dyn E°]
V Ey = E{[stat E°]
V Ey = E{[dyn 7 E°]
V Ey = Ej[stat 7 E®]
by the induction hypothesis
2.1F Ey = E*:
a. QED E is boundary-free
1F Ey = Ej[dyn E°] :
a. E' =(E],e;)
b. Qep E = E’[dyn E*]
IF Ey = E([stat E°] :
a. E' =(E],e1)
b. QED E = E'[stat E*]
IF Ey = Ej[dyn T E°]:
a. E' =(E],e;)
b. QeD E = E’[dyn 7 E*]
ELSE E, = Ej[stat 7 E°] :
a. E' =(E],er)
b. QED E = E’[stat 7 E*]
CASE E = (vy,Eq):
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1. 121 = 13'
V Ey = Ej[dyn E°®]
V Ey = Ej[stat E®]
V Ey = Ej[dyn 7 E°]
V Ey = Eg[stat 7 E®]
by the induction hypothesis
2.1F E; = E*:
a. QED E is boundary-free
IF E; = E{[dyn E°]:
a. E' = (v, E})
b. Qep E = E’[dyn E*]
IFr E; = Ef[stat E*]:
a. B = (v, E])
b. QED E = E’[stat E°]
¥ Ey = E{[dyn 7 E*]:
a. E' = (v, E])
b. Qep E = E’[dyn 7 E*]
ELSE E; = E{[stat 7 E°] :
a. B = (v, E])
b. QED E = E’[stat 7 E°]
case E = op' Ey :
1. Eg = E*
V Ey = Ej[dyn E°]
V Ey = Ej[stat E*]
V Ey = Ej[dyn 7 E°]
V Ey = Ej[stat 7 E®]
by the induction hypothesis
2.1F Ey = E*:
a. QED E is boundary-free
IF Ey = Ej[dyn E°] :
a. E' = op' E}
b. QED E = E’[dyn E*]
IF Ey = Ej[stat E°] :
a. E' = op' E}
b. QED E = E’[stat E*]
IF Ey = Ej[dyn 7 E®]:
a. E' = op' E}
b. QeD E = E’[dyn 7 E*]
ELSE Ej = Ej[stat 7 E°] :
a. E' = op' E}
b. QED E = E’[stat 7 E®]
caseE E=op’ Ege; :
1. 120 = 13.
V Ey = Ej[dyn E*]
V Ey = Eg[stat E°]
V Ey = Ej[dyn 7 E°]
V Ey = Ej[stat 7 E°]
by the induction hypothesis
2.IF Ey = E*:
a. QED E is boundary-free
IF Ey = Ej[dyn E°] :
a. E' = op® E e
b. Qep E = E’[dyn E*]
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IF Ey = E([stat E°] :
a. E' = op® E e
b. QED E = E'[stat E*]
IF Ey = Ej[dyn 7 E°] :
a. E' = op® E e
b. QED E = E’[dyn 7 E*]
ELSE Ey = Eg[stat 7 E°] :
a. E' = opZ Ej e
b. QED E = E’[stat 7 E*]
case E=op? vy E; :
1. 131 = l?'
V E; = E{[dyn E°*]
V E; = Ej[stat E°]
V E; = Ef[dyn 7 E°]
V Eq = E{[stat 7 E®]
by the induction hypothesis
2.1F E; = E*:
a. QED E is boundary-free
1F E; = E{[dyn E°] :
a. E' = op® vo E]
b. QD E = E’[dyn E°]
1 E; = E{[stat E*] :
a. E' = op? vy Ef
b. QED E = E’[stat E*]
IF E; = Ef[dyn T E°]:
a. E' = op® vy E]
b. QeD E = E’[dyn 7 E*]
ELSE E; = E{[stat 7 E°] :
a. E' = op? vy Ef
b. QED E = E’[stat 7 E®]
casE E =dynEj:
1. Eg = E*
V Ey = Ej[dyn E°]
V Ey = Eg[stat E°]
V Ey = Ej[dyn 7’ E°]
V Ey = E{[stat 7" E*]
by the induction hypothesis
2.1F Ey = E*:

a. QED
1F Ey = Ej[dyn E°] :
a. E' = dyn E|

b. QED E = E’[dyn E*]
IF Ey = E([stat E°] :

a. B’ = dyn E;

b. QED E = E’[stat E*]
IF Ey = Ej[dyn 7' E°®]:

a. E' = dyn E|

b. QED E = E’[dyn 7" E*]
ELSE Ej = Eg[stat 7" E°]:

a. B’ = dyn E|

b. QED E = E’[stat 7’ E*]

CASE E =stat Ej :
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1. 130 = li'
V Ey = Ej[dyn E°®]
V Ey = Ej[stat E®]
V Ey = Ej[dyn 7’ E°]
V Ey = Eg[stat 7" E°]
by the induction hypothesis
2.1F Ey=E*:
a. QED
IF Ey = Ej[dyn E°]:
a. B’ = stat E|
b. Qep E = E’[dyn E*]
IF Ey = Eg[stat E°] :
a. B’ = stat E|
b. QED E = E’[stat E*]
IF Ey = Ej[dyn 7’ E*]:
a. B’ = stat E|
b. QeD E = E’[dyn 7" E°®]
ELSE [ = Ej[stat " E°] :
a. B’ = stat E|
b. QED E = E’[stat 7’ E®]
CASE E=dyntEj:
1. Eg = E*
V Ey = Eg[dyn E°]
V Ey = Ej[stat E®]
V Ey = Ej[dyn 7’ E°]
V Ey = Eg[stat 7" E°]
by the induction hypothesis
2.1F Ey=E*:
a. QED
IF Ey = Ej[dyn E°]:
a. E' =dyntE
b. QeD E = E’[dyn E*]
IF Ey = Eg[stat E°] :
a. E' =dyntE|
b. QED E = E’[stat E*]
IF Ey = Ej[dyn 7' E°]:
a. E' =dyntE]
b. QeD E = E’[dyn 7" E°®]
ELSE [ = Ej[stat " E°] :
a. E' =dyntE
b. QED E = E’[stat 7’ E*]
CASE E =statt E :
1. Eg = E*
V Eq = Ej[dyn E°]
V Ey = Eg[stat E°]
V Ey = Ej[dyn 7’ E°]
V Ey = Ej[stat 7’ E°]
by the induction hypothesis
2.1F Ey = E*:
a. QED
IF Ey = Ej[dyn E°] :
a. E' = stat 7 E
b. QED E = E’[dyn E*]
IF Ey = Eg[stat E°] :
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a. B’ = stat 7 E;
b. QED E = E’[stat E*]
IF Ey = Ej[dyn 7" E°]:
a. B’ = stat 7 E
b. QED E = E’[dyn 7" E®]
ELSE Ej = Ej[stat 7" E°]:
a. E’ = stat 7 E|
b. QED E = E’[stat 7/ E®]
cASE E = chk Ky Ey :
1. 120 = 13.
V Ey = Ej[dyn E*]
V Ey = Eg[stat E°]
V Ey = Ej[dyn 7 E°]
V Ey = Ej[stat 7 E*]
by the induction hypothesis
2.1F Ey =E*:
a. QED E is boundary-free
IF Ey = Ej[dyn E°]:
a. B’ = chk Ky E;
b. QED E = E’[dyn E*]
IF Ey = E([stat E°] :
a. B’ = chk Ky E;
b. QED E = E’[stat E*]
IF Ey = Ej[dyn 7 E°] :
a. B’ = chk Ky Ej
b. QED E = E’[dyn 1 E*]
ELSE E, = Ej[stat 7 E°] :
a. B’ = chk Ky E
b. QED E = E’[stat 7 E*]
d
Lemma 4.20 : 1 dynamic boundary factoring
If 1 e then one of the following holds:
e ¢isavalue
e = E*[vg v1]
e = E*[op! v]
e = E*[op® vy v1]
e = E[dyn e’] where e’ is boundary-free
E[stat e’] where e’ is boundary-free
E[dyn 7 e’] where e’ is boundary-free
E[stat 7 e’] where e’ is boundary-free
E[Err]

e =
e =
e =

® ¢ =

Proof:

By the unique evaluation contexts lemma, there are ten

cases.
CASE e is a value :
1. QED
CASE ¢ = E[vp vq] :
1. E=E*
V E = E'[dyn E*]
V E = E’[stat E*]
VE=E'[dyn 7 E*]
V E = E’[stat 7 E*]
by inner boundary
2.1fr E=E*:
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a. QED e = E*[vg v ]
IF E = E’'[dyn E*]:
a. QED e = E’[dyn E*[vy v1]]
IF E = E[stat E*]:
a. QED e = E’[stat E*[vg v1]]
IF E=E'[dynt E*]:
a. QED e = E’[dyn 7 E*[vy v1]]
ELSE E = E’[stat 7 E®] :
a. QED e = E'[stat t E*[vg v1]]
caseE e = E[op! v]:
1. E=E*
V E = E'[dyn E°]
V E = E’[stat E*]
VE =E'[dyn 7t E®]
V E = E’[stat 7 E*]
by inner boundary
2.1r E=E*:
a. QED e = E*[op' v]
IF E = E’'[dyn E*]:
a. QeD e = E’[dyn E*[op! v]]
IF E = E’[stat E*] :
a. QED e = E’[stat E*[op v]]
IF E =E'[dynt E*]:
a. QED e = E’[dyn 7 E*[op! v]]
ELSE E = E’[stat 7 E®] :
a. QED e = E’[stat 7 E*[op' v]]
casE e = E[op? vy v1] :
1. E=E*
V E = E’[dyn E°]
V E = E’[stat E*]
V E = E’[dyn 7 E*]
V E = E’[stat 7 E*]
by inner boundary
2.1F E=E*:
a. QED e = E*[op? v 1]
IF E = E’'[dyn E*]:
a. QED e = E’[dyn E*[op? vy v1]]
IF E = E’[stat E*] :
a. QED e = E’[stat E*[op® vy v1]]
IF E=E'[dynt E*]:
a. QED e = E’[dyn 7 E*[0p? vy v1]]
ELSE E = E’[stat 7 E*] :
a. QED e = E’[stat v E*[op? vy v1]]
CASE e = E[chk K’ v] :
1. E=E*
V E = E’[dyn E°*]
V E = E’[stat E*]
V E =E'[dyn T E*]
V E = E’[stat 7 E*]
by inner boundary
2.1Fr E=FE*:
a. QED e = E°[chk K’ v]
IF E = E'[dyn E*]:
a. QED e = E’[dyn E*[chk K’ v]]
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IF E = E’[stat E*] :
a. QED e = E’[stat E*[chk K’ v]]
IF E =E'[dynt E*]:

a. QED e = E’[dyn 7 E*[chk K’ v]]

ELSE E = E’[stat 7 E*] :

a. QED e = E’[stat 7 E*[chk K’ v]]

cASE e = E[dyn v]:

1. QED v is boundary-free
CASE e = E[stat v] :

1. QED v is boundary-free
cAsE e = E[dyn 7 v]:

1. QED v is boundary-free
CASE e = E[stat 7 0] :

1. QED v is boundary-free
CASE e = E[Err]:

1. QED
O

Lemma 4.21 : 1 unique dynamic evaluation contexts

If 1 e then one of the following holds:
e ¢isavalue
* e = E[vg vi]

Proof:
By induction on the structure of e.
CASE € =X:
1. Contradiction by H e
CASE e =1
Ve=Ax.e
Ve=AMx:tg). e :
1. QED e is a value
CASE e = (eg, e1) :
IF ¢y ¢ v:
1. ey = Eo[e(,)]
by the induction hypothesis
2. E= <E0, €1>
3. QED e = E[e]
IF €y € U
ANel&v:
1. e; = Eq[ef]
by the induction hypothesis
2. E= <€0,E1>
3. QED e = E[e]]
ELSE € €V
ANe €V
1. E=[]
2. QED e = E[(ep, e1)]
CASE € =¢ e :
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IF ¢y ¢ v:
1. ¢y = Eo[e(’)]
by the induction hypothesis
2. E= 130 €1
3. QED e = E[e]
IF €y €0
ANe &v:
e = Eyle]]
by the induction hypothesis
2. E= () 131
3. QED e = E[e;]
ELSE € €V
Nel€Ev:
1.E=]]
2. QeD e = E[eg e1]
CASE e = op ¢ :
IF ey ¢ v:
1. ¢y = Eo[e(’)]
by the induction hypothesis
2. E= (q?l 120
3. QED e = E[e]
ELSE € €V :
1. E=1]
2. QED e = E[op! ]
CASE e=op’epe; :
IF ey ¢ v:
1. ¢y = Eo[e(/)]
by the induction hypothesis
2. E= 0172 Ey e
3. QED e = E[eg]
IF €y €U
ANep&v:
1. e; = Eq[ef]
by the induction hypothesis
2. E= Cﬂ?z ey Eq
3. QED e = E[e/]
ELSE € €V
NelL€Ev:
1. E=1]
2. QED e = E[op? g 1]
CASE e =chkKe':
1. Contradiction by + e
CASE e =dyne:
1. Contradiction by e
CASE e = stat ey :
IF ¢ € v:
1. K €o
by 1 inversion
2. €y = E()[e(,)]
by unique evaluation contexts (1)
3. E =stat E,
4. QED e = E[e(]
ELSE € €V :
1. E=[]
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2. QED e = E[stat eg]
CASE e =dyne:
Contradiction by I e
CASE e = stat K ¢ :
IF ey ¢ v:
1. K eo
by 1 inversion
2. e = Eo[e(,)]
by unique evaluation contexts (1)
3. E=stat Tt E,
4. QED e = E[¢(]
ELSE € €0 :
1. E=[]
2. QED e = E[stat 7 ¢g]

Lemma 4.22 : 1 static hole typing
If i E*[e] : K then the typing derivation contains a sub-term
K e : K’ for some K.
Proof:
By induction on the structure of E°®.
casE E* =[]:
1. QED E*[e] = e
CASE E®* =E%)e;:
1. E*[e] = E®y[e] e;
2./ E%le] : Fun
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E*®* = vy E®; :
1. E*[e] = vy E*1[€]
2. K E*[e] : Any
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E* = (E%,e):
L. E*[e] = (E%[e]. e1)
2. K E%[e] : Any
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E°® = (v, E*y) :
1. E*[e] = (vo, E*1[e])
2. K E®[e] : Any
by 1 inversion
3. QED the induction hypothesis (2)
casE E* = op! E%:
1. E*[e] = op® E%le]
2. | E%le] : Pair
by 1 inversion
3. QED the induction hypothesis (2)
casE E* = op’ E%e; :
1. E*[e] = op® E*y[e] e
2. A E‘O[e] : Ko
by 1 inversion
3. QED the induction hypothesis (2)
CASE E* = op® vg E*; :
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1. E*[e] = op? vy E*[e]
2. A E'l[e] 1 Ky
by 1 inversion
3. QED the induction hypothesis (2)
CASE E*®* =chk K E*:
1. E*[e] = chk K E®y[e]
2./ E%[e] : Any
by 1 inversion
3. QED the induction hypothesis (2)
O

Lemma 4.23 : 1 dynamic hole typing

If i, E*[e] then the derivation contains a sub-term + e

Proof:
By induction on the structure of E°®.
CASE E* =[]:
1. QED E*[e] = e
CASE E®* =E°;e;:
1. E*[e] = E%[e] e;
2. A E.o[e]
by 1 inversion
3. QED the induction hypothesis (2)
CASE E*®* =y E®; :
1. E*[e] = vy E®1[e]
2. A E'I[e]
by 1 inversion
3. QED the induction hypothesis (2)
CASE E® = (E%),e;):
1. E*[e] = (E%[e]. 1)
2. K E.o[e]
by 1 inversion
3. QED the induction hypothesis (2)
CASE E°® = (v, E*y):
1. E*[e] = (vo, E*1[e])
2./ E*[e]
by 1 inversion
3. QED the induction hypothesis (2)
case E* =op' E%:
1. E*[e] = op' E%e]
2. A E.o[e]
by 1 inversion
3. QED the induction hypothesis (2)
CASE E* = op* E%e;:
1. E*[e] = op? E%g[e] e
2. A E.()[e]
by 1 inversion
3. QED the induction hypothesis (2)
casE E* = op’ v E*; :
1. E*[e] = op® vy E*1[e]
2. l_‘l E'l[e]
by 1 inversion
3. QED the induction hypothesis (2)
CASE E°®* =chk K E®%;:
1. Contradiction by K E*[e]
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O

Lemma 4.24 : 1 boundary hole typing

o If = E[dyn e] then the derivation contains a sub-term K
dyn e : Any

o If 1 E[dyn e] : K’ then the derivation contains a sub-term
k dyne: Any

o If - E[stat e] then the derivation contains a sub-term K
stat e

o If - E[stat e] : K’ then the derivation contains a sub-term
k state

o If - E[dyn 7 e] then the derivation contains a sub-term
kdynte:|7]

o If - E[dyn 7 e] : K’ then the derivation contains a sub-term
kdynte:|7]

o If - E[stat 7 e] then the derivation contains a sub-term
kstatze

o If E[stat 7 e] : K’ then the derivation contains a sub-term
kstatTe

Proof:
By the following four lemmas: static dyn hole typing,
dynamic dyn hole typing, static stat hole typing, and

dynamic stat hole typing.
d

Lemma 4.25 : 1 static dyn hole typing
If  E[dyn 7 e] : K’ then the derivation contains a sub-term
Rdynte:|[7].
Proof:
By induction on the structure of E.
CASE E € E*:
1. hdynte:K”
by static hole typing
2. pdynte:|7]
by 1 inversion (1)
3. QED
CASE E=Eje;:
1. E[dyn t e] = Eo[dyn T e] e;
2. A Eo[dyn T e] : Ky
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E=1yy E; :
1. E[dyn 7 e] = vy E1[dyn 7 €]
2. K Ei[dynte] : K4
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep, e1):
1. E[dyn 7 e] = (Eo[dyn T €], e1)
2. K Eg[dyn 7 e] : Ko
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E = (vy, E;) :
1. E[dyn 7 e] = (vp, E1[dyn 7 e])
2. Kk Ei[dynte] : Ky
by 1 inversion
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3. QED by the induction hypothesis (2)
case E = op' Ey:
1. E[dyn 7 e] = op' Ey[dyn 7 e]
2. K Eg[dyn T e] : Ko
by 1 inversion
3. QED by the induction hypothesis (2)
casE E=op’ Eye; :
1. E[dyn t e] = op? Eg[dyn T e] e;
2. h Eg[dyn T e] : Ko
by 1 inversion
3. QED by the induction hypothesis (2)
casE E = op? vy E; :
1. E[dyn 7 e] = op? vy E1[dyn 7 e]
2.k Eq[dynte]: Ky
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E=dynE;:
1. E[dyn 7 e] = dyn Ep[dyn 7 e]
2. b Eg[dyn T e]
by 1 inversion
3. QED by dynamic dyn hole typing (2)
CASE E =statE:
1. Contradiction by 1 E[dyn T e] : 7’
casE E =dynr Ey:
1. E[dyn 7 e] = dyn 1 Eo[dyn 7 €]
2. | Eo[dyn 7 e]
by 1 inversion
3. QED by dynamic dyn hole typing (2)
cASE E =stat ry Ey :
1. Contradiction by 1 E[dyn T e] : 7’
cASE E = chk Ky Ej :
1. E[dyn 7 e] = chk Ky Eo[dyn 7 €]
2. | Eo[dyn 7 e] : Any
by 1 inversion
3. QED by the induction hypothesis (2)

Lemma 4.26 : 1 dynamic dyn hole typing
If i E[dyn 7 e] then the derivation contains a sub-term H
dynte:|[r].

Proof:

By induction on the structure of E.
CASE E € E*:
1. Contradiction by 1 E[dyn 7 e]
CASE E=Eje;:
1. E[dyn 7 e] = Eo[dyn 7 e] e;
2. | Eo[dyn 7 e]
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E=1vy E; :
1. E[dyn 7 e] = vy E1[dyn 7 €]
2. | Eq[dyn T e]
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep,e1):
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8361 1. E[dyn 7 e] = (Eo[dyn T €], 1) CASE E =1y E;: 8416
8362 2. K Eg[dyn 7 e] 1. E[stat 7 e] = vy E;[stat T e] 8417
8363 by 1 inversion 2. h Eq[stat T e] : K; 8418
8364 3. QED by the induction hypothesis (2) by 1 inversion 8419
8365 CASE E = (vy,Eq): 3. QED by the induction hypothesis (2) 8420
8366 1. E[dyn 7 e] = (vo, E1[dyn 7 e]) CASE E = (Ep,e;): 8421
8367 2. K Eq[dyn 7 e] 1. E[stat 7 e] = (Ey[stat 7 e], e;) 8422
8368 by 1 inversion 2. k Eg[stat 7 e] : K 8423
8369 3. QED by the induction hypothesis (2) by 1 inversion 8424
8370 case E =op' Ey: 3. QED by the induction hypothesis (2) 8425
8371 1. E[dyn 7 €] = op' Eo[dyn T €] cASE E = (v, E;) : 8426
8372 2. K Eo[dyn 7 e] 1. E[stat 7 e] = (vp, E;[stat 7 e]) 8427
8373 by 1 inversion 2. Eq[stat T e] : K; 8428
8374 3. QED by the induction hypothesis (2) by 1 inversion 8429
8375 caseE E=op? Ege; : 3. QED by the induction hypothesis (2) 8430
8376 1. E[dyn 7 €] = op® Eo[dyn T €] case E = op' Ey : 8431
8377 2.  Eo[dyn 7 €] 1. E[stat 7 e] = op' Ey[stat 7 e] 8432
8378 by 1 inversion 2. | Eg[stat 7 e] : K 8433
8379 3. QED by the induction hypothesis (2) by 1 inversion 8434
8380 case E=op? vy E; : 3. QED by the induction hypothesis (2) 8435
8381 1. E[dyn 7 €] = op® vy E1[dyn T €] case E=op’ Ege; : 8436
8382 2. K Eq[dyn 7 €] 1. E[stat 7 e] = op? Eq[stat T e] e 8437
8383 by 1 inversion 2. | Eg[stat 7 e] : K 8438
8384 3. QED by the induction hypothesis (2) by 1 inversion 8439
8385 casE E =dynEj: 3. QED by the induction hypothesis (2) 8440
8386 1. Contradiction by K E[dyn 7 e] case E=op? vy E : 8441
8387 CcASE E = stat E : 1. E[stat 7 e] = op? vy E;[stat 7 e] 8442
8383 1. E[dyn 7 e] = stat E¢[dyn 7 e] 2.k Eq[stat T e] : K4 8443
8389 2. K Eg[dyn T e] : 7o) by 1 inversion 8444
8390 by 1 inversion 3. QED by the induction hypothesis (2) 8445
8391 3. QED by static dyn hole typing (2) casE E =dynEj: 8446
8392 casE E=dyntEy: 1. E[stat 7 e] = dyn Ey[stat 7 e] 8447
8393 1. Contradiction by K E[dyn 7 e] 2. | Eg[stat 7 e] 8448
8394 CASE E = stat 7y Ej : by 1 inversion 8449
8395 1. E[dyn 7 e] = stat 7y Eo[dyn T €] 3. QED by dynamic stat hole typing (2) 8450
8396 2. K Eg[dynTe] : [1o] CASE E = stat Ej : 8451
8397 by 1 inversion 1. Contradiction by K E[stat 7 e] : 7’ 8452
8398 3. QED by static dyn hole typing (2) casE E =dynr Ey: 8453
8399 cASsE E = chk Ky Ej : 1. E[stat 7 e] = dyn 7y Eg[stat 7 e] 8454
8400 1. Contradiction by 1 E[dyn 7 e] 2. k Eg[stat 7 e] 8455
si01  UJ by 1 inversion 8456
902 Lemma 4.27 : 1 static stat hole typing 3. QED by dynamic stat hole typing (2) 8457
8403 If 1 E[stat 7 e] : K’ then the derivation contains a sub-term CASE E = stat 7o Eo : 8458
8404 k stat 7 e. 1. Contradiction by 1 E[stat 7 e] : 7’ 8459
8405 Proof': casE E =chk Ky Ey : 8460
8406 By induction on the structure of E. 1. E[stat 7 e] = chk K Ey[stat 7 €] 8461
8407 CASE EcE*: 2. | Eo[stat 7 e] : Any 8462
8408 1. Contradiction by K E[stat 7 e] : 7’ by 1 inversion 8463
8409 CASE E=Eje;: 3. QED by the induction hypothesis (2) 8464
8410 1. E[stat 7 e] = Eg[stat 7 e] e; 8465
8411 2. K Eg[stat 7 e] : Ko Lemma 4.28 : 1 dynamic stat hole typing 8466
8412 by 1 inversion If 1 E[stat 7 e] then the derivation contains a sub-term 1~ 84¢7
8413 3. QED by the induction hypothesis (2) stat 7 e. 8468
8414 Proof: 8469
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By induction on the structure of E.
CASE E€ E*:
1. QED by dynamic hole typing
CASE E=Eje;:
1. E[stat 7 e] = Eg[stat 7 e] e;
2. K Eq[stat 7 e]
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E=1vy E;:
1. E[stat 7 e] = vy E{[stat T e]
2. | Eq[stat 7 e]
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep,e1):
1. E[stat 7 e] = (Ey[stat T e], e1)
2. | Eq[stat 7 e]
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E = (vy, E;) :
1. E[stat 7 e] = (v, E1[stat 7 e])
2. | Eq[stat 7 e]
by 1 inversion
3. QED by the induction hypothesis (2)
case E =op' Ey:
1. E[stat 7 e] = op® Ey[stat 7 e]
2. | Eq[stat 7 e]
by 1 inversion
3. QED by the induction hypothesis (2)
casE E=op? Eye; :
1. E[stat 7 e] = op? Eq[stat 7 e] ¢
2. Eo[stat 7 €]
by 1 inversion
3. QED by the induction hypothesis (2)
casE E = op? vy E; :
1. E[stat 7 e] = op® vy E;[stat 7 €]
2. k Eq[stat 7 e]
by 1 inversion
3. QED by the induction hypothesis (2)
casE E =dynEj:
1. Contradiction by K E[stat 7 €]
CASE E =stat Ej :
1. E[stat 7 e] = stat Ey[stat 7 e]
2. | Eg[stat T e] : 7]
by 1 inversion
3. QED by static stat hole typing (2)
casE E=dyn7E:
1. Contradiction by , E[stat 7 e]
CASE E =stat 1y Ey :
1. E[stat 7 e] = stat 7y Eq[stat 7 e]
2.k Eg[stat T e] : 7]
by 1 inversion
3. QED by static stat hole typing (2)
cASE E = chk Ky Ej :
1. Contradiction by K E[stat 7 e]
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O

Lemma 4.29 : 1 static hole substitution
If , E*[e] : K and the derivation contains a sub-term i e : K’
and ke’ : K’, then 5 E*[e'] : K

Proof "

By induction on the structure of E°.
CASE E* =[]:
1. E*[e] = e
ANE®[e'] =¢’
2. he:K
by (1)
3. K'=K
4. QED
CASE E® = (E%),e;):
1. E*[e] = (E%o[e], e1)
NE®[e'] = (E%o[e’], e1)
2. K (E%lel,er) : K
3. A E.o[e] : Ky
A kel 1 Ky
by 1 inversion
4. 1 E%[e'] : Ko
by the induction hypothesis (3)
5.k (E%l[e’],er) : K
by (2, 3, 4)
6. QED by (1, 5)
CASE E°® = (v, E*y) :
L. E*[e] = (vo, E*1e])
A E°[e’] = (vo, E*1[€'])
2. | vy, E*1[e]) : K
3. kv - Ky
A H E'l[e] 1 Ky
by 1 inversion
4. K E*[e’] : K4
by the induction hypothesis (3)
5. K {vo, E*1[e’]) : K
by (2, 3, 4)
6. QED by (1, 5)
CASE E* =E°je;:
1. E*[e] = E*¢[e] ex
ANE®[e’] = E%[e’] e
2. K E%[e]e; : K
3. |'1 E'o[e] : Ko
Ake Ky
by 1 inversion
4. A E.o[el] : Ky
by the induction hypothesis (3)
5. A E.()[e/] e;: K
by (2, 3, 4)
6. QED by (1, 5)
CASE E®* =y E®; :
1. E*[e] = vy E*[e]
A E®[e'] = vy E*1[e]
2. ko E'l[e] 'K
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3.

4.

5.

6.

ko 1 Ky

A A E'l[e] 1 Ky

by 1 inversion

K E®ile’] - Ki

by the induction hypothesis (3)
K vo E*q[e’] : K

by (2, 3, 4)

QED by (1, 5)

casE E* = op! E%:

1.

2.
3.

6.

E*[e] = op' E*o[e]

A E*[e’'] = op!' E%[e’]
k op' E%ole] : K

|-1 E'O[e] : KO

by 1 inversion

- K E'O[e’] : Ky

by the induction hypothesis (3)

.k opt E%[e’] : K

by (2,3, 4)
QED by (1, 5)

CASE E* = op’ E%e;:

1.

6.

E*[e] = op® E*ole] e
AE*[e'] = op? E%le] e

.k op* E%le] e : K
. |‘1 E'O[e] : K()

A H e : Kq
by 1 inversion

K E*ole’] : Ky

by the induction hypothesis (3)

.k op* E%[e'l e : K

by (2, 3, 4)
QED by (1, 5)

casE E* =op’ vy E*; :

1.

2.
3.

6.

E*[e] = op® vy E*1[e]

A E°[e’] = op? vy E*4[e’]
A Op2 (%) E'l[e] : K

kv : Ko

A K E®[e] : K4

by 1 inversion

K Ee] K,

by the induction hypothesis (3)

. h op? vo E*1[e’] : K

by (2, 3, 4)
QED by (1, 5)

CASE E°® = chk K, E®; :

1.

E*[e] = chk K, E®y[e]
A E*[e’] = chk K, E®[e’]

.k chk K¢ E%le] : K
- K E‘O[e] : Ko

by 1 inversion

. |‘1 E'O[e’] ZK()

by the induction hypothesis (3)

.k chk K. E%[e’] : K

by (2, 3, 4)

. QED by (1, 5)
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O

Lemma 4.30 : 1 dynamic hole substitution

If 5 E°[e] and K e’ then 1 E*[e’]
Proof:

By induction on the structure of E°®.

case E*=[]:
1. QED E*[e'] = ¢’
CASE E*® = (E®%),e1):
1. E*[e] = (E®ole], 1)
AN E*[e'] = (E%[e], er)
2. 1 (Elel er)
3. A E.o[e]
AH e
by 1 inversion
4. |—1 E’O[e']
by the induction hypothesis (3)
5. k (E%[e’], e1)
by (3, 4)
6. QED by (1, 5)
CASE E* = (vg,E*y):
1. E*[e] = (vo, E*1[e])
N E*[e’] = (vo, E*1[€’])
2. K {vo, E*1[e])
3. H Vo
Ak E®[e]
by 1 inversion
4. K E*[e’]
by the induction hypothesis (3)
5. k (vo, E*1[€’])
by (3, 4)
6. QED by (1, 5)
CASE E®* =E%e;:
1. E*[e] = E®¢[e] e;
A E®[e’] = E%y[e’] e
2. I-1 E.o[e] €1
3. H E'o[e]
A Fi e
by 1 inversion
4. K E%[e’]
by the induction hypothesis (3)
5. H E'O[e'] e
by (3, 4)
6. QED by (1, 5)
CASE E* =vy E*;:
1. E*[e] = vy E®1[€]
AN E*[e'] = v E*1[€’]
2. |—1 Vo E'l[e]
3. R Vo
A E*[e]
by 1 inversion
4. K E*[e']
by the induction hypothesis (3)
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5. K vy E*q[e’]
by (3, 4)
6. QED by (1, 5)
casE E* = op' E%:
1. E*[e] = op® E%le]
A E*[e’'] = op' E%le’]
2.k op! E%le]
3. A E'O[e]
by 1 inversion
4. |—.| E'O[e’]
by the induction hypothesis (3)
5.k op! E%le’]
by (3, 4)
6. QED by (1, 5)
CASE E* = op’ E%e;:
1. E*[e] = op® E*o[e] e
ANE°[e’'] = op? E*%o[e’] e
2. op? E%ole] e
3. A E'O[e]
A Fﬁ €1
by 1 inversion
4. K E*[e’]
by the induction hypothesis (3)
5.k op? E%le’] e
by (3, 4)
6. QED by (1, 5)
casE E* =op’ vy E*; :
1. E*[e] = op® vy E*1[e]
A E*[e’] = op? vy E*4[e’]
2. A Opz (%) E'l[e]
3. K Do
Ak E*[e]
by 1 inversion
4. K E*[e']
by the induction hypothesis (3)
5. kK op? vy E*1[e’]
by (3, 4)
6. QED by (1, 5)
CASE E°® = chk K, E®; :
1. Contradiction by K E*[e]
O

Lemma 4.31 : 1 hole substitution

e If i, E[e] : K and the derivation contains a sub-term I, e :

K’ andk e’ : K’ then K E[e’] : K.

o If i E[e] : K and the derivation contains a sub-term K e

and 1 e’ then K E[e’] : K.

e If i E[e] and the derivation contains a sub-term 1 e : K’

and K e’ : K’ then 1, E[e’].

o If i E[e] and the derivation contains a sub-term K e and

k e’ then K E[e’].
Proof:
By the following four lemmas: dynamic context static hole
substitution, dynamic context dynamic hole substitution,

Ben Greenman and Matthias Felleisen

static context static hole substitution, and static context
dynamic hole substitution.

]

Lemma 4.32 : 1 dynamic context static hole substitution

If 1 E[e] and contains K e : K’, and furthermore + e’ : K,

then + E[e’]
Proof:
By induction on the structure of E.
CASE E € E*:
1. Contradiction by + E[e]
CASE E=Eje;:
1. E[e] = Eole] e;
2. A Eo[e]
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E=1vy E; :
1. E[e] = vy Eq[e]
2. |—1 El [e]
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep, e1):
1. E[e] = (Eo[e], e1)
2. A Eo[e]
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E = (vy,E;) :
1. E[e] = (vo, Ex[e])
2. |—1 El [e]
by 1 inversion
3. QED by the induction hypothesis (2)
case E = op' Ey:
1. E[e] = op! Eqle]
2. |—1 E()[e]
by 1 inversion
3. QED by the induction hypothesis (2)
casE E=op? Eye; :
1. E[e] = op? Eyle] e
2. A Eo[e]
by 1 inversion
3. QED by the induction hypothesis (2)
case E = op? vy E; :
1. E[e] = op? vy E1[e]
2. |-.[ E; [6]
by 1 inversion
3. QED by the induction hypothesis (2)
casE E =dynEj:
1. Contradiction by + E[e]
CASE E =stat Ej :
1. E[e] = stat Ey[e]
2. | Eole] : Any
by 1 inversion
3. QED by static context static hole substitution (2)
casE E=dynt"” Ey:
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1. Contradiction by H E[e]
cASE E =stat p Ey :
1. E[e] = stat 7y Ey[e]
2. K Egle] : [ 7o)
by 1 inversion
3. QED by static context static hole substitution (2)
cASE E = chk Ky Ej :
1. Contradiction by H E[e]
O

Lemma 4.33 : 1 dynamic context dynamic hole substitution
If+ E[e] and contains K e, and furthermore 1 e’, then 1 E[e’]
Proof:
By induction on the structure of E.
casE E € E*:
1. QED by dynamic boundary-free hole substitution
CASE E=Eje;:
1. E[e] = Egle] e,
2. A Eo[e]
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E =9y E;:
1. E[e] = vy Eq[e]
2. A E, [e]
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep,e;):
1. E[e] = (Eo[e], er)
2. A E()[e]
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E = (vy,Eq):
1. Ele] = (v, Ey[e])
2. A E, [e]
by 1 inversion
3. QED by the induction hypothesis (2)
case E =op' Ey:
1. E[e] = op® Eo[e]
2. A E()[e]
by 1 inversion
3. QED by the induction hypothesis (2)
caseE E=op’ Ege; :
1. E[e] = op® Eo[e] e
2. A Eo[e]
by 1 inversion
3. QED by the induction hypothesis (2)
case E=op? vy E; :
1. E[e] = op? vy E1[e]
2. |—1 El [e]
by 1 inversion
3. QED by the induction hypothesis (2)
casE E =dynkE:
1. Contradiction by K E[e]
CASE E =statEj:
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1. E[e] = stat Eg[e]
2. Egle] : Any
by 1 inversion
3. QED by static context dynamic hole substitution (2)
casE E=dynt"” Ey:
1. Contradiction by K E[e]
CASE E =statrp Ej :
1. E[e] = stat 7y Eo[e]
2. 1 Egle] : [ o]
by 1 inversion
3. QED by static context dynamic hole substitution (2)
cASE E = chk Ky Ej :
1. Contradiction by + E[e]
|

Lemma 4.34 : 1 static context static hole substitution
IfH E[e] : K and contains K e : K’, and furthermore 1 ¢’ : K,
then K E[e'] : K

Proof:

By induction on the structure of E.
CASE Ec€E*:
1. QED by static boundary-free hole substitution
CASE E=Eje;:
1. E[e] = Eole] e;
2. A E()[e] : Ky
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E=1vy E;:
1. E[e] = vy Eq[e]
2. K Eqle] : Ky
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E = (Eg,e;):
1. E[e] = (Eole], e1)
2. A Eo[e] : Ky
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E = (vy, E;) :
1. Ele] = (vo, E1[e])
2. K Eqle] : Ky
by 1 inversion
3. QED by the induction hypothesis (2)
caseE E = op' Ey:
1. E[e] = op! Eqle]
2. A Eo[e] : Ky
by 1 inversion
3. QED by the induction hypothesis (2)
casE E=op? Eye; :
1. E[e] = op? Egle] e
2. K Eole] : Ko
by 1 inversion
3. QED by the induction hypothesis (2)
case E = op? vy E; :
1. E[e] = op? vy Eq[e]
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2. K Eqle] : Ky
by 1 inversion
3. QED by the induction hypothesis (2)
casE E =dynEj:
1. E[e] = dyn Eo[e]
2. A Eo[e]
by 1 inversion
3. QED by static dyn hole typing (2)
CASE E =stat Ej :
1. Contradiction by K E[e] : K
CASE E =dynt Ej:
1. E[e] = dyn 1y Ey[e]
2. A E()[e]
by 1 inversion
3. QED by static dyn hole typing (2)
CASE E =stat 1y Ey :
1. Contradiction by K E[e] : K
casE E = chk Ky Ej :
1. E[e] = chk Ky Ey[e]
2.  Egle] : Any
by 1 inversion
3. QED by the induction hypothesis (2)

Lemma 4.35 : 1 static context dynamic hole substitution
If 1 E[e] : K and contains K e, and furthermore + e’, then
K E[e]: K

Proof:

By induction on the structure of E.
casE Ec€E*:
1. Contradiction by K E[e] : K
CASE E=Eje;:
1. E[e] = Eole] e;
2. Egle] : Ko
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E=19y E;:
1. E[e] = vy Eq[e]
2. K Eqle] - Ky
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep,e1):
1. E[e] = (Eo[e], e1)
2. A Ey [6] : Ky
by 1 inversion
3. QED by the induction hypothesis (2)
CASE E = (vy,Eq):
1. E[e] = (vo, E1[e])
2. |-1 Eq [e] : Ky
by 1 inversion
3. QED by the induction hypothesis (2)
cASE E = op! Ey :
1. E[e] = op' Eyle]
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2. A E()[e] : Ky
by 1 inversion
3. QED by the induction hypothesis (2)
caseE E=op’ Ege; :
1. E[e] = op® Eo[e] e
2. A Eo[e] : Ky
by 1 inversion
3. QED by the induction hypothesis (2)
case E=op? vy E :
1. E[e] = op? vy E[e]
2. K Eqle] : Ky
by 1 inversion
3. QED by the induction hypothesis (2)
casE E =dynkE:
1. E[e] = dyn Eo[e]
2. A Eo[e]
by 1 inversion
3. QED by dynamic stat hole typing (2)
CASE E =stat Ej :
1. Contradiction by k E[e] : K
casE E =dynrg Ep:
1. E[e] = dyn 1y Eg[e]
2. A E()[e]
by 1 inversion
3. QED by dynamic stat hole typing (2)
CASE E =stat 1y Ey :
1. Contradiction by K E[e] : K
cASE E = chk Ky Ej :
1. E[e] = chk Ky Eg[e]
2.  Egle] : Any
by 1 inversion
3. QED by the induction hypothesis (2)

Lemma 4.36 : 1 static inversion
o If - (ep,e1) : K then ey : Any and K e; : Any
o Ifr Ax.e:KthenxH e
o If v A(x:7).e: K then (x:7) K e : Any
o Ifh eye; : Kthen K = Any and K ¢y : Fun and K e; : Any
e If 0p' € : K then K = Any and 1 ¢, : Pair
oIfh op ege; : Kthenk e : Ko and K e; : K; and
A(op?, Ko, K1) = K’ and K’ <: K
eIfdynre:Kthenkeand [7] <K
o If chk K’ ey : K thenk ¢y : Any and K’ < K
Proof "
QED by the definition of ' H e : 7

Lemma 4.37 : 1 dynamic inversion
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o If 1 (e, e1) then 1 ey and 1 e;
o Ifr Ax.ethenx e
o If K A(x:7).e then (x:7) K e : Any
o If - ep e; then k ep and K ¢
o If k op' ey then K e
o If op2 ey ey thenk eg and 1 e;
o If  stat T ethenk e: [7]
o If 1 stat e then i e : Any
Proof:
QED by the definition of 1 e.

Lemma 4.38 : 1 canonical forms
o If i v : Pair then v = (vg, v1)
o If L v:Funthenv = Ax.e’ or v = A(x:74). ¢’
o Ifv:Intthenv =i
o If v: Natthenv € N
Proof:
QED by definition of 1 - : K

Lemma 4.39 : A tag soundness
Ifr v : Kgand K ov; : Kj and A(op?, Ko, K1) = K then
k 8(op®, vg, v1) : K.
Proof:
By case analysis on A.
CcASE A(sum, Nat, Nat) = Nat :
1. vy = iy, I eN
Avy =10,i1 EN
by canonical forms
2. 5(5um, ig, il) =ig+i; €N
3. QED
CASE A(sum, Int, Int) = Int:
1. Vo = io
Avy =1
by canonical forms
2. 5(sum, io, 11) =iyg+1i; €1
3. QED
casE A(quotient, Nat, Nat) = Nat :
1. vy = ip,ip €N
Avy =1ip,i1 €N
by canonical forms
2.IF i1 =0:
a. d(quotient, iy, i;) = BndryErr
b. QED by K BndryErr : K
ELSE i1 #0:
a. d(quotient, ig, i1) = |ip/i1] € N
b. QED
caseE A(quotient, Int, Int) = Int :
1. vg = io
Avy =11
by canonical forms
2.IF i1 =0:
a. d(quotient, iy, i;) = BndryErr
b. QED by K BndryErr : K
ELSE i1 #0:
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a. d(quotient, iy, i1) = |ip/i1] € i
b. QED
([l
Lemma 4.40 : § preservation
e Ifk vand §(op',v) = ethenk e
e If K v and K v; and 8(op?, vy, v1) = e then K e
Proof:
cASE O(fst, (v, v1)) = vy :

1. ko
by 1 inversion
2. QED
cASE d(snd, (vg,v1)) = vy :
1. Fi U1
by 1 inversion
2. QED
CASE 6(sum, vy, v1) = Uy + 0y :
1. QED
casE d(quotient, vg, v1) = |vo/v1] :
1. QED
casE 8(op?, vy, v1) = BndryErr :
1. QED

Lemma 4.41 : A preservation
If A(op?, 79, 71) = 7 then A(op?, | 7o), L71]) = L7].
Proof:
By case analysis on the definition of A
case A(op?, Nat, Nat) = Nat :
1. QED by [Nat] = Nat
case A(op?, Int, Int) = Int :
1. QED by [Int] = Int

Lemma 4.42 : A inversion
o If A(fst,7) = 7/ then 7 = yXry and 7’ = 1
e If A(snd,7) =7’ thent = gyX7yand 7’ = 1y
Proof
QED by the definition of A

Lemma 4.43 : <: preservation
If r <: 7/ then | 7] < 7]
Proof:
By case analysis on the last rule used to show 7 <: 7’.
cASE Nat <:Int:
1. QED |Nat| <: |Int]
CASE T;=7, <: T,;=>Tc' :
1. |[tg=71.] = Fun
A lzj=7/] =Fun
2. QED
CASE TyXTy <:TjXT, :
1. |toX711] = Pair
A |TgxT/] = Pair
2. QED

Lemma 4.44 : 1 static value inversion
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9131 If 5 v : Any then K v o If (x:7),[ heandk v: [r] thenT K e[x 0] 9186
9152 Proof: o Ifx,T'Heandk vthenT K e[x ] 9187
9133 By induction on the structure of v. o If (x:7x),T he:Kandk v: [ thenT K e[x o] : K 9188
9134 CASE U = i: e Ifx,THe:Kandr vthenT K e[x«<v]: K 9189
9135 1. Dby K v Proof: ) 9190
9136 CASE v = (v, 01) : By the following four lemmas: dynamic context static 9191
0137 1. k vy : Any value substitution, dynamic context dynamic value substi- 9192
0138 Ak o; : Any tution, static context static value substitution, and static 9193
9139 by 1 inversion context dynamic value substitution. 9194
9140 2. K v 9195
9141 AR v Lemma 4.47 : 1 dynamic-static substitution 9196
9142 by the induction hypothesis If (x:7),T reand v : 7] thenT K e[x <] 9197
9143 3. QED by (2) Proof: 9198
9144 CASE U = Ax.e: By induction on the structure of e. 9199
9145 lLxhe CASE € =X: 9200
9146 by 1 inversion 1. e[x—v]=v 9201
9147 2. QED 2. hv:Any 9202
9148 CASE v = A(x:7).e: by 7] <: Any 9203
9149 1. (x:7) K e: Any 3. RV 9204
9150 by 1 inversion by static value inversion (2) 9205
9151 2. QED 4. ThHo 9206
o152 [J by weakening (3) 9207
915 Lemma 4.45 : 1 dynamic value inversion 5. QED 9208
9154 If v then kv : Any CASE e =x": 9209
9155 Proof: 1. QED by x'[x «—v] = x’ 9210
9136 By induction on the structure of . CASE € =1i: 921
9157 CASE U = i: 1. QeD by i[x —v] = i 9212
9158 . CASE e = Ax.e’: 9213
1. ho:Int , ,
9159 2. QED by Int <: Any 1. QED by (Ax. €’)[x —v] = Ax. e 9214
9160 CASE © = (vg,01) : CASE e = A(x:7').¢: 9215
9161 1.k vy 1. QED by (A(x:7"). e")[x —v] = A(x:7"). €’ 9216
9162 /1\ koo CASE e = Ax".¢e: 9217
9163 by 11 inversion 1. e[x—v] = Ax’. (e/[x —v]) 9218
9164 2.+ vo : Any 2. x',(x:7),TH e 9219
-/ Yo . :
9165 . by 1 inversion 9220
A kvt Any s ?’r °
o166 by the induction hypothesis - X', e'[x 0] 9221
9167 3. b (vp,v;) : Pair by dynamic context static value substitution 9222
9168 k;y @) 4. T K Ax". e'[x ] 9223
9169 4. QED by Pair <: Any by (3) 9224
9170 CASE v = Ax.e: 5. QED 9225
9171 L xre CASE e = A(x":7'). e : 9226
9172 by11 inversion 1. e[x—v] = A(x":7"). (e/[x —0]) 9227
9173 2.1 Ax.e: Fun 2. (x":17"),(x:7),T 1 e’ : Any 9228
9174 by (1) by 1 inversion 9229
9175 3. QED by Fun <: Any 3. (x":7"),T K €'[x <] : Any 9230
9176 CASE v = A(x:7).e: by static context static value substitution 9231
9177 1. (x:7) ke : Any 4. T R A 7). (¢/[x —0]) 9232
9178 by 1 inversion 5. QED 9233
9179 2. A(x:7).e : Fun CASE e = (ep, e1) : 9234
9180 by (1) 1. e[x —v] = (eg[x —v], e1[x —v]) 9235
o181 3. QED by Fun <: Any 2. (x:1).T K e 9236
9182 Ax:7),THe 9237
N by 1 inversi
% Lemma 4.46 : 1 substitution y L version e
9184 9239
9185 84 9240
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3. T K eo[x 1]
AT K e[x 0]
by the induction hypothesis (2)
4. T K (eo[x 0], e[x —0])
by (3)
5. QED
CASE e =¢je;:
1. e[x —v] = eg[x 0] e1[x 0]
2. (x:7),T H e
Ax:7),THe
by 1 inversion
3. T K ep[x 1]
AT K e[x 0]
by the induction hypothesis (2)
4. T K eo[x —v] e1[x ]
by (3)
5. QED
CASE e = op' e :
1. e[x —v] = op' eg[x <]
2. (x:7),T H e
by 1 inversion
3. T K ep[x 1]
by the induction hypothesis (2)
4. T H op' eg[x <]
by (3)
5. QED
CASE e =op’ ey e :
1. e[x —v] = op? eg[x —v] e1[x <]
2. (x:71),I'H e
Ax:T),THe
by 1 inversion
3. T K ep[x 1]
AT e[x ]
by the induction hypothesis (2)
4. T K op? eg[x —v] e[x 1]

by (3)
5. QED
casE e=dynt’ e’
Ve=dyne
Ve=chkK e :

1. Contradiction by (x:7),T e
CASE e =stat7’ e’ :
1. e[x«—v] = stat 77 e/[x < 0]
2. (x:7), e :[7T']
by 1 inversion
3.THe[xe—v]:|1]
by static context static value substitution (2)
4. T K stat 7/ (e'[x <))
by (3)
5. QED
CASE e = state’:
1. e[x «v] = stat e’[x < 0]
2. (x:7),T' e : Any
by 1 inversion
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3. T He'[x<v]:Any
by static context static value substitution (2)
4. T' K stat (e'[x < v])
by (3)
5. QED
O
Lemma 4.48 : 1 dynamic-dynamic substitution
Ifx,T'H eand v thenT K e[x «v]

Proof:
By induction on the structure of e.
CASE € =X:
1. e[x—v]=v
2.THo
by weakening (3)
3. QED

CASE e =x’:
1. QED by x’[x o] = x’
CASE e =1:
1. QD by i[x 0] =i
CASE ¢ = Ax.e’:
1. QED by (Ax. e')[x «v] = Ax. ¢’
CASE e = A(x:7').¢:
1. QED by (A(x:7"). e")[x —v] = A(x:7"). €’
CASE e = Ax".¢":
1. e[x —v] = Ax". (¢/[x «v])
2. x,x,THe
by 1 inversion
3. x", 'K e'[x 1]
by the induction hypothesis (2)
4. T H Ax". e'[x ]
by (3)
5. QED
CASE e = A(x":7). e’ :
1. e[x—v] = A(x":7"). (¢/[x «0])
2. (x":7"),x,T i e’ : Any
by 1 inversion
. (x":7"),T H e'[x<v] : Any
by static context dynamic value substitution
4. T H Ax":7"). (e'[x «0])
5. QED
CASE e = {eg,€1) :
1. e[x 0] = {(eo[x ], e1[x < v])
2. x,T K ey
Ax,I'H e
by 1 inversion
3. T' K eo[x 1]
AT K e[x ]
by the induction hypothesis (2)
4. T K (eo[x <], e1[x —0])
by (3)
5. QED
CASE e =¢je;:
1. e[x«—v] = eo[x —v] e1[x 0]

w
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2. x,T H e
Ax,T H el
by 1 inversion
3. T K eo[x ]
AT K e[x ]
by the induction hypothesis (2)
4. T K eo[x 0] e1[x 0]
by (3)
5. QED
CASE e = op ¢ :
1. e[x 0] = op! ey[x 0]
2. x,T H e
by 1 inversion
3. T K eo[x ]
by the induction hypothesis (2)
4. T H op' eg[x 1]
by (3)
5. QED
CASE e = op® ¢ e; :
1. e[x 0] = op? eg[x —v] e;[x —]
2. x,T H e
Ax,I'H e
by 1 inversion
3. T K eo[x ]
AT K e[x—v]
by the induction hypothesis (2)
4. T K op® eg[x —v] e1[x 1]

by (3)
5. QED
casE e=dynt’ e’
Ve=dyne
Ve=chkK e:

1. Contradictionby I' i e
CASE e =statr’e’:
1. e[x «—v] = stat 77 e’[x 0]
2. x,Tre :|7]
by 1 inversion
3.THe [xev]:|7]
by static context dynamic value substitution (2)
4. T K stat v/ (e’'[x —v])
by (3)
5. QED
CASE e =state’:
1. e[x «v] = stat e’[x <]
2. x,I' e : Any
by 1 inversion
3. T He'[x<v]: Any
by static context dynamic value substitution (2)
4. T stat (e'[x «<v])
by (3)
5. QED
d

Lemma 4.49 : 1 static-static substitution
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If(x:7),The:Kand kv : 7] thenT K e[xv]: K
Proof:
By induction on the structure of e.
CASE e =X:
1. 7] <K
by (x:7),I'hx: K
2. e[x—v]=v
3. hv:K
by (1)
4 Thv:K
by weakening (3)
5. QED
CASE e =x':
1. QED by (x'[x «—v]) = x’
CASE e =1i:
1. QED by i[x 0] =i
CASE e = Ax.e’:
1. QED by (Ax.€e')[x —v] = Ax. €’
CASE e = Ax".¢":
1. e[x —v] = Ax". (¢/[x «v])
2. x',(x:7),TH e
by 1 inversion
3. x", 'K e'[x 1]
by dynamic context static value substitution
4. TH Ax".e'[x—v]: K
by (3)
5. QED
CASE e = A(x":7’). e’ :
1. e[x—v] = A(x":7"). (¢/[x —0])
2. (x":7),(x:7), T K e’ : Any
by 1 inversion
3. (x":7"),T K e'[x 0] : Any
by the induction hypothesis (2)
4. THAMx" 7). (e[xe0]) : K
5. QED
CASE e = {eg,€1) :
1. e[x «—v] = {(eo[x —v], e1[x < v])
2. (x:7),' K eo : Any
A(x:7),T K e : Any
by 1 inversion
3. T K eo[x 2] : Any
AT K e[x 0] : Any
by the induction hypothesis (2)
4. T K (eo[x —v], e1[x —0]) : K
by (3)
5. QED
CASE e =¢je;:
1. e[x—v] = eo[x —v] e1[x 0]
2. (XIT),F K €o : Ky
A(x:7),THe : Ky
by 1 inversion
3. T K e[x—v]: K
AT K e[x—v]: Ky
by the induction hypothesis (2)
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4. T Hexe—v]efxe—v]: K
by (3)
5. QED
CASE e = op ¢ :
1. e[x —v] = op' eg[x 0]
2. (XIT),F K eo : Ky
by 1 inversion
3. T K eo[x 0] : Ko
by the induction hypothesis (2)
4. T K op' eo[x—v]: K
by (3)
5. QED
CASE e = op’ ¢ ey :
1. e[x 0] = op? ey[x —v] e;[x —v]
2. (x:7),T K e : Ko
A(x:7), T He : Ky
by 1 inversion
3. T K eo[x 0] : Ko
AT He[xe—v]: K;
by the induction hypothesis (2)
4. T H op® eg[x—v] eg[x —v] : K
by (3)
5. QED
cASE e=dynrt’e :
1. e[x —v] =dyn 7’ e'[x ]
2. (x:1),THe
by 1 inversion
3. T He[x—v]
by dynamic context static value substitution (2)
4. Trdynt’' (e'[x—0]): K
by (3)
5. QED
CASE e =dyne’:
1. e[x «—v] = dyn e'[x 0]
2. (x:7),I'H e
by 1 inversion
3.T K e[x—v]
by dynamic context static value substitution (2)
4. T Hdyn(e'[xv]): K
by (3)
5. QED
CASE e =chkK'e
1. e[x«—v] = chk K’ (¢/[x <))
2. (x:7),I'H € : Any
by 1 inversion
3. T He'[x<v]: Any
by the induction hypothesis (2)
4. T K chk K’ (e'[xv]) : K
by (3)
5. QED
CASE e =stat 7’ e’
Ve =state:
1. Contradictionby I' ke : K

[
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Lemma 4.50 : 1 static-dynamic substitution
Ifx,The:Kandk vthenT K e[x—v]: K
Proof:
By induction on the structure of e.
CASE € =X:
1. K = Any
by x,I'h x: K
2. e[x—v]=v
3. hv:K
by dynamic value inversion
4. K v:Any
by K <: Any
5. Tk v:Any
by weakening (3)
6. QED
CASE e =x":
1. QED by x’[x «—v] = x’
CASE e =1:
1. QED by i[x —v] =i
CASE € = Ax.e’:
1. QED by (Ax.¢')[x «—v] = Ax. €’
CASE e = A(x:7’). ¢ :
1. QED by (A(x:7”). e’)[x —v] = A(x:7"). e
CASE e = Ax".¢e:
1. e[x—v] = Ax". (e/[x —v])
2. x,x,THe
by 1 inversion
3. x", Tk e'[x 1]
by dynamic context dynamic value substitution
4. TH Ax".e'[x—v]: K
by (3)
5. QED
CASE e = A(x":7'). e :
1. e[x—v] = AUx":7"). (/[ x —0])
2. (x":7'),x,T r e : Any
by 1 inversion
3. (x":7"),T K e'[x 0] : Any
by static context dynamic value substitution
4. THAMx":7"). (e'[x2]) : K
5. QED
CASE e = (ep, e1) :
1. e[x —v] = {(eo[x —v], e1[x «—v])
2. x,I' 1 ey : Any
Ax,T ke : Any
by 1 inversion
3. T K eo[x 0] : Any
AT K e[x<<v]: Any
by the induction hypothesis (2)
4. T K (eo[x 0], e1[x —0]) : K
by (3)
5. QED
CASE e =¢j ey :

’
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9571 1. e[x «—v] = eo[x 0] e1[x 0] 4. T K chk K’ (e'[xv]) : K 9626
9572 2. x,I' 1 e : Ko by (3) 9627
9573 Ax,THe 1 K 5. QED 9628
9574 by 1 inversion CASE e =stat 7’ e’ 9629
9575 3. T K eo[x 0] : Ko Ve =state: 9630
9576 AT He[x—v]: K; 1. Contradictionby I' h e : K 9631
9577 by the induction hypothesis (2) 0 9632
78 4. Thelx —v]e[x—ov]: K Lemma 4.51 : weakening 9633
9579 by (3) o IfTHethenx,T'He 9634
9580 5. QED e Ifl'ke:rthen(x:7/),The:t 9635
9581 CASE e = op ¢ : Proof : 9636
9582 1. e[x —v] = op' eo[x —v] e ¢is closed under T 9637
9583 2.x,THe: Ko byT ke 9638
9584 by 1 inversion VI He:7rQED 9639
9585 3.TH eo[x —v] : Ky O 9640
780 by the induction hypothesis (2) Lemma 4.52 : unique static evaluation contexts oo
87 4.Thop' eo[x—v]: K If+ e : 7 and e is boundary-free then one of the following ~ ***
9588 by (3) holds: 9643
7989 3. QED e ¢isavalue o6
9590 CASE e = opz e € : o e=E*[vy 0] 9645
9591 1. e[x 0] = op? eg[x 0] e;[x 0] o e=E[op! ] 9646
9592 2. x,T |—1 e : Ko PR E'[op2 o Ul] 9647
9593 Ax,T Hep: K; o e= E'[Err] 9648
9594 by 1 inversion Proof: 9649
9595 3. T K eo[x 0] : Ko By induction on the structure of e. 9650
9596 AT K e[x—v]: Ky CASE € = x : 9651
9597 by the induction hypothesis (2) 1. Contradiction by e : ¢ 9652
9598 4. T H op? egx—v] ey[x—v] : K CASE e = i 9653
9599 by (3) Ve=AMx:tg). e : 9654
9600 5. QED 1. QED e is a value 9655
9601 CcASE e=dynt’ e’ : CASE e = {eg,€1) : 9656
9602 1. e[x —v] =dyn 1’ e'[x 1] IF e ¢ v: 9657
9603 2. x,I'H e 1. eg = E%[eg] 9658
9604 by 1 inversion by the induction hypothesis 9659
9605 3.T K e'[x—v] 2. E* = (E%, ey) 9660
9606 by dynamic context dynamic value substitution (2) 3. QED by e = E*[¢;] 9661
9607 4. THdynt’' (e'[x<v]): K IF ey €V 9662
9608 by (3) ANejp € v: 9663
9609 5. QED 1. e; = E*y[e]] 9664
9610 CASE e =dyne’: by the induction hypothesis 9665
9611 1. e[x «v] = dyn e'[x 0] 2. E® = {(ey, E*1) 9666
9612 2.x,T'He 3. QED by e = E*[e]] 9667
9613 by 1 inversion ELSE ¢y € v 9668
9614 3. T He[x—v] ANel€Ev: 9669
9615 by dynamic context dynamic value substitution (2) 1. E* =] 9670
9616 4. T Hdyn(e'[x2]): K 2. QED e = E*[{eg, e1)] 9671
9617 by (3) CASE e=¢pe;: 9672
9618 5. QED IF ey ¢ v: 9673
9619 caseE e =chkK’ e : 1. ey = E%[eg] 9674
9620 1. e[x —v] = chk K’ (¢/[x < v]) by the induction hypothesis 9675
9621 2. x,I' e : Any 2. E*=E% e 9676
9622 by 1 inversion 3. QED by e = E'[eé] 9677
9623 3. T K e'[x<v]: Any 9678
9624 by the induction hypothesis (2) 9679
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IF €y € U
ANel&v:
1. e; = E'l[e{]
by the induction hypothesis
2. E* = € E.l
3. QED by e = E®[¢;]
ELSE € €V
ANe  €Ev:
1. E* =]
2. QED e = E*[eg €1]
CASE e = op ¢ :
IF ¢y ¢ v:
1. ey = E.o[e(,)]
by the induction hypothesis
2. E* = Op1 E.()
3. QED e = E®[ey]
ELSE € €V :
1. E* =]
2. QED e = E*[op! ¢y]
CASE e=op’ ey e :
IF ey ¢ v:
1. ¢ = E'O[eé]
by the induction hypothesis
2. E* = 0p2 E® e;
3. QED e = E°*[¢(]
IF €y €0
ANel €v:
1. e; = E*y[e]]
by the induction hypothesis
2. E* = Opz €o E']
3. QED e = E*[e]]
ELSE € €V
NelL €Ev:
1. E* =]
2. QED e = E*[op? g €1]
CASE e =chkK’' e :
1. Contradiction by + e : T
CASE e =dynej:
1. Contradiction by F e : ¢
CASE e =state’:
1. Contradiction by e : 7
CASE e=dynTep:
1. QED e is boundary-free
CASE e =statre’:
1. Contradiction by e : 7
CASE e = Err:
1. E* =[]
2. QED
O

Lemma 4.53 : + static inversion
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e IfT’'+x:rthen(x:t')eTand ' < 7

o IfT + A(x:7)). e’ : T then (x:7)),[ e’ : 7/ and 7 =17/ <

T

e IfT" + (ep,e;) : TthenT + ey : pand I + e; : 7; and
ToXT] <IT

elfT Feye 7. thenl' ke :7;=7/andT ke :7)and
TC/ < Te

o IfT +fste: rthenT + e : 7oX7; and A(fst, 7o X1;) = 79 and
To T

e IfT'+snde:rtthenT Fe: rpxr and A(snd, 7o X71) = 11
and 7 <t
oIfT - op’eye : TthenT ey :pandT + e : 7y and
Aop?, 19, 71) =7 and 7/ <' 1
e IfT'+dynt’e :rthenl'Fe' andz’ <tz
Proof:
QED by the definition of T'Fe: 7

Lemma 4.54 : canonical forms
e If + v : 7y X1 then v = (vg, v1)
e Ifrv:ty=r1.thenv = Ax:7y). €’
ANTg < Ty
o Ifrv:Intthenv =i

e Ifrv:Natthenv=iandv e N
Proof"

QED by definition of - e : 7

Lemma 4.55 : substitution
If (x:7,), T F e : 7, and e is boundary-free and + v : 7, then
Frelxe—v]:7
Proof:
By induction on the structure of e.
CASE € =X:
l.e[x—v]=v
2. Ty =T
3.Tro:r
by weakening
4. QED
CASE e =x":
1. QED by x’[x «—v] = x’
CASE e =1i:
1. QED by i[x 0] =i
CASE e = Ax.e’:
1. Contradiction by (x:7), T Fe: 7
CASE e = AMx:7’).¢":
1. QED by (A(x:7"). e’)[x —v] = AMx:7’). €’
CASE e = A(x":7). e :
1. e[x—v] = A(x":7"). (e/[x —0])
2. (x":t"),x,Tre
by static inversion forms
3. (x":7"),T +e/[x 0]
by the induction hypothesis (2)
4. THMx":7"). (e'[x —0])
by (3)
5. QED
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CASE e = (eg, e1) :
1. e[x «—v] = (eo[x —v], e1[x «v])
2. x,T'F e
Ax,T ke
by static inversion forms
3. Tk ep[x 0]
ATk e[x 0]
by the induction hypothesis (2)
4. T+ {ey[x <], e1[x —v])
by (3)
5. QED
CASE e =¢pe;:
1. e[x 0] = eg[x 0] e1[x 0]
2. x,T' ke
Ax,T ke
by static inversion forms
3. Tk ep[x 0]
AT Fe[xv]
by the induction hypothesis (2)
4. T+ ep[x —v] e1[x 0]
by (3)
5. QED
CASE e = op' e :
1. e[x —v] = op' eg[x —v]
2. x,T'F e
by static inversion forms
3. T+ ep[x 0]
by the induction hypothesis (2)
4. T+ opt ep[x 0]
by (3)
5. QED
CASE e =op’ ey e :
1. e[x —v] = op? eg[x —v] e1[x 0]
2. x, T+ e
Ax,T ke
by static inversion forms
3. T+ ep[x ]
AT F e[x 0]
by the induction hypothesis (2)
4. T+ op? ep[x —v] ey[x —v]
by (3)
5. QED
caseE e =chkK’e :
1. Contradictionby + e : 7
CASE e =dyne’:
1. Contradiction by e : 7
CASE e =state’:
1. Contradiction by + e : T
CASE e=dynt’ e :
1. Contradiction by e is boundary-free
CASE e =statr’e’:
1. Contradictionby +e: 7
CASE e = Err:
1. QED Err[x o] = Err
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Lemma 4.56 : § preservation
e If + v and 5(op',v) = v’ then + ¢’
e If - vy and + v; and §(op?, vy, v;) = €’ then + v’
Proof:
CcASE O(fst, (v, v1)) = vy
1. + v
by static inversion forms
2. QED
CASE d(snd, (vg,v1)) = vy :
1. Fug
by static inversion forms
2. QED
CASE 6(sum, vy, v1) = vy + 0y :
1. QED
cASE d(quotient, vy, v1) = |vg/v1] :
1. QED
cASE d(quotient, vp, v1) = BndryErr :
1. QED
O
Lemma 4.57 : weakening
e IfT+ethenx,Tte
o IfT'+ethen(x:7),TFe
Proof:
QED because e is closed under T’

O
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E.5 (HC) Co-Natural Embedding
E.5.1 Co-Natural Definitions

Language HC

e =x|v|{ee)|ee|lople|op’ee|
dynte|statre| Err

v = i|{(v,0)|Ax.e| A(x:7T).e
mon (r=7)v | mon(rX7)v

r = Nat|Int| Xt |r=>7

r =:|xT]|(x:7),T

Err = BndryErr | TagErr

r = o|Err

E* =[][E"e|vE"|(E%e)|(v,E") |
op' E* | op* E* e | op® v E*

E =E|Ee|vE|{(Ee)| (v,E)| op'E |
op?Ee|op? vE|dynt E |stat 7 E

A:op'Xt—>T

A(fst, oxX11) =19
A(snd, 1o X11) = 11

A: op2><r><r—>r‘
A(op?, Nat, Nat) = Nat
A(op?, Int, Int) = Int
T<IT

<y <, <y ST

Nat < Int g=1. < 1)=71,

. ’ ’
P ToXT) < Ty X7y

Tg:l'/ T’gzl’”
T<iT <t
T're
xell x,Tre T'te TFe
I'tx TrAx.e TFi T+ {eg, 1)
I'tey The I're I'tey TFe
I'kepen I“I—ople l“l—opzeoel T'FErr
T're:t
I'kstatre
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(x:7)eT (x:79),Tre: 1, ieN
IF'tx:t TrAx:itg).e:tg=17 TFri:Nat
Tre:1 Tre:1g> 1,
T'rtei:my rl—ellfd
Tri:lnt T {eyer): 19Xy T'keyge: e
I'key: 1
T'hey:1 IF'tei:ny F'rte:7’
Aop',) =1 Aop',ro,m)=1 /<1t
Fkopleotr I‘I—opzeoelzr I'te:tr TrErr:7
I're
I'tdynte:7r
xeTl x, ke F'ke The
F'iex Trix.e Tri T+ {eo, e1)
F'e Thoe ke F'tceg T
I'keoer Ik ople Ik op2 €y €1 Ik Err
Ilke:t Ik v:nXn lhovig=>r
I'estatte Tk mon(rgxr)v Tk mon(rg=1)v
Ilke:t
(x:t)eT (x:7q), ez, ieN
F'ex:t TrAMxitg).e:tg=1. T rki:Nat
Ikeo: 1o ke :tqg =
ke :n IFke ity
FicizInt Tk (e, eq) : ToXTy Ticeper:te
T Fc€o: 7o
T'koeo: 1o Fhe:n Fke:1
Aop', ) =1  Alop*,10,11) =T <
I“I—Copleozz' Fi—copzeoelzr Fke:t
ke
' Err:t TI'kdynte:r
ko

I' k. mon (1o X71) v : (19X 1)

ko

't mon(tg=7.)v: (14=>7,)
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d(fst, (vg, v1)) =0y
5(Snd9 <009 Ul)) =1
S(op?,v,v) = e

5(sum, io, il) =iy + i

d(quotient, iy, 0) = BndryErr
d(quotient, iy, iy) = |io/i1]
ifi; #0

Dc :tXv—>e

Dc(tg=1e,v) = mon(tg=r1.)v
ifv=Ax.eorv =mon(r;=1/)v
Dc(toXt,v) =mon (1gXT11) v
if v = (vy,v1) or v = mon (7yx1/) v’
Dc(Int, i) i
Dc(Nat, i) i
ifieN
Dc(7,v)

otherwise

BndryErr

Sc:TXv—>e

Sc(tg=1e,v) =mon (tg=1.) v

Sc(rgX11,v) =mon(tpX1y)v
Sc(r,v) =v
otherwise

el>sce

dynto >s.c Dc(r,v)

(mon (rg=1.)vr) v D>sc dyn 7. (vf e’)

where e’ = stat 75 v
(A(x:7).e) v >s.c e[x o]

fst (mon (toX11)v) Ds.c dyn 1o (fsto)
snd (mon (tgX11)v) >s.c dyn 7y (sndv)

op' v >s.c 8(opt,v)

op? vy v >s.c 8(op?, vg, v1)
stat T v >pc Sc(r,v)

Vg U1 >p-c TagErr

if vy € Z or vy = (v, v’)

(mon(rg=71.)vr) v Bpc stat 7c (vr e)

where e’ = dyn 74 v
(Ax.e)v >p.c e[x—v]

fst(mon (zoX11)v) D>p.c stat 1 (fstv)
snd (mon (1o X71)v) >p-c stat 77 (sndv)

op' v >p.c TagErr
if (op!, v) is undefined

op' v >p.c S(op',v)

op? vy vy >p.c TagErr

if §(op?, vy, v1) is undefined
op? vy v

>bp-c 5(0172,7)0, v1)
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e —cs e

E*[e]
ife >s.c e’
E[stat 7 E*[e]]
ife>gce’
E[dyn 7 E*[e]]
ife >pc e’
E[Err]

€ —c-p €

E*[e]
ife >pce
E[stat 7 E*[e]]
ife >g.c e
E[dyn 7 E*[e]]
ife >p.c e’
E[Err]
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—C-s

—C-S

—C-S

—C-s

—C-D

—C-D

—C-D

—C-D

E*[e’]

E[stat 7 E*[¢’]]
E[dyn 7 E*[¢’]]
Err

E*[e’]

E[stat 7 E*[¢’]]
Eldyn 7 E*[¢]]

Err

e —¢_¢ € |reflexive, transitive closure of —¢.s

e —¢_p e |reflexive, transitive closure of —c.p
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E.5.2 Co-Natural Theorems

Theorem 5.0 : static HC soundness
If - e : 7 then k. e : 7 and one of the following holds:
ee—i vand vt
e e —¢ ¢  E[dyn 7’ ¢’] and e’ >p.c TagErr
e ¢ —>( ¢ BndryErr
o ¢ diverges
Proof:
1l ket
by static subset
2. QED by static progress and static preservation.

Theorem 5.1 : dynamic HC-soundness
If + e then k. e and one of the following holds:
e e —ipvand kv
e e —¢  E[e’] and e’ >p.c TagErr
e e —¢  BndryErr
o ¢ diverges
Proof:
1. ke
by dynamic subset
2. QED by dynamic progress and dynamic preservation.

Corollary 5.2 : HC static soundness
If - e : 7 and e is boundary-free, then one of the following
holds:
ee—i vand kv:T
® e —¢ ¢ BndryErr
o ¢ diverges
Proof:

Consequence of the proof for static HC-soundness
O

93

NU-CCIS-2018-002, 2018, Northeastern University

10176
10177
10178
10179
10180
10181
10182
10183
10184
10185
10186
10187
10188
10189
10190
10191
10192
10193
10194
10195
10196
10197
10198
10199
10200
10201
10202
10203
10204
10205
10206
10207
10208
10209
10210
10211
10212
10213
10214
10215
10216
10217
10218
10219
10220
10221
10222
10223
10224
10225
10226
10227
10228
10229
10230



10231
10232
10233
10234
10235
10236
10237
10238
10239
10240
10241
10242
10243
10244
10245
10246
10247
10248
10249
10250
10251
10252
10253
10254
10255
10256
10257
10258
10259
10260
10261
10262
10263
10264
10265
10266
10267
10268
10269
10270
10271
10272
10273
10274
10275
10276
10277
10278
10279
10280
10281
10282
10283
10284
10285

NU-CCIS-2018-002, 2018, Northeastern University

E.5.3 Co-Natural Lemmas

Lemma 5.3 : D¢ soundness
If - v then k. Dc(r,v) : T
Proof:
CASE Dc(rg=1.,v) =mon(tg=1.)v:
Lkmon(rg=1)v:1q="1c
by kv
2. QED
CASE Dc(19X11,v) = mon (19X11) v :
1. ko mon (1o XT) v & T X1y
by kv
2. QED
CASE v =i
A Dc(Int,v) =v:
1. QED
CASE v € N
A Dc(Nat,v) =v:
1. QED
caSE Dc(r,v) = BndryErr :
1. QED
O
Lemma 5.4 : Sc soundness
If k. v : 7 then k. Sc(r,v)
Proof:
CASE K. V:Tg=7T,
ASc(tg=1e,0) =mon(tg=1.)0v:
1. QED
CASE . U : TgXTy
A Sc(toX11,v) = mon (1o X11) v :
1. QED
CASE k. v :Int
ASc(Int,v) =v:
1. QED
CASE k- v: Nat
A Sc(Nat,v) =v:
1. QED
O
Corollary 5.5 : HC static subset
IfT'+e:7rthenT k. e: 1.
Proof:
Consequence of the proof for the higher-order static
subset lemma; both k. and k, have the same typing rules
for surface-language expressions.

O

Corollary 5.6 : HC dynamic subset
IfI'+ethenT k. e.

Proof:
Consequence of the proof for the higher-order dynamic
subset lemma.

O

Lemma 5.7 : HC static progress
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If k. e : 7 then one of the following holds:
e ¢isavalue
e e € Err
® € —C-S e
® ¢ —c.s BndryErr
e ¢ = E[dyn 7’ ¢’] and ¢’ —¢c.p TagErr
Proof:
By the boundary factoring lemma, there are seven possi-
ble cases.
CASE e is a value:
1. QED
CASE e = E*[vg vq] :
L kvo 7
by static hole typing
2. U T =T,
AN V1114
by inversion
3. vo = Mx:1)). ¢
V vy = mon (t,=1/)vr
by canonical forms
4. 1F vy = Mx:7)). e :
a. e —>cs E*[e/[x —v]]
by vy v1 D>s.c €'[x 4]
b. QED
ELSE Uy = mon (7,=1/) vy :
a. e —c.s E*[dyn 7/ (v (stat 7] v1))]
by vg v1 >>s.c dyn 7 (vf (stat r[; 01))
b. QED
CASE e = E*[op! 0] :
Liopo:t
by static hole typing
2. LU TOXT
by inversion
3. v = (vg,v1)
V v = mon (1o X11) v’
by canonical forms
4. 1F v = {(vg, V1)
A op! = fst :
a. 8(op', (v, v1)) = g
by definition
b. e —c-s E*[vy]
by op! v >s.c vy
C. QED
IF v = (vg, V1)
A op' =snd:
a. 6(op', (v, 1)) = vy
by definition
b. e =cs E*[v1]
by op! v >s.c vy
C. QED
IF v = mon (1yX1y) 0’
A Op1 =fst:
a. e —c-s E*[dyn 79 (op' v)]
by definition
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b. QED
ELSE v = mon (19 X71) v’
A op' =snd:
a. e —c-s E*[dyn 71 (op! v)]
by definition
b. QED
CASE e = E*[op? vy v1] :
Licop?vyv:t/
by static hole typing
2. kvt T
ANkvr:im
A Nop?, 19, 11) = T
by inversion
3. 5(qp2,vo,zq) =e’
by A type soundness (2)
4. op® vy vy >sc e’
by (3)
5. QED by e —c.s E*[€’]
casE e = E[dyn 7’ ¢’] and e’ is boundary-free :
1. ¢’ is a value
Ve’ €Err
Ve —cop e’
Ve’ —c.p BndryErr
Ve’ =E’[e"] and e” >>p.c TagErr
by dynamic progress
2. 1F ¢’ is avalue:
a. QED e —c.s E[Dc(r/,€e’)]
IF ¢’ € Err:
a. QED e —c.g e’
IF ¢/ —>cpe’:
a. QED e —c.s E[dyn 7’ e”']
IF ¢’ —c.p BndryErr:
a. QED e —¢.s E[dyn 7’ BndryErr]
ELSE ¢’ = E’[¢”] and e” >p.c TagErr:
a. E' € E*
by e’ is boundary-free
b. QED
CASE e = E[stat 7’ ¢’] and e’ is boundary-free :
1. ¢’ is a value
Ve’ € Err
Ve —cos e’
Ve’ —c.s BndryErr
Ve =E"[dynt” E*”[¢]] and e’ >p.c TagErr
by static progress
2. 1F ¢’ isavalue:
a. QED e —c-s E[Sc(7/,¢e’)]
IF e’ € Err:
a. QED e —c.g €’
IF ¢/ —>cse’:
a. QED e —c.s E[stat 7/ e”’]
IF ¢ —c.s BndryErr:
a. QED e —c.s E[stat 7’ BndryErr]
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ELSE ¢’ =E”[dyn " E*”[¢"’]] and e’ >p.c TagErr

a. Contradiction by e’ is boundary-free
CASE e = E[Err]:
1. QED e —c.s Err
O
Lemma 5.8 : HC dynamic progress
If k. e then one of the following holds:
e is a value
e € Err
e —>cpe’
e —c.p BndryErr
e ¢ —c.p TagErr
Proof:
By the boundary factoring lemma, there are seven cases.
CASE e is a value :
1. QED
CASE ¢ = E°*[vy v1] :
IF vy = Ax.e’:
1. e >cp E*[e'[x —uv1]]
by vy v1 D>p.c €’[x 4]
2. QED
IF vg = mon (1y=1.) vf :
1. e —c.p E*[stat 7. (vf (dyn 74 v1))]
by vy v1 B>p-c stat 7. (vf (dyn 74 v1))
2. QED
ELSE vy =i
Vo =(v,v):
1. e —c.p TagErr
by (v v1) >p-c TagErr
2. QED
CASE e = E*[op! 0] :
IF v = mon (1yX1y) v’
Aop' =fst:
1. e —c.p E*[stat 7 op! v']
by op' v >p.c stat 7y op' v’

2. QED
IF v = mon (1yX1y) v’
A op' =snd:

1. e —>c.p E*[stat 7; op! v']
by op!' v >p.c stat 7; op' v’
2. QED
F S(opl,v)=¢’:
1. (op' v) >pc €
2. QED
ELSE 5(op', v) is undefined :
1. e —c-p TagErr
by (op' v) >p-c TagErr
2. QED
casE e = E*[op? vp 1] :
¥ 5(op?, v, v1) = e’ :
1. op® vy v; >pc €”
2. QED
ELSE 8(op?, vp, v1) is undefined :
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1. e —c-p TagErr
by op? vy v1 >p.c TagErr
2. QED
casE e = E[dyn 7’ ¢’] and e’ is boundary-free :
1. ¢’ is a value
Ve’ €Err
Ve —cop e’
Ve’ —c.p BndryErr
Ve’ = E[e’] and ¢’ >p.c TagErr
by dynamic progress
2. 1F ¢’ is a value:
a. QED e —c.p E[Dc(t’,e’)]
IF ¢’ € Err:
a. QED e —c.p €’
IF e’ —C-D e’ :
a. QED e —c.s E[dyn 7’ e”']
IF ¢’ —c.p BndryErr:
a. QED e —¢.p E[dyn 7’/ BndryErr]
ELSE ¢’ = E[e’’] and e” >p.c TagErr:
a. E€ E*
by e’ is boundary-free
b. QED
CASE e = E[stat 7’ ¢’] and e’ is boundary-free :
1. ¢’ is a value
Ve’ €Err
Ve —cse”’
Ve’ —c.s BndryErr
Ve =E"[dynt” E*”[e¢]] and e’ >p.c TagErr
by static progress
2. 1F ¢’ isavalue:
a. QED e —c-s E[Sc(7/,¢’)]
IF e’ € Err:
a. QED e —c.g €’
IF e/ —cse’:
a. QED e —c.s E[stat 7/ e”’]
IF ¢ —c.s BndryErr:
a. QED e —c.s E[stat 7’ BndryErr]
ELSE ¢’ =E”[dyn " E*”[¢”’]] and ¢’ >p.c TagErr

a. Contradiction by e’ is boundary-free
CASE e = E[Err]:
1. Qep e —¢.p Err

Lemma 5.9 : HC static preservation
Ifrre:rande —cse'thenk. e : 7
Proof:

By the boundary factoring lemma there are seven cases.

CASE e is a value :
1. Contradiction by e —¢._s €’
CASE e = E*[vy vq] :
IF Uy = A(x:7y). €’
ANe —cs E*le’[x —v1]]:
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L
v Ui T

by static hole typing

. Pt: Vo 1 Tg=T¢

ANk v 1g
AT, <t/
by inversion

S Td S Tx

by canonical forms (2)

) el

by inversion (2)

. Ft V1 ¢ Tx

by (2, 3)

ke xev] i

by substitution (4, 5)

e xe—u] T

by (2, 6)
QED by hole substitution (7)

ELSE vy = mon (14 = 7.) vf

10.

11.
CASE
IF

—_

A e —c.s E°[dyn 1 (vf (stat 745 v1))] :

.|-CZ)01)1:T/

by static hole typing

’

. ’
v T, =1,

o
ANk vp: 7
AT, < T
by inversion

.I—C vf

by inversion (2)
=T < T{;=>z'c’
by canonical forms (2)

. kestat g vy

by (6)

. ke vr (stat 74 vp)

by (3, 7)

. ke dyn 7. (vf (stat 7q v1)) : 7c

by (8)

te dyn 7. (vr (stat 74 v1)) : 77
by (2,5, 9)

QED by hole substitution (10)
e =E*[op! v]:

v = mon (1yX171) v’

A op! = fst

Ae —c.s E*[dyn 1 (fstv’)] :

o
Sk fsto:r

by static hole typing

- ’
.I-CU.TOXTl

ANty <1’
by inversion

’
kU

by inversion (2)
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4. oxX1y <X
by canonical forms (2)
5.7 <y
6. k. fsto’
by (3)
7. ke dyn o (fsto') : 1
by (6)
8. k. dyn g (fsto’) : 7’
by (2, 5, 7)
9. QED by hole substitution
IF v = mon (19X17) (vg, V1)
A op' = snd
Ae —cs E*[dyn 1o (snd v”)] :
1. sndo: 7’
by static hole typing
2. kv Ty XT]
ANl <
by inversion
3. v
by inversion (2)
4. ox1y <y XT]
by canonical forms (2)
5.1 <
6. k. snd v’
by (3)
7. k. dyn 7y (snd v”) : 7
by (5)
8. k. dyn 7o (snd’) : 7’
by (2, 5,7)
9. QED by hole substitution
IF v = (Vg, V1)
A opt = fst
ANe —cs E*[v]
1.k fst(vo,vq) : T/
by static hole typing
2. k- (v, v1) 1 ToXTy
Aty <1/
by inversion (1)
3. e 2o i To
by inversion (2)
4. vyt
by (2, 3)
5. QED by hole substitution (4)
ELSE 0 = (v, V1)
A op' = snd
A e —cs E*[vr] :
1. k. snd {(vg,vy) : T’
by static hole typing
2. e <Uo,01> L ToX Ty
At <t/
by inversion (1)
3. Ft V1T
by inversion (2)
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4. v T
by (2, 3)
5. QED by hole substitution (4)
casE e = E*[op? vp 1] :
1. e —>c-s E*[8(op®, vy, v1)]
by e —cs e’
2.k opf vy i T’
by static hole typing
3. h: Vo - 7o
ANvi:n
A Aop?, 19, 11) = T”
AT < r’
by inversion (1)
4. K 5(0p2,vo,vl) i
by A type soundness (2)
5. k 8(op?,vo,v1) 1 T’
by (2, 3)
6. QED by hole substitution (4)

casE e = E[dyn 7’ ¢’] and e’ is boundary-free :

IF e’ isavalue:
1. e =cs E[Dc(r',e')]
2. kdynt’e 1 7’
by boundary hole typing
3. ke
by inversion (2)
4.t Dc(r',e) : 1’
by D¢ soundness (3)
5. QED by hole substitution (4)
ELSE ¢ —cpe’:
1. e —c-s E[dyn 77 e”’]
2. kedynt’e : 7’
by boundary hole typing
3. k€
by inversion (2)
4. ke’
by dynamic preservation (3)
5. kdynt’e”: 7’
by (4)
6. QED by hole substitution (5)

CASE e = E[stat 7’ ¢’] and e’ is boundary-free :

IF ¢’ isavalue:
1. e —cs E[Sc(r’,¢')]
2. k. stat 7’ e’
by boundary hole typing
3. e 1’
by inversion (2)
4. - Sc(r’,€’)
by Sc soundness (3)
5. QED by hole substitution (4)
ELSE ¢ —cse’:
1. e —>c.s E[stat 7 ¢”’]
2. k. stat 7’ e’
by boundary hole typing
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10671 3.ke T’ 2. k. mon (1o X11) v’ 10726
10672 by inversion (2) by inversion (1) 10727
10673 4 relr! 3. kv X1y 10728
10674 by static preservation (3) by inversion (2) 10729
10675 5. k. stat 7’ e” 4. K fsto' 1 g 10730
10676 by (4) by (3) 10731
10677 6. QED by hole substitution (5) 5. k. stat 7o (fstv’) 10732
10678 CASE e = E[Err]: by (4) 10733
10679 1. e =c-s Err 6. QED by hole substitution 10734
10680 . 2. QeD by k. Err: 7 IF U= moln (toX11) 0’ 10735
10681 A op- =snd 10736
10682 Lemma 5.10 : HC dynamic preservation A e1 —c-p E[stat 7p (snd )] : 10737
10985 §If k. e and e —>c.p €’ thenk. €’ Lkop o 10738
10954 Proof: by dynamic hole,typmg 10739
10685 By the boundary factoring lemma, there are seven cases. 2. ke mon (TQXTI) v 10740
10686 CASE e is a value : by l,”"erSlOTl (1) 10741
10687 1. Contradiction by e —c.p €’ 3.k U : To>ffl 10742
10688 CASE e = E*[vp v1] : by mverlszon 2) 10743
10689 IF vy = Ax.e’ 4. ko sndov’ 10744
10690 Ae —cp E*e/[x —v1]] : by (3) / 10745
10691 L kv o 5. k. stat 7y (snd v”) 10746
10622 by dynamic hole typing by (4) 10747
10693 2.t vy 6. QED by hole substitution 10748
10694 = 10749
Ak vy IF v gvg, vy)
12222 by inversion (1) 2 op- = fStE°[ : ]g;:
' e —cp E%[vo] :
10697 > 1};yl_cineversion (2) Licop'v 10752
10698 4. 1 e'[x ;] by dynamic hole typing 10753
10699 by substitution (2, 3) 2. kg v . 10754
10700 5. QED hole substitution (4) by inversion (1) 10755
10701 ELSE 0y = mon (13 =1,) vy 3. K v.o . 10756
10702 Ae —cp E*[stat . (vf (dyn 74 0p))] : by inversion (2) o 10757
10703 1t vy 0; 4. QED by hole substitution 10758
10704 by dynamic hole typing ELSE 0 = gUo, v1) 10759
o R AT o
€ —c-D U]
10707 {)\yl_gnz\)jersion (1) Licop'v 10762
10708 3. ke VF TS T by dynamic hole typing 10763
10709 by inversion (2) 2. v . 10764
10710 4. rdyntg vt g by inversion (1) 10765
10711 3. kv 10766
by (2) k%!
10712 5. ke vp (dyn 74 1) : 7o by inversion (2) . 10767
10713 by (3, 4) 4. QED by hole substitution 10768
’ —_ e 2 .
e ena R -
by (5 ) op*, vy, V1
10716 v ituti 2. ke op? vy v 10771
7. QED by hole substitution -k 0 V1 .
10717 CASE e = E*[op! v]: by dynamic hole typing 10772
10718 IF v = mon (7gX7y) v’ 3.k 10773
10719 1= Ak v 10774
A op' = fst c U1
10720 Ae —c.p E[stat 7 (fstv')] : by lnvezrszon 1) 10775
10721 1t opl v 4. t 6(op*, g, v1) 10776
10722 by dynamic hole typing by § preservation (2) 10777
10723 5. QED by hole substitution (3) 10778
10724 casgE e = E[dyn r’ ¢’] and e’ is boundary-free : 10779
10725 98 10780
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10781 IF ¢’ isa value : If k. e : 7 then one of the following holds: 10836
10782 1. e >cp E[Dc(r’,e)] e ¢ is avalue 10837
10783 2. dynt’e’ : 7’ e e =E*[vg v] 10838
— ol opl
10784 by boundary hole typing ee=E [OPZ v] 10839
L]

10785 3. ke e e =E*[op° v v1] 10840
10786 by inversion (2) e ¢ = E[dyn 7 ¢’] where e’ is boundary-free 10841
10787 4.1 De(t',e'): v/ o ¢ = E[stat 7 e’] where e’ is boundary-free 10842
10788 by D¢ soundness (3) P. ef: E[Err] 10843
10789 5. QED by hole substitution (4 roof: ) 10844
. N ' Y " @) By the boundary factoring lemma for the higher-order

0790 ELSE ¢ —cpe’: . . . : . 10845
10791 1. e >c.p E[dyn 7’ ] embedding. (The only difference is the meaning of e is a L0846
10792 2. ke dyn e 7’ value.) 10847
10793 by boundary hole typing 10848
10794 3 b e Lemma 5.12 : HC dynamic boundary factoring 10849
10795 /ST, < If . e then one of the following holds: 10850

X’ .
10796 by inversion (2) * eisavalue 10851
10797 4. ke eec=E [UOIUI] 10852
10798 by dynamic preservation (3) e e=Eop v] 10853
N ’ .€=E'[Op20 U]
10799 5. kdynt’e” : 1 0% 10854
C - | N
10800 by (4) e ¢ = E[dyn 7 ¢’] where e’ is boundary-free 10855
10801 6. QED by hole substitution (5) * e = E[stat 7 ¢’] where ¢’ is boundary-free 10856
10802 CASE e = E[stat 7’ ¢’] and e’ is boundary-free : P:ng.: E[Err] 10857
10803 'cov: ) ) . 10858
Fecv By the boundary factoring lemma for the higher-order
10804 1. e =cp E[Sc(r’,¢')] . 10859
L, embedding.
10805 2. |—C stat 7’ e 0 10860
10806 by boundary hole typing ) ) 10861
10807 3. ke T Lemma 5.13 : HC static hole typing 10862
10808 by inversion (2) If - E*[e] : 7 then the derivation contains asub-term . e : 7/ |45
10809 4.+ Sc(t’,e') Proof (sketch): Similar to the static hole typing lemma for the 10864
e , . .

10810 by Sc soundness (3) higher-order embedding. ] 10865
10811 5. QED by hole substitution (5) Lemma 5.14 : HC dynamic hole typing 10866
10812 ELSE ¢’ —cg e’ : If k. E®[e] then the derivation contains a sub-term . e 10867
10813 1. e —c.p E[stat " e”] Proof (sketch): Similar to the static hole typing lemma for the 10868
10814 2. kstat 7’ ¢’ higher-order embedding. O 10869
10815 by boundary hole typing Lemma 5.15 : HC boundary hole typing 10870
10816 5. e 1’ o Ift. E[dyn 7 e] : 7’ then the derivation contains a sub-term 10871
10817 by inversion (2) tkedynte:r 10872
10818 4. 1€’ T e If /. E[dyn 7 e] then the derivation contains a sub-term 10873
10819 by static preservation (3) tedynte:t 10874
10820 5. k. stat 7’ e” o If . E[stat 7 e] : 7’ then the derivation contains a sub-term 10875
10821 by (4) kostatTe 10876
10822 6. QED by hole substitution (5) o If . E[stat 7 e] then the derivation contains a sub-term 10877
10823 CASE e = E[Err]: kostatTe 10878
10824 1. e —c.p Err Proof (sketch): Similar to the proof for the higher-order bound- 10879
10825 2. QED k. Err ary hole typing lemma. O 10880
10826 [ Lemma 5.16 : HC hole substitution 10881
19627 Lemma 5.11 : HC static boundary factoring e If . E[e] and the derivation contains a sub-term k. e : 7/ 10852
10828 and k. e’ : 7’ then k. E[e’]. 10883
10829 o If . E[e] and the derivation contains a sub-term k. e and 10884
10830 tc €’ then k. E[e’]. 10885
10831 o If. E[e] : 7 and the derivation contains a sub-term . e : 7/ 10886
10832 and k. e’ : 7’ then k. E[e’] : 7. 10887
10833 o If . E[e] : 7 and the derivation contains a sub-term k. e 10888
10834 and k. e’ then t E[e’] : 7. 10889

10835 99 10890
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Proof (sketch): Similar to the proof of the higher-order hole
substitution lemma, just replacing b, with k.. (]
Lemma 5.17 : k. static inversion
e Ifl'. x:7then(x:r')eTand 7’ < 7
o If T k. Alx :7)).e : 7then (x:17)),T K €
Tl; =711
o If T+ (ep,e1) : ToX7y thenT k. ep : 7y and T k. e; : 7/ and
T, <pand 7] <y
o IfT.eoer:rcthenT k. e :7;=7 and I k. e; : 7 and

Lo
: 7, and

Té < e

o IfT' . fste: 7 thenT k. e : oXr and A(fst, 7o X1y) = 79
and o <i't

o IfT't-snde: 7t thenT k. e: 1ox1y and A(snd, 7o X11) = 1y
and; <it

o IfT' k. op* ege; : T thenT k. € : : 71 and
Aop?,t9,11) =7’ and 7/ < T
o IfT k. mon 7y Xz v : 7oXry thenT k. v and 75x7] <& 1oX1y
o IfT' k. mont;=71/0
Td = T¢
eIfl'.dynt’e’:7thenT . e’and 7’ <i' 7T
Proof:
QED by the definition of ' k. e : T

Toand I k. e

Lemma 5.18 : . dynamic inversion
e IfI't.xthenx €Tl
o IfT' k. Ax.e’ then x,T k. €’
o IfT' k. (eg, e1) thenT k. ep and T k. e;
o IfT'k.epe;thenT . epand I k. e
o IfT k. op' ey thenT k- e
o IfT k. op e ey thenT k. eg and T k. e
e Ifl'. monty=r. v thenl k. v i g=1c
o If ' t. mon 7oX7; v then T k. v : 7pX1y
o IfT'k.stat 7" e’ thenT . e’ : 7’
Proof:
QED by the definition of T k. e

Lemma 5.19 : HC canonical forms
o If k. v : 79 X1y then either:
- v = (vg, 1)
- or v = mon (7yX1/) v’
A TgXT] < X1y
o If . v : 4= 7. then either:
—v=Ax:1y). €
ANTg <F Ty
—orv=mon(r;=1)v
A Té:>7.'c’ <y
o Ift.v:intthenv =i
e Ifr.v:Natthenv=iandv € N
Proof:
QED by definition of k. e : T
O

Lemma 5.20 : A type soundness

:Tq=7c thenT k. v" and r(}:'rc’ <
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If k. vp : 7o and k. v : 77 and A(0p?, 79, 71) = 7 then one of

the following holds:

e 5(op*,v9,v1) =vand kv :T,o0r

° 5(opz,vo,vl) = BndryErr
Proof (sketch): Similar to the proof for the higher-order A
type soundness lemma. ]
Lemma 5.21: § preservation

o If r. v and §(op', v) = v’ then k. v’

o If . vy and k. v; and 5(op?, vy, v1) = v’ then kv
Proof (sketch): Similar to the proof for the higher-order &
preservation lemma. O
Lemma 5.22 : HC substitution

o If (x:74),T e eand k. v : 7, then T k. e[x 1]

o If x,T k. e and . v then T k. e[x 0]

o If (x:7),Tce:Tand . v : T thenT k. e[x 0] : T

e Ifx,Tre:7and vthenT k. e[x«v]:T
Proof (sketch): Similar to the proof for the higher-order sub-
stitution lemma. ([
Lemma 5.23 : weakening

o Ifl'.ethenx,T ke

e Ifl'r.e:rthen(x:7'), T e:1
Proof:

QED because e is closed under T’
O

10946
10947
10948
10949
10950
10951
10952
10953
10954
10955
10956
10957
10958
10959
10960
10961
10962
10963
10964
10965
10966
10967
10968
10969
10970
10971
10972
10973
10974
10975
10976
10977
10978
10979
10980
10981
10982
10983
10984
10985
10986
10987
10988
10989
10990
10991
10992
10993
10994
10995
10996
10997
10998
10999
11000



11001
11002
11003
11004
11005
11006
11007
11008
11009
11010
11011
11012
11013
11014
11015
11016
11017
11018
11019
11020
11021
11022
11023
11024
11025
11026
11027
11028
11029
11030
11031
11032
11033
11034
11035
11036
11037
11038
11039
11040
11041
11042
11043
11044
11045
11046
11047
11048
11049
11050
11051
11052
11053
11054
11055

A Spectrum of Type Soundness and Performance

E.6 (HF)Forgetful Embedding
E.6.1 Forgetful Definitions

Language HF

e

Err
r
E.

E

=x|v|{ee)|ee|ople|op’ee]|

dynre|statte|Err|chkre
i|{(v,v)|Ax.e| Ax:7). €|

mon (t=71)(Ax.e) | mon(r=1)(A(x:7).€) |
mon (7X71) (v, v)

Nat | Int | X7 | =7

x| (x:7),T
BndryErr | TagErr
v | Err

[11E*e|vE®|(E" e) | (v,E) |
op' E* | op* E* e | op> v E®
E*|Ee|vE|(Ee)|(v,E)|op'E|
op’Ee|op? vE|dynt E |stat 7 E

A OPIXT—>T

A(fSt, T()XTl) =17
A(snd, T()XT1) =T

‘A : opzxz'xr—n"

A(op?, Nat, Nat) = Nat
A(opz, Int,Int) = Int

’ . . ’ . ’ . ’
T,y ST, <y 1Sty

Nat < It =1 <=1 ToXT < T XT]

T<iT <t
Ttre
xel' x,Ttre T'rte Tre
I'tx TrAx.e Ttri T+ {ey,e1)
F'rey T'Fe I're I'rey T'Fe
I'keye I“I-ople Fl—opzeoel T+ Err
T're:r
I'statre
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(x:t) el (x:7g),Tre:1, ieN

IF'tx:t TrAx:itg).e:tg=17 TFri:Nat

Tre:1 Tre:1g> 1,
T'rtei:my rl—ellfd
Tri:lnt T {eyer): 19Xy T'keyge: e
I'key: 1
T'hey:1 IF'tei:ny F'rte:7’

Aop', ) =1 Aop’,n,m1)=1 ' <t

Fkopleozr I‘I—opzeoelzr I'te:tr TrErr:7

I'+e

I'tdynte:7r

xell' xThke F'he T'hke

I'kx ThAx.e Thi I i (e, €1)

F'he The ke F'he T'hke
I'keoe 'k ople I op2 ey €1 [k Err
Fhe:T Fhovo:tg Thop:rf

I'pstatre I 'k mon(roX1y){vo,vy)

F'hvy Tho I'kAx.e

I mon (toX11) (v, v1) T hmon(rg=1)Ax.e

ThAx:t)).e:)=1,

Ik mon (1g=1.) Alx:7)). e
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mi | The:r X :txXv—e 11166

11112 — 11167
(x:7) €T (x:tg).The: 1, ieN X(tg=1e,Ax. €) =mon (tg=1.) (Ax. €)
11113 - X(tg=1e,A(x:7). €) =mon (tg=1.) (A(x:7).e) 11168
11114 rl—FXZT 1"I—F/1(x:1'd).e Ty = T¢ rl—Fl : Nat X(Tdﬁfc,mOH(Téﬁfc,)U,)=mon(Tdﬁ’[c)’Ul 11169
11115 X(zoX11, {v9, V1)) = mon (19X 11) (v, V1) 1o
11116 I €0 2 70 The:tg=re X(toX11, mon (7;x7/)v") = mon (1yx1y) v’ mn
11117 Fhe:n ke 1y X(Int, i) —; 1172
11118 Fhizlnt T ke, er): T0XT Fheger: e X(Nat, i) =i 11173
11119 ifi e N 11174
11120 T'he:m X(r,0) = BndryErr s
11121 T'koeo: 1o The:n Fhe:7’ otherwise 11176
1122 A(OPI, ) =7 A(OPZ’TO,TI) =T T <r el>sqe 1
F'kope:7 Trop’ee:r Tre:t dynto >s.1 De(r,0)
11124 F F F 11179
chkro >s.1 X(7,0)
11125 11180
ke (mon (tg=1.)(Ax.e)) v >s.1 dyn 7. e’
11126 F h I X 11181
11127 IF'hErr:t Thdynrte:7 where e’ = (Ax. e) (X (74, v)) 18
(mon (tg=1.) (A(x:7).e)) v >s.1 chk 7. €
11128 h "2 Or X 11183
11129 F'hovoitg Thopig where e’ = (Mx:7). €) (X(z,0)) 11184
130 fst (mon (TOXT1) <Uo,01>) >g-q X(‘L’(),’Uo) s
Ity mon (r0x7) (vo, 01 : (70 XT1) snd (mon (X71) (w0, 01)) D51 X(71.01)
11131 11186
152 (Mx:7).e)v >g.q e[x 0] s
T I-F Vo T I-F U1 Opl v D1 5(0P1’ U)
11133 T ' ) Slop? 11188
s k- mon (79 X71) (vo, v1) : (T0X71) op® vy v >s-1 8(op®, vo, v1) s
11135 I'r i 11190
11136 fpAx.e stat 7 v >p-1 Sg(r,v) 11191
11137 'y mon(rg=rt)Ax.e: (1g=1c) Vo V1 >p.1 TagErr 11192
11138 ifvy € Zoryy = (v,0") 11193
11139 T Mx:t)).e: ;=71 The:t (mon (tg=1.) (Ax.e)) v >pq (Ax.e) v 11194
140 T hmon(tg=1)A(x:7)).e: (g=1) Thkchkre:r (mon (g =7,) (A(x:7). €)) v >p stat 7. e’ 11195
11141 - where e’ = chk 7. ((A(x:7). e) (X(7,0))) 119
11142 5(op’,v) =e (Ax.e)v D>H-p e[x o] 11197
1143 O(fst, (vg,v1)) = vg fst (mon (79X 71) (vo, V1)) >p-1 X (70, v0) 11198
1144 8(snd, {vy,v1)) = v snd (mon (7oX11) (v, v1))  >p-1 X(11,01) 11199
1
11145 op v >p.p TagErr 11200
11146 m o if §(op!, v) is undefined 11201
11147 g(sum,.lo, ll). : g _:jll E op1 v >H-D 5(0}71, v) 11202
11148 (quot!ent, 1,0’(.)) B .n .ry " op? vy vy >n-p TagErr 11203
11149 5(qu?t1ent, io,11) = Lio/i1] if 5(op?, vo, v1) is undefined 11204
11150 ifi; #0 OPZ Vo U1 >H-D 5(0P2, Vo, V1) 11205
151 | DF i tXv—e 11206
uisz De(r,v) = X(r,v) E°*[e] —rs E*[e’] 11207
11153 SF S IXU—e ife >sq e’ 11208
L] L] ’
11154 Se(7,0) = X(z,0) E[s..tat TE [e,]] —r.s E[stat 7 E*[e’]] 11209
11155 ifergqe 11210
L E[dyn 7 E*[e]] —Fs E[dyn T E*[¢’]] n2m
11157 ife >p e’ 11212
11158 E[Err] — s Err 11213
11159 11214
11160 1215
11161 11216
11162 1217
11163 11218
11164 11219

11165 102 11220
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1221 [e —fp e 11276

11222 E'[e] —ED E'[e'] 11277
11223 ifersp e 11278
1224 E[stat T E*[e]] —r.p E[stat T E°[e’]] 11279
11225 ife g e 11280
1226 E[dyn 1t E*[e]] —rp E[dyn T E*[e’]] 11281
11227 ife>pg e 11282
1228 plEpyr] —e.p Err 11283
11229 " . " 11284
11930 reflexive, transitive closure of —f_g s
11231 " . s 11286
reflexive, transitive closure of —f.p
11232 11287
11233 11288
11234 11289
11235 11290
11236 11291
11237 11292
11238 11293
11239 11294
11240 11295
11241 11296
11242 11297
11243 11298
11244 11299
11245 11300
11246 11301
11247 11302
11248 11303
11249 11304
11250 11305
11251 11306
11252 11307
11253 11308
11254 11309
11255 11310
11256 1311
11257 1312
11258 11313
11259 11314
11260 1315
11261 11316
11262 11317
11263 11318
11264 11319
11265 11320
11266 11321
11267 11322
11268 11323
11269 11324
11270 11325
11271 11326
11272 11327
11273 11328
11274 11329

11275 103 11330
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E.6.2 Forgetful Theorems

Theorem 6.0 : static HF-soundness
If + e : 7 then i e : 7 and one of the following holds:
ese—fsvand hov:T
e e —{ ¢ E[dyn 7’ e’] and e’ >p.4 TagErr
e ¢ —f ¢ BndryErr
o ¢ diverges
Proof:
lLke:t
by static subset
2. QED by static progress and static preservation.

Theorem 6.1 : dynamic HF-soundness
If - e then K e and one of the following holds:
ee—ipvand R
e e —¢  E[e’] and e’ >p.y TagErr
e ¢ —¢  BndryErr
o ¢ diverges
Proof:
1. ke
by dynamic subset
2. QED by dynamic progress and dynamic preservation.

Corollary 6.2 : HF static soundness
If - e : 7 and e is boundary-free, then one of the following
holds:
ee—; vand hv:T
e ¢ = ¢ BndryErr
o ¢ diverges
Proof:

Consequence of the proof for static HF-soundness
O
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E.6.3 Forgetful Lemmas

Lemma 6.3 : X(-, -) soundness
Kl hvorTho:1
and X(z/,v) = v/,
thenT v’ andT ko’ : 7’
Proof:
By case analysis of the definition of X(-, -).
cAsE X(1tg=1.,v) =mon(tg=1.)v:
IF v =Ax.e
AT ho:
1. Tk mon(tg=1.)v
byl'kv
2. T mon(rg=1)v:14=7,
byI' ko
3. QED
ELSE U = A(x:7y). €
AT ho:t)=1/:
1. Tk mon(tg=r1.)v
byT hov:t)=1
2T hmon(rg=1)v:14=7,
byl'hov:t)=1
3. QED

casE X(7qg=1c, mon (1, =1,)v") = mon(1g=17.)v":

IF T i mon(t)=1/)v":
IF v = Ax. ¢’
AT RO
1. Tk mon(tg=71.)v’
’
byT kv
2. Tk mon(rg=1)v 1 1g=>7,
by I' kv’
F
3. QED
ELSE 0’ = A(x:7y). €’
Y ’” .
ARV i) =7
1. T k. mon(tg=71.)v’
- ’”
by ko' 7)) =1]
2. Tk mon(rg=1)v : y=7
by 'k v 1) =1/
3. QED
ELSE ' mon (), =1)v 1 7)=1/:
IF v = Ax. ¢’
AT RO
1. Tk mon(tg=71.)v’
’
byl'kv
2. Tk mon(rg=1)v 1 1y=>7,
by T' kv’
3. QED
ELSE 0’ = A(x:7y). €’
Y ’” .
AT R ) =7
1. T k. mon(tg=71.)v’
Y 7
by ko' :7)/=1/
2. Tk mon(rg=1)v 1 1g=>7,
bylho' :7)/=1/
3. QED

105
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casE X(toX1y, (vg,v1)) = mon (19 X11) Vg, V1) :
IF T K (vo,vq) :
1. T' k. mon (19X 11) {vo, v1)
by I' & (vo,v1)
2. T i mon (19X 1) (v, v1) : ToXT1
by T' & {(vo,v1)
3. QED
ELSE T K (vg,v1) @ 7) X7 :
1. Tk mon (19X 1) (v, v1)
by T k (v, v1) : 7y X1]
2. T i mon (19X 11) (v, V1) : ToXT1
by T' k (v, v1) : 7y X1/
3. QED
cASE X(toxry, mon (tyxr,) {vg, v1)) = mon (zoxr1) {vo, V1)

IF T K (vo,v1) :
1. T k. mon (19 X11) {vo, v1)
by T '_F <Uo, ”01>
2. T i mon (19X 1y1) (v, v1) & ToXTy
by I' & (vo,v1)
3. QED
ELSE T K (vg,v1) : 77/ X1]":
1. T k. mon (19 X711) {vo, V1)
by I' i (v, v1) : 7y X1/’
2. T k. mon (7o X11) vy, v1) : X1y
by T k (vg, v1) : 75" X1/’

3. QED
casE X(Int,i)=1i:
1L.Thi
2.Tki:lInt
3. QED
case X(Nat,i)=1i:
1L.ThHi
2. Tk i:Nat
byieN
3. QED

O

Corollary 6.4 : Df soundness
If kv then b De(7,0) : 7
Proof
QED by X soundness

Corollary 6.5 : S soundness
If & v : 7 then . S¢(7,0)
Proof:
QED by X soundness

Corollary 6.6 : HF static subset
IfT'+e:rthenl e: 1.

Proof:
Consequence of the proof for the higher-order static
subset lemma; both K and K have the same typing rules
for surface-language expressions.
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O

Corollary 6.7 : HF dynamic subset
IfT' +ethenT K e.

Proof:
Consequence of the proof for the higher-order dynamic
subset lemma.

O

Lemma 6.8 : HF static progress
If i e : 7 then one of the following holds:
e ¢isavalue
e ecErr
e e —pge
® ¢ —ps BndryErr
o ¢ = E[dyn 7’ ¢'] and ¢’ —.p TagErr
Proof:
By the boundary factoring lemma, there are eight possi-
ble cases.
CASE e is a value :
1. QED
CASE e = E*[vg vq] :
Lhovov 1
by static hole typing
2. kv g =T
ANk vr:1q
by inversion
3. v = Mx:1)). ¢
V vy = mon (1,=1/) Ax. e’
V oy = mon (= 17.) Ax:7y). €
by canonical forms
4. 1F vy = Mx:7)). e :
a. e —rs E*[e/[x —vi]]
by vy v1 5.1 €[x vy ]
b. QED
IF vy = mon (7;,=1.) Ax. e’
ANX(t),v1) =0
a. e —ps E°[dyn 7] (e'[x <v]])]
by vy v B>s.1 dyn 7/ (¢'[x —v]])
b. QED
IF vy = mon (7;,=1.) Ax. e’
A X(t),v1) = BndryErr :
a. e —>ps BndryErr
by v v >>s.1 BndryErr
b. QED
IF vy = mon (7,=1.) A(x:7y). €’
AN X(1yx,v1) =05 ¢
a. e —ps E*[stat r/ (chk 7/ e'[x < v]])]
by vy vy 5.1 stat 7/ (chk 7/ e’[x «—2]])
b. QED
ELSE 0y = mon (7, =17/) A(x:7y). €
A X(tx,v1) = BndryErr :
a. e —r.s BndryErr
by vy v; 5.1 BndryErr
b. QED
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CASE e = E*[op! 0] :
Lhopo:t
by static hole typing
2. U THXTy
by inversion
3. v = (v, V1)
V v = mon (7, X1]) (v, v1)
by canonical forms
4. 1F v = (vy, V1)
A op! =fst:
a. &(fst, (v, v1)) = vy
b. e —F.s E*[vy]
by op! v >5.1 vy

C. QED
IF v = <U()7 vl)
A op! =snd:

a. 8(snd, (vy, v1)) = vy
b. e —fs E*[v1]
by op! v >5.1 v;

C. QED
IF v = mon (7yX1]) (v, v1)
A op! = fst

A X(1y,v0) = vy :
a. e —fs E*[vg]
by fstv >s4 v

b. QED
IF v = mon (7yX1]) (v, v1)
A opt = fst

A X(zy,v9) = BndryErr :
a. e —r.s BndryErr
by fstv >s.1 BndryErr

b. QED
IF v = mon (75 X1,) (v, V1)
A op' = snd

AX(t],v1) =] :
a. e —fs E*[v]
by sndv >s4 v]

b. QED
ELSE v = mon (75 XT,) (v, v1)
A op' = snd

A X(t{,v1) = BndryErr :
a. e —r.s BndryErr
by snd v >s.1 BndryErr
b. QED
CASE e = E*[op? vy v1] :
L kopfvv:t
by static hole typing
2. kv : T
Ajgvrin
A ANop?, 19, 71) = 77
by inversion
3. §(op?,vp,v1) = €’
by A type soundness (2)
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11661 4. op? vy vy D> € If e then1 one of the following holds: 11716
e ¢isavalue
11662 by (3) 11717
11663 5. QED by e =g E*[e’] e cckrr 11718
’
11664 casE e = E[dyn 7’ ¢’] and e’ is boundary-free : ¢ ¢FrDE 1719
11665 1. e’ is a value ® e —p.p BndryErr 11720
11666 Ve €Err e ¢ —pp Tagkrr 11721
11667 Ve —ED e’ Proof:h 1 h 11722
B boundary factoring lemm re ar n .
11668 Ve’ —r.p BndryErr CZstEee o Valzg. ¢ lemma, there are seven cases 123
11669 Ve’ =E’[e] and e” >p.y TagErr ) : 11724
. . QED
11670 by dynamic progress CASE? e = E*vo 1] : 1725
11671 2. IF ¢’ is a value : - 1 0 F1l 11726
) IF vy = Ax.e’:
11672 a. QED e —ps E[De(7/,¢’)] | 0 o] 1 11727
. . € DFD e | XU
11673 IF ¢’ € Err: 11728
’
11674 a. QED e —f.g e’ by vy vy Bp-1 €’[x e vy] 11729
11675 IF ¢/ —>rpe’: 2. QED S 11730
IF vy = mon(tg=1.)(Ax.¢e’):
11676 a. QED e —f.s E[dyn 7" "] e E'([Z’[x (:)zf 1 ) 11731
’ . . F-D 1 :
11677 IF e’ —f.p BndryErr: , by 2o 03 Do ¢/ 0] 11732
11678 a. QED e —fs E[dyn 7" BndryErr] ) 11733
. QED
11679 ELSE ¢’ = E’[¢”] and e” >p.q TagErr: Q , 11734
11680 a E' € E* IF vy = mon (73 =17.) (Mx:7y). €") s
. a7
11681 by e’ is boundary-free A X (s, vl.) = , , 11736
11682 b. QED 1. e =fp E°*[stat 7. (chk ¢ e [x:—vl])]’ I
; . by v v -1 stat 7. (chk 7, ¢/[x v
11683 CASE e = E[stat 7’ ¢’] and ¢’ is boundary-free : ) Y 2o U1 b e ( ce'l 1) 11738
. ED
11684 1. ¢’ is a value - Q 11739
— . ’
11685 Ve e Err IF vy = mon (14 =17;) (A(x:7x). €") 170
11686 Ve —pge” A X(tx,v1) = BndryErr: o
11687 Ve’ —fs BndryErr L E_”:'D BndryErrd 11742
Vo v -1 BndryErr .
11688 Ve =E"[dynt” E*”’[e’]] and ¢”’ >p.1 TagErr , Y o U1 B>p- y 11743
. . QED
11689 by static progress Q , 11744
11690 2. IF ¢’ is a value : IF v = Ax:7y). € 1745
1. Contradiction by k. e
11691 a. QED e — .5 E[Se(r/,¢’)] isn o Y 11746
’ . 0 =
11692 IF e’ € Err: v oy = (0.0) 11747
11693 a. QED e —ps €’ 0= \% 11748
11694 IF ¢ —Fs P V Up = mon 7y X1y v 11749
_ 1. e —fp TagErr
11695 a. QED e —pg E[stat 77 ¢”’] b (; Dv )gD TasErr 11750
11696 IF e’ —pg BndryErr: ) y (%o U1) >p-1 1ag 11751
. QED
11697 a. QED e —p.g E[stat r/ BndryErr] Q E*Top! 11752
CASE e = E*[op' v]:
11698 ELSE ¢’ =E”[dyn t”” E*”’[¢”’]] and e”’ >p. TagErr [op” 0] 11753
11699 ] IF v = mon 7y X1y vy, V1) —
’ 1
. . Aop' = fst
11700 a. Contradiction by e’ is boundary-free (\Z? , 11755
11701 CASE e = E[Err]: A X (70, v0) = 05 : 11756
1. e —p E*[0V]]
11702 1. QED e —s Err b B ol | 11757
11703 cASE e = E*[chk 7’ v]: ) yop" v Bp-1 Y 11758
. QED
11704 F X(r,0)=0": Q 11759
11705 1. e >ps E.[U,] IF ZZP?’]Snf;.'EXTl <UOs Ul> 11760
11706 by (chk 7 v) >gs.1 2’ - 11761
11707 2. QED A X(79,v9) = BndryErr : 62
. e OF
11708 ELSE X(r,v) = BndryErr: 1 le) Fb Bndrylérrd : 11763
11709 1. e —fs BndryErr ) Yy op” v B>p-1 Bndrykrr 11764
11710 by (chk 7 v) 5.1 BndryErr - QED 11765
711 2. OED IF v = mon 7yXT1; vy, V1) 11766
7z O A op' = snd 1767
. AX(t,v1) =0 :
U713 Lemma 6.9 : HF dynamic progress (1, 01) 1 11768
11714 11769

11715 107 11770
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1. e =rp E*[v]]
by op' v >p.1 V]

2. QED
IF v = mon 7yX 1y vy, V1)
A op' = snd

A X(ty,v1) = BndryErr :
1. e —=f-p BndryErr
by op! v >p_¢ BndryErr
2. QED
F S(opt,v)=e’:
1. (op' v) >p.1 €
2. QED by e —r.p E*[€’]
ELSE §(op', v) is undefined :
1. e —f.p TagErr
by (op' v) >p-1 TagErr
2. QED
CASE e = E*[op? vy v1]:
F S(op®, v, v1) =€’
1. op? vy vy B>pg e”
2. QED
ELSE &(op?, v, vp) is undefined :
1. e —f.p TagErr
by op? vy v1 >p.1 TagErr
2. QED
casE e = E[dyn 7’ ¢’] and e’ is boundary-free :
1. e’ is a value
Ve’ €Err
Ve —ED e’
Ve’ —rp BndryErr
Ve’ = E*[e"] and e” >p.1 TagErr
by dynamic progress
2. 1F ¢’ is a value :
a. QED e —pp E[De(r’,e’)]
IF e’ € Err:
a. QED e —f.p €’
IF ¢/ —>rpe’:
a. QED e —pg E[dyn 7’ ¢”’]
IF ¢ —p.p BndryErr:
a. QED e —p.p E[dyn 7/ BndryErr]
ELSE e’ = E[e’’] and e” >p.q TagErr:
a. E€E®
by e’ is boundary-free
b. QED
CcASE e = E[stat 7’ ¢’] and e’ is boundary-free :
1. e’ is a value
Ve’ €Err
Ve —rge”
Ve’ —r.s BndryErr
Ve =E"[dynt” E*”’[e"]] and ¢”’ >p.1 TagErr
by static progress
2. 1F ¢’ isavalue:
a. QED e —r.g E[Sr(77,¢")]
IF e’ € Err:
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a. QED e —fg e’
IF ¢/ —rse’:
a. QED e —f.g E[stat 7’ e”’]
IF ¢ —f.s BndryErr:
a. QED e —r.g E[stat 7/ BndryErr]
ELSE e’ =E”[dyn " E*”[e¢”’]] and e” >p.1 TagErr

a. Contradiction by e’ is boundary-free
CASE e = E[Err]:
1. QED e —f.p Err
O
Lemma 6.10 : HF static preservation
Ifre:7ande —rse’ thenke' : 7
Proof:

By the boundary factoring lemma there are eight cases.

CASE e is a value :

1. Contradiction by e —p_g €’

CASE ¢ = E°[vy v4] :

IF Uy = A(x:7y). €
Ae —ps e [x—uv]:
Lhovov 7
by static hole typing
2. kv Tg=7c
ANkvpitg
AT <0/
by inversion
3. (i) el e
by inversion (2)
4. 75 <Ty
by canonical forms (2)
5. hvr:Ty
by (2, 4)
6. e'[x—uvi]: 1
by substitution (3, 5)
7. ke [xe—v]: 1’
by (2, 6)
8. QED by hole substitution
IF Uy = monTy =71, Ax.e’
A e —ps E*[dyn 7. ((Ax. ¢’) (X(zq,01))] :
Lkvo:1
by static hole typing
2. kv T=T,
ANl <t
by inversion

3. =T ST ST
by canonical forms (2)

4. Ax.e’
by inversion (2)

5. T{; <1y
AT < T
by (3)

6. k- X(tq,v1)
by X soundness
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10.

e (Ax.e’) X(rq,v1)

by (4, 6)

R dyn T (Ax.e’) X(zq,v1)) : 7c

by (7)

R dyn e (Ax.e’) X(zq,v1)) : T

by (2, 5, 8)
QED by hole substitution

ELSE vy = mon 1= 7. (AMx:7y).€’)
Ae —gs E*[stat 7, (chk 7. (A(x:7x). ") X(7x,v1)))]

10.

11.
CASE
IF

1.

IF

L
SRV U T

by static hole typing

’

. ’
chU Ty

-
A FF (A 111

’ . ’
AT, < T

by inversion

R AxiTy). e =T

by inversion

g =T KT T,

d
by canonical forms (2)

LT K0T

by (4)

e X(Tx, 1) 5 Ty

by X soundness

e (Alx:ty). ) Xty 1) : 14

by (3, 6)

. chk 7o ((A(x:1x). €7) X7y, 1)) : Te

by (7)

. ke stat 7. (chk 7 (A(x:7x). €") X(7x,01))) @ T¢

by (8)

ke stat 7. (chk 7. (A(x:7y). ") X(7x,01))) : T/
by (2,5, 9)

QED by hole substitution

e =E*[op' v]:

v = (v, v1)

A op! = fst

Ae —ps E*[vg]

ke fst (vo,v1) : 77

by static hole typing

e (o, v1) 1 ToXTy

ATy <t/
by inversion

)

by inversion

L
VT

by (2)

. QED by hole substitution

v = <009 'Ul)
A op!' = snd
ANe —ps E*[or]:

. e snd vy, vy) 1 T’

by static hole typing

109

IF

—_

8.
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c <Uo,01> LT X Ty

At <ot/
by inversion

. FF V1T

by inversion
. ’
FF V1T

by (2)

. QED by hole substitution

v = mon (79 X11) (o, V1)
A op! = fst
A e —ps E*[X(1,v0)] :

e fsto:r’

by static hole typing

- ’
. FF v Tb )(1&

ANty <1’
by inversion (1)

LT <

by canonical forms (2)
K (v, V1)

\% |-F <’U0,Z}1> 2t

by inversion (2)

-k

-
Vv :T

by inversion (4)

. FF (Xf(Tb, 1)0) 7o

by X soundness (5)

. FF 2&'(10, 2)0) .’

by (2,3, 6)
QED by hole substitution

ELSE v = mon (19 X17) (v, V1)

CASE

A op' = snd
Ae —ps E*[X(m,01)] :
.ksndo:t’

by static hole typing

- ’
. FF v Tb )(1&

ANt <1’
by inversion (1)

<

by canonical forms (2)

-k (vo, v1)

\% s <’U(),’U]> st
by inversion (2)

. FF (%1

Vot
by inversion (4)

. I-F X(Tl,vl) T

by X soundness (5)

. |—F X(Tl,'l)l) H T,

by (2, 3, 6)

. QED by hole substitution

e = E*[of? vy o]
A 5(0172,7)0, Ul) =0
Ae —rg E*[v] :
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5.
casE e = E[dyn 7’ ¢’] and e’ is boundary-free :

2 .t
Lhoptvvr T

by static hole typing

. FF Vo - To

A kv1:n

A Nop?, 19, 71) = 7"
/\ T’/ <: T/

by inversion

-
. FF VT

by A type soundness (2)

. ’
LRUIT

by (2,3)
QED by hole substitution (4)

IF ¢’ isavalue:

e —rs E[De(r', ¢")]
hdyntie 7’
by boundary hole typing

3. e

by inversion (2)
4. 1 De(r’,e’) : 7’

by Dr soundness (3)
5. QED by hole substitution (4)

DN =

ELSE ¢’ —ppe’:

CASE e = E[stat 7’ ¢’] and e’ is boundary-free :

1. e —ps E[dyn 7’ e”]
2. kdynt'e : 7’
by boundary hole typing
3. e
by inversion (2)
4. e
by dynamic preservation (3)
5. kdynt’e” 7’
by (4)
6. QED by hole substitution (5)

IF e’ is avalue:

1. e —rs E[Sp(7',¢')]
2. kstat 7’ e’
by boundary hole typing
3. ke 7’
by inversion (2)
4. 1 Se(t',¢)
by Sr soundness (3)
5. QED by hole substitution (4)

ELSE ¢ —pge’:

1. e —fs E[stat 77 e”’]
2. kstat 7’ e’

by boundary hole typing
3. ke T’

by inversion (2)
4. el r

by static preservation (3)
5. kstat 7’ e”’

by (4)
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6. QED by hole substitution (5)
CASE e = E[Err]:
1. e > Err
2. QD by K Err: 7
CASE e = E*[chk 7 v]:
1. kchkro:1
by static hole typing
2. kvt
by inversion (1)
3. k X(r,0') i 7T
by X soundness (2)
4. QED by hole substitution (3)
|
Lemma 6.11 : HF dynamic preservation
If eand e —fp €’ thenk e’
Proof:

By the boundary factoring lemma, there are seven cases.

CASE e is a value :
1. Contradiction by e —.p €’
CASE e = E*[vg vq] :
IF vy = Ax. ¢’
A e —pp E*[e[x —uvi]]:
1. kv g
by dynamic hole typing
2. K Do
A kU1
by inversion (1)
3. x ke
by inversion (2)
4.k e'[x —v]
by substitution (2, 3)
5. QED hole substitution (4)
IF vy = mon(ty=1.)Ax. ¢’
Ae —pp E*[(Ax.€’) v1]:
1. K Do U1
by dynamic hole typing
2. K Do
Ak v
by inversion (1)
3.k (Ax.e’) vy
by (2)
4. QED hole substitution (5)
ELSE vy = mon (13 =7.) A(x:7y). €’

Ae —pp E°[stat 7. (chk 7. (A(x:7y). ") X(1y,v1)))]

1. FF Vo U1
by dynamic hole typing
2. K o
Ak v
by inversion
5. h Ax:ty). e st =1y,
by inversion (2)
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4.k X(1x,01) 5 Ty
by X soundness (2)
5.k (A(x:1x). €7) X(7x,v1)) = Ty
by (3, 4)
6. k chk 7o (A(x:7y). ") X(7x,v1)) : Te
by (5)
7. & stat 7. (chk 7, ((A(x:7y). ") X(7x, v1)))
by (6)
8. QED hole substitution
casE e = E*[op' 0] :
IF v = (vg, V1)
A op! = fst
A e —pp E*[vy] :
1k op1 v
by dynamic hole typing
2. kv
by inversion (1)
3. F o
by inversion (2)
4. QED by hole substitution
IF v = (Vg, V1)
A op! = snd
Ae —rp E*[v1] :
L hopto
by dynamic hole typing
2. ko
by inversion (1)
3. FF U1
by inversion (2)
4. QED by hole substitution
IF v = mon (1o X11) (Vp, V1)
A opt = fst
Ae —p.p E*[X (70, vo)] :
L hopto
by dynamic hole typing
2. k. mon (79X 11) (v, v1)
by inversion (1)
3. K o
Vv,
by inversion (2)
4. h;iY(Tb,lh)
by X soundness (3)
5. QED by hole substitution
ELSE v = mon (79 X17) (vg, V1)

A op' = snd
A e —pp E*[X(r,01)]
1k op' v

by dynamic hole typing
2. i mon (1o X11) {vo, V1)
by inversion (1)
3. U1
Vot
by inversion (2)
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4. |‘F X(Tl, 'Ul)
by X soundness (3)
5. QED by hole substitution
casE e = E*[op? vy vy ]
A 8(op?, v, v1) = v
Ae —rp E*[v]:
1. b op* vy vy
by dynamic hole typing
2. kv
AN R
by inversion (1)
3. ko
by & preservation (2)
4. QED by hole substitution (3)

casE e = E[dyn 7’ ¢’] and e’ is boundary-free :

IF e’ isavalue:
e —r-p E[Dr(r’,¢')]
cdynt’e 7’
by boundary hole typing
3. ke
by inversion (2)
4. De(r’,e’) : 7’
by Dr soundness (3)
5. QED by hole substitution (4)
ELSE e —ppe’:
1. e =pp E[dyn 7’ e”]
2. kdynt'e : 7’
by boundary hole typing
3. e
AT <t
by inversion (2)
4. e”
by dynamic preservation (3)
5 kdynt'e” 7’
by (4)
6. QED by hole substitution (5)

DN =

CASE e = E[stat 7’ e’] and e’ is boundary-free :

IF e’ €v:
1. e —r.p E[Sk(r’, ¢')]
2. kstat 7’ e’
by boundary hole typing
3. e T
by inversion (2)
4. Se(r',¢)
by Sr soundness (3)
5. QED by hole substitution (5)
ELSE e/ —pge’:
1. e —>f.p E[stat 7’ e”]
2. kstat 7’ e’
by boundary hole typing
3. e 7’
by inversion (2)
4 he T
by static preservation (3)
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5. k stat 77 e”
by (4)
6. QED by hole substitution (5)
CASE e = E[Err]:
1. e —>fp Err

2. QED k Err
O

Lemma 6.12 : HF static boundary factoring
If t; e : 7 then one of the following holds:

e ¢isavalue
e e =E*[v v]
e ¢ =E*[op' v]
e e =E*[op® v vy]
e ¢ = E*[chk 7 v]
e ¢ = E[dyn 7 ¢’] where ¢’ is boundary-free
e ¢ = E[stat 7 e’] where e’ is boundary-free
e ¢ = E[Err]
Proof:

By the unique static evaluation contexts lemma, there are
eight cases.
CASE e is a value :

1. QED
CASE e = E[vy v1] :
1. E=E*

VE=E'[dyn T E*]
V E = E’[stat 7 E*]
by inner boundary
2.1r E=E*:
a. QED e = E*[vg v ]
IF E=E'[dynt E*]:
a. QED e = E’[dyn 7 E*[v, v1]]
ELSE E = E’[stat 7 E*] :
a. QED e = E’[stat 7 E*[vg v1]]
casE e = E[op! v]:
1. E=E*
V E =E'[dyn T E*]
V E = E’[stat 7 E*]
by inner boundary
2.1Fr E=E*:
a. QED e = E*[op! v]
IF E=E'[dynt E*]:
a. QeD e = E’[dyn 7 E*[op! v]]
ELSE E = E’[stat 7 E*] :
a. QED e = F’[stat 7 E*[op' v]]
CASE e = E[op? vy v1] :
1. E=E*
V E=E'[dyn T E*]
V E = E’[stat 7 E*]
by inner boundary
2.1F E=E*:
a. QED e = E*[op? vy v1]
IF E =E'[dyn 7 E*]:
a. QD e = E’[dyn 7 E*[0p? v v1]]
ELSE E = E’[stat 7 E*] :
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a. QED e = E’[stat 7 E*[op? vy v1]]
CASE e = E[chk 7 v]:
1. E=E*
VE =E'[dyn 7 E®]
V E = E’[stat 7 E*]
by inner boundary
2.1F E=E*:
a. QED e = E°*[chk 7 v]
IF E=E'[dynt E*]:
a. Contradictionby ke : 7
ELSE E = E’[stat 7 E*] :
a. QED e = E’[stat 7 E*[chk 7 v]]
casE e = E[dyn 7 v]:
1. QED v is boundary-free
CASE e = E[stat 7 0] :
1. QED v is boundary-free
CASE e = E[Err]:
1. QED
d
Lemma 6.13 : HF unique static evaluation contexts
If i e : 7 then one of the following holds:
e ¢isavalue
e ¢ = E[v v1]

e ¢ = E[op! v]
e e = E[op? vy v1]
e ¢ = E[chk 7 7]
e ¢ = E[dyn 7 v]
e ¢ = E[stat 7 v]
e ¢ = E[Err]
Proof "
By induction on the structure of e.
CASE € =X
Ve=Ax.¢e

Ve=statre :
1. Contradiction by . e : 7
CASE € =i
Ve=AMx:tg). e
Ve=mon(rg=1.)0v:
1. QED e is a value
CASE e = {eg,€1) :
IF ey ¢ v:
1. ke : 7o
by inversion
2. €y = E()[e(,)]
by the induction hypothesis (1)
3.E= <E0,€1>
4. QED e = E[e(]
IF ey €U
ANe &v:
1. FF e 1N
by inversion
2. e = E1 [e;]
by the induction hypothesis (1)
3.E= <€0,E1>
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’

4. QED e = E[e]
ELSE €) € v
ANe €V
1.E=[]
2. QED e is a value
CASE € =¢ e :
IF ¢ ¢ v:
1. FF € - To
by inversion
2. €y = Eo[e(,)]
by the induction hypothesis (1)
3. E= 150 €1
4. QED e = E[e(]
IF €) €U
ANepgv:
l.he:m
by inversion
2. e = El[e{]
by the induction hypothesis (1)
3.E= €0 121
4. QED e = E[¢[]
ELSE € €
ANe €V
1.E=]]
2. QED e = E[eg €]
CASE ¢ = op ¢ :
IF ey ¢ v:
1. e : 7o
by inversion
2. ey = Eqleg]
by the induction hypothesis (1)
3. E=op' E,
4. QED e = E[¢(]
ELSE € € U :
1.E=]]
2. QED e = E[op' ]
CASE e =op’ ey e :
IF ey ¢ v:
1. e : 7o
by inversion
2. €y = Eo[eé]
by the induction hypothesis (1)
3. E=op? Eg e
4. QED e = E[¢g]
IF € €V
ANelgv:
l.he :m
by inversion
2. e = El[e{]
by the induction hypothesis (1)
3.E= 0172 €o 121
4. QED e = E[e]
ELSE € €V
NelL €Ev:
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1. E=[]
2. QED e = E[op? g e1]
CASE e =chkrey:
IF ey € v:
1. k€ : 7o
by inversion
2. e = Eo[e(,)]
by the induction hypothesis (1)
3. E=chk 7 E,
4. QED e = E[e(]
ELSE €y € U :
1. E=[]
2. QED e = E[chk 7 ¢(]
CASE e=dynTep:
IF ey ¢ v:
1. k€0
by inversion
2. e = Eo[e(’)]
by unique dynamic evaluation contexts (1)
3. E=dyn 1 E
4. QED e = E[e(]
ELSE €y € U :
1. E=[]
2. QED e = E[dyn 7 ¢]
CASE e = Err:
1. E=[]
2. QED e = E[Err]
O
Lemma 6.14 : HF inner boundary
For all contexts E, one of the following holds:
e E=E*
e E=FE'[dyn 1 E*]
e E = F’[stat T E*]
Proof:
By induction on the structure of E.
CASE E=E*:

1. QED
CASE E=Eje;:
1. l;o S 12.

V Ey = Ej[dyn 7 E°]
V Ey = Eg[stat 7 E°]
by the induction hypothesis
2.IF Ey =E*:
a. QED E is boundary-free
IF Ey = Ej[dyn 7 E®]:
a. E' = E(,) €1
b. QeD E = E’[dyn 7 E*]
ELSE E, = Ej[stat 7 E°] :
a. E' =Ej ¢
b. QED E = E’[stat 7 E®]
CASE E =10y E;:
1. 151 = l;‘
V Ey = E{[dyn 7 E*]
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V Ey = E{[stat 7 E°]
by the induction hypothesis
2. IF E; = E*:
a. QED E is boundary-free
IF Ey = E{[dyn 7 E°]:
a. E' = v E;
b. QED E = E’[dyn t E*]
ELSE E; = E{[stat 7 E°] :
a. E' = vy E]
b. QED E = E’[stat 7 E*]
CASE E = (Ep,e;):
1. 130 B lf'
V Ey = Ej[dyn 7 E°]
V Ey = Ej[stat 7 E*]
by the induction hypothesis
2.1F Ey = E*:
a. QED E is boundary-free
IF Ey = Ej[dyn 7 E°]:
a. E' =(E],er)
b. QED E = E’[dyn 7 E*]
ELSE E, = Ej[stat 7 E°] :
a. E' =(E],e;)
b. QED E = E’[stat 7 E*]
CASE E = (vy, E;) :
1. 151 = l;.
V Ey = E{[dyn 7 E*]
V Ey = E{[stat 7 E®]
by the induction hypothesis
2.1F E; = E*:
a. QED E is boundary-free
IF E; = E{[dyn 7 E°]:
a. E' = (v, E])
b. QeD E = E’[dyn 7 E*]
ELSE E; = E{[stat 7 E°] :
a. B = (v, E])
b. QED E = E’[stat 7 E°]
case E =op! Ey:
1. Eg = E*
V Ey = Eg[dyn 7 E®]
V Ey = Ej[stat 7 E*]
by the induction hypothesis
2.1IF Ey =E*:
a. QED E is boundary-free
IF Ey = Ej[dyn 7 E°]:
a. E' = op' E}
b. QED E = E’[dyn t E*]
ELSE Ey = Ej[stat 7 E°] :
a. E' = op' E}
b. QED E = E’[stat 7 E®]
caseE E=op’ Ege; :
1. Eg = E*
V Ey = Ej[dyn 7 E®]
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V Ey = Eg[stat 7 E°]
by the induction hypothesis
2.1F Ey=E*:
a. QED E is boundary-free
IF Ey = Ej[dyn 7 E*]:
a. E' = op* E} e
b. QeD E = E’[dyn 7 E*]
ELSE E, = Ej[stat 7 E°] :
a. E' = op® E e
b. QED E = E’[stat 7 E°]
case E = op? vy E; :
1. 121 = l;‘
V Ey = E{[dyn 7 E*]
V Eq = Ef[stat 7 E°]
by the induction hypothesis
2.1F E; =E*:
a. QED E is boundary-free
IF E; = E{[dyn T E°*]:
a. E' = op® vy E]
b. Qep E = E’[dyn 7 E*]
ELSE E; = E{[stat 7 E°] :
a. E' = op? vy Ef
b. QED E = E’[stat 7 E°]
cASE E=chkr Ey:
1. Eg = E*
V Ey = Eg[dyn 7 E®]
V Ey = Eg[stat 7 E°]
by the induction hypothesis
2.1F Ey = E*:
a. QED E is boundary-free
IF Ey = Ej[dyn 7 E®]:
a. B’ = chk 1 E
b. QeD E = E’[dyn 7 E*]
ELSE Ey = Ej[stat 7 E°] :
a. E' = chk 1t E
b. QED E = E’[stat 7 E*]
CcASE E=dyntEj:
1. l;o = 13'
V Ey = Ej[dyn 7’ E°]
V Ey = Ej[stat 7’ E®]
by the induction hypothesis
2.1F Ey=E*:
a. QED
IF Ey = Ej[dyn 7' E°]:
a. E' =dyntE
b. QeD E = E’[dyn 7" E°®]
ELSE Ej = Ej[stat " E°] :
a. E' =dyntE]
b. QED E = E’[stat 7’ E*]
CASE E =stat7 Ej:
1. 120 = 13.
V Ey = Ej[dyn 7" E®]
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V Ey = Eg[stat 7" E°]
by the induction hypothesis
2.1F Ey=E*:
a. QED
IF Ey = Ej[dyn 7’ E*]:
a. B’ = stat 7 E;
b. QeD E = E’[dyn " E*]
ELSE Ey = Ej[stat 7" E°] :
a. B’ = stat 7 E
b. QED E = E’[stat 7" E°*]
O
Lemma 6.15 : HF dynamic boundary factoring
If 1. e then one of the following holds:

e ¢isavalue
e e=E*[vg v1]
e ¢ =E*[op' v]
e e = E*[op vy vy]
e ¢ = E[dyn 7 ¢’] where e’ is boundary-free
e ¢ = E[stat 7 ¢’] where e’ is boundary-free
e ¢ = E[Err]
Proof:

By the unique dynamic evaluation contexts lemma, there
are eight cases.
CASE e is avalue:

1. QED
CASE e = E[vy v1] :
1. E=E*

V E =E'[dyn 1 E®]
V E = E’[stat 7 E*]
by inner boundary
2.1fr E=E*:
a. QED e = E°*[vg vy ]
IF E = E'[dyn 1 E*]:
a. QED e = E’[dyn 7 E*[vy v1]]
ELSE E = E’[stat 7 E*] :
a. QED e = E’[stat 7 E*[v, v1]]
case e = E[op' v]:
1. E=E*
V E =E'[dyn 7 E*®]
V E = E’[stat T E*]
by inner boundary
2.1fr E=E*:
a. QED e = E*[op' ]
IF E = E'[dynt E*]:
a. QED e = E’[dyn 7 E*[op! v]]
ELSE E = E’[stat 7 E*] :
a. QED e = E’[stat 7 E*[op' v]]
case e = E[op? vy v1] :
1. E=E*
VE =E'[dyn 1 E®]
V E = E’[stat 7 E*]
by inner boundary
2.1fr E=E*:
a. QED e = E*[op? vy v1]
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IF E = E’[dynt E*]:
a. QED e = E’[dyn 7 E*[op? vy v1]]
ELSE E = E’[stat 7 E®] :
a. QED e = E’[stat 7 E*[op? vy v1]]
CASE e = E[chk 7’ v]:
1. E=E*
VE =E'[dyn 7 E°]
V E = E’[stat T E*]
by inner boundary
2.1fr E=E*:
a. Contradiction by K e
IF E =E'[dynt E*]:
a. Contradiction by . e
ELSE E = E’[stat 7 E®] :
a. QED e = E’[stat 7 E*[chk 7/ v]]
CASE e = E[dyn 7t v]:
1. QED v is boundary-free
CASE e = E[stat 7 ] :
1. QED v is boundary-free
CASE e = E[Err]:
1. QED
O
Lemma 6.16 : HF unique dynamic evaluation contexts
If i e then one of the following holds:
e ¢isavalue
e e = E[vg v1]

e ¢ = E[op! v]
®e= E[OPZ v V1]
e ¢ = E[chk 7 7]
e ¢ = E[dyn 7 0]
e ¢ = E[stat 7 U]
e ¢ = E[Err]
Proof:
By induction on the structure of e.
CASE e =X

Ve=AMx:7).e
Ve=dynte':
1. Contradiction by k. e
CASE e = |
Ve=Ax.e
Ve=mon(ry=71.)0:
1. QED e is a value
CASE e = Err:
1. E=]
2. QED e = E[Err]
CASE e = {eg,€1) :
IF ey ¢ v:
1. k€0
by inversion
2. €y = Eo[e(’)]
by the induction hypothesis (1)
3.E= <E0,€1>
4. QED e = E[¢(]
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IF €y € U
ANel&v:
1. FF e1
by inversion
2. e = El[ei]
by the induction hypothesis (1)
3.E= (e(),E1>
4. QED e = E[e]
ELSE €y €V
Nel€Ev:
1. E=[]
2. QED e is a value
CASE € =¢pe€1:
IF ¢ € v:
1. €0
by inversion
2. €y = E()[eé]
by the induction hypothesis (1)
3.E= 150 €1
4. QED e = E[e(]
IF ey €0
Nel&v:
1. e
by inversion
2. e = El[e{]
by the induction hypothesis (1)
3.E= €o 131
4. QED e = E[eq]
ELSE €) € v
ANe €v:
1. E=[]
2. QeD e = E[eg e1]
CASE e = op' e :
IF ¢y ¢ v:
1. €0
by inversion
2. €y = Eo[e(,)]
by the induction hypothesis (1)
3.E= Oj)l 1;0
4. QED e = E[eg]
ELSE € € U :
1.E=[]
2. QED e = E[op' ey]
CASE e = op’ ¢ e; :
IF ¢y ¢ v:
1. €0
by inversion
2. €y = Eo[e(,)]
by the induction hypothesis (1)
3.E= 0172 120 €1
4. QED e = E[eg]
IF €y €U
ANelgv:
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1. FF €1
by inversion
2. e = E1 [e;]
by the induction hypothesis (1)
3. E=op’ e E;
4. QED e = E[e]
ELSE € € v
ANel€Ev:
1.E=[]
2. QED e = E[op? e €]
CASE e =chkteg:
Contradiction by k e
CASE e =statr e :
IF ¢ € v:
1. K €o
by inversion
2. €y = Eo[e(,)]

by unique static evaluation contexts (1)

3. E =stat 7 E,
4. QED e = E[e(]
ELSE €y € U :
1. E=]
2. QED e = E[stat 7 ¢g]

]

Lemma 6.17 : HF static hole typing
If i E®[e] : T then the derivation contains a sub-term k. e : 7’
Proof:

By induction on the structure of E°.
casE E*=[]:
1. QED E*[e] =€
CASE E®* =E% e;:
1. E*[e] = E*¢[e] e;
2. E%le] s tg=1e
by inversion
3. QED by the induction hypothesis (2)
CASE E®* = vy E®; :
1. E*[e] = vy E*1[e]
2. k- E*[e] s 14
by inversion
3. QED by the induction hypothesis (2)
CASE E*® = (E®%),e1):
1. E*[e] = (E%[e]. e1)
2. y E'O[e] )
by inversion
3. QED by the induction hypothesis (2)
CASE E°® = (v, E*y) :
1. E*[e] = (vo, E*1[e])
2.k E%[e] : 1y
by inversion
3. QED by the induction hypothesis (2)
cASE E* = op! E%:
1. E*[e] = op* E%le]
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2. 2 E'O[e] )
by inversion
3. QED by the induction hypothesis (2)
caSE E* = op’ E% e;:
1. E*[e] = op® E*o[e] e
2. K E.O[E] )
by inversion
3. QED by the induction hypothesis (2)
casE E* = op? v E°; :
1. E*[e] = op® vy E*1[e]
2. k E%[e] : 1y
by inversion
3. QED by the induction hypothesis (2)
CASE E°® =chk 1t E*:
1. E*[e] = chk T E*¢[e]
2. b E'O[e] )
by inversion
3. QED by the induction hypothesis (2)

Lemma 6.18 : HF dynamic hole typing

If i E®[e] then the derivation contains a sub-term . e

Proof:
By induction on the structure of E°.
casE E* =[]:
1. QD E*[e] = ¢
CASE E®* =E%)e;:
1. E*[e] = E®y[e] e;
2. K E'O[e]
by inversion
3. QED by the induction hypothesis (2)
CASE E*® = vy E®; :
1. E*[e] = vy E*1[e]
2. FF lf'l[e]
by inversion
3. QED by the induction hypothesis (2)
CASE E*® = (E®%),e1):
1. E*[e] = (E%[e]. e1)
2. K E'O[e]
by inversion
3. QED by the induction hypothesis (2)
CASE E°® = (vg,E®1):
1. E*[e] = (vo, E*1[e])
2. |—F E'l[e]
by inversion
3. QED by the induction hypothesis (2)
CASE E* = op' E%:
1. E*[e] = op® E%le]
2. K E'O[e]
by inversion
3. QED by the induction hypothesis (2)
CASE E* = op? E*y ey :
1. E*[e] = op? E%e] e
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2. H E'O[e]
by inversion
3. QED by the induction hypothesis (2)
case E* = op’ vy E*y :
1. E*[e] = op® vy E*1[e]
2. FF 13'1[6]
by inversion
3. QED by the induction hypothesis (2)

Lemma 6.19 : HF boundary hole typing
o If i E[dyn 7 e] : 7’ then the derivation contains a sub-term
kdynte:t
o If i E[dyn 7 e] then the derivation contains a sub-term
kdynte:t
o If i E[stat 7 e] : 7’ then the derivation contains a sub-term
pstatze
e If i E[stat 7 e] then the derivation contains a sub-term
pstatte
Proof:
By the following four lemmas: static dyn hole typing,
dynamic dyn hole typing, static stat hole typing, and
dynamic stat hole typing.

Lemma 6.20 : HF static dyn hole typing
If  E[dyn 7 e] : 7’ then the derivation contains a sub-term
kdynte:r.

Proof:

By induction on the structure of E.
CASE E € E*:
1. kdynte:7”
by static hole typing
2.kdynte:7
by inversion (1)
3. QED
CASE E=FEje;:
1. E[dyn 7 e] = Eo[dyn 7 e] e;
2. k Eoldynte] : 1
by inversion
3. QED by the induction hypothesis (2)
CASE E=1vy E; :
1. E[dyn 7 e] = vy E{[dyn T €]
2.k Ei[dynte]:n
by inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep,e1):
1. E[dyn 7 e] = (Eo[dyn T e],e1)
2. k Eoldyn T e] : 1
by inversion
3. QED by the induction hypothesis (2)
CASE E = (Z}O, l;1> :
1. E[dyn 7 e] = (vy, E1[dyn T e])
2.k Ei[dynte]:n
by inversion
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3. QED by the induction hypothesis (2)
case E=op' Ey:
1. E[dyn 7 e] = op' Ey[dyn 7 ¢]
2. k Eyg[dyn T e] : 1
by inversion
3. QED by the induction hypothesis (2)
casE E=op? Eye; :
1. E[dyn 7 e] = op? Eg[dyn T e] e;
2. k Eo[dyn T e] : 1
by inversion
3. QED by the induction hypothesis (2)
casE E = op? vy E; :
1. E[dyn 7 e] = op? vy E1[dyn 7 e]
2.k Ej[dynrte]:n
by inversion
3. QED by the induction hypothesis (2)
CcASE E = chkt” Ej :
1. E[dyn 7 e] = chk ”" Ey[dyn T €]
2. k Eo[dyn T e] : 1
by inversion
3. QED by the induction hypothesis (2)
CASE E =dynty Ey:
1. E[dyn 7 e] = dyn g E¢[dyn 7 €]
2. k Eo[dyn 7 €]
by inversion
3. QED by dynamic dyn hole typing (2)
CASE E =stat 1y Ey :
1. Contradiction by  E[dyn T e] : 7’
d
Lemma 6.21 : HF dynamic dyn hole typing
If v E[dyn 7 e] then the derivation contains a sub-term
kdynte:r.
Proof:
By induction on the structure of E.
casE E€E*:
1. Contradiction by k E[dyn 7 e]
CASE E=Eje;:
1. E[dyn t e] = Eo[dyn T e] e;
2. i Eo[dyn 7 €]
by inversion
3. QED by the induction hypothesis (2)
CASE E=1vy E; :
1. E[dyn 7 e] = vy E{[dyn T €]
2. k Ei[dyn 7 €]
by inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep,e1):
1. E[dyn 7 e] = (Eo[dyn T €], e1)
2. k Eo[dyn 7 €]
by inversion
3. QED by the induction hypothesis (2)
CASE E = <Z}0, l;1> :
1. E[dyn 7 e] = (vp, E1[dyn 7 €])
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2. i Eq[dyn 7 €]
by inversion
3. QED by the induction hypothesis (2)
case E=op' Ey:
1. E[dyn 7 e] = op! Eo[dyn T €]
2. i Eo[dyn 7 €]
by inversion
3. QED by the induction hypothesis (2)
caseE E=op’ Ege; :
1. E[dyn 7 €] = op® Eo[dyn T €] ¢
2. i Eo[dyn 7 €]
by inversion
3. QED by the induction hypothesis (2)
casE E = op’ vy E; :
1. E[dyn 7 €] = op® vy E1[dyn T €]
2. k Eq[dyn 7 €]
by inversion
3. QED by the induction hypothesis (2)
casE E =chkr” Ej:
1. Contradiction by k. E[dyn 7 e]
O
CASE E=dyntEj:
1. Contradiction by K E[dyn 7 e]
cASE E =stat rp Ey :

1. E[dyn 7 e] = stat 7y Eg[dyn 7 €]
2. k Eyg[dynte] : 1

by inversion
3. QED by static dyn hole typing (2)

}
Lemma 6.22 : HF static stat hole typing

If i E[stat 7 e] : 7’ then the derivation contains a sub-term

e stat T e.
Proof:
By induction on the structure of E.
case Ec€E*:
1. Contradiction by k. E[stat 7 e] : 7’
CASE E=Eje;:
1. E[stat 7 e] = Ey[stat 7 e] e;
2. k Eg[stat 7 e] : 79
by inversion
3. QED by the induction hypothesis (2)
CASE E=vyE;:
1. E[stat 7 e] = vy E;[stat T e]
2. k Eq[stat T e] : 1y
by inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep,er):
1. E[stat 7 e] = (Ey[stat 7 e], e1)
2. k Eg[stat T e] : 79
by inversion
3. QED by the induction hypothesis (2)
CASE E = (v, Eq):
1. E[stat 7 e] = (vp, E;[stat 7 e])
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2. k Eq[statre] : 1y
by inversion
3. QED by the induction hypothesis (2)
case E =op! Ey:
1. E[stat 7 e] = op® Ey[stat 7 e]
2. i Eo[stat re] : 1
by inversion
3. QED by the induction hypothesis (2)
casE E=op’ Ege; :
1. E[stat 7 e] = op? Eo[stat 7 e] e;
2. i Eo[stat ] : g
by inversion
3. QED by the induction hypothesis (2)
casE E = op’ vy E; :
1. E[stat 7 e] = op? vy Ey[stat 7 e]
2. k Eq[statre] : 1y
by inversion
3. QED by the induction hypothesis (2)
CASE E =chkr” Ej :
1. E[stat 7 e] = chk 7”7 Ey[stat 7 e]
2. k Eo[stat re] : g
by inversion
3. QED by the induction hypothesis (2)
casE E =dynr Ey:
1. E[stat 7 e] = dyn 7y Ey[stat 7 e]
2. k Eo[stat 7 e]
by inversion
3. QED by dynamic stat hole typing (2)
cASE E =stat p Ey :

1. Contradiction by k. E[stat 7 e] : 7’
O

Lemma 6.23 : HF dynamic stat hole typing
If k. E[stat 7 e] then the derivation contains a sub-term k.

stat 7 e.
Proof:

By induction on the structure of E.
CASE E € E*:
1. QED by dynamic hole typing
CASE E=Eje;:
1. E[stat 7 e] = Ey[stat 7 e] e;
2. k Ey[stat 7 e]
by inversion
3. QED by the induction hypothesis (2)
CASE E=vyE;:
1. E[stat 7 e] = vy E{[stat 7 €]
2. k Eq[stat 7 e]
by inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep,e;):
1. E[stat 7 e] = (Eg[stat T e], e1)
2. k Eg[stat 7 e]
by inversion
3. QED by the induction hypothesis (2)
CASE E = (vy,Eq):
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1. E[stat 7 e] = (vp, E;[stat 7 e])
2. k Eq[stat 7 e]
by inversion
3. QED by the induction hypothesis (2)
case E = op' Ey :
1. E[stat 7 e] = op® Ey[stat 7 e]
2. K Eq[stat 7 e]
by inversion
3. QED by the induction hypothesis (2)
case E=op’ Ege; :
1. E[stat 7 e] = op? Eq[stat 7 e] e;
2. k Eq[stat 7 e]
by inversion
3. QED by the induction hypothesis (2)
case E=op? vy E; :
1. E[stat 7 e] = op? vy E;[stat 7 e]
2. k Eq[stat 7 e]
by inversion
3. QED by the induction hypothesis (2)
cASE E =chkt” Ej :
1. Contradiction by K E[stat 7 e]
CASE E=dyntE;:
1. Contradiction by . E[stat 7 e]
CASE E =statp Ej :
1. E[stat 7 e] = stat 7y Ey[stat 7 e]
2. k Eg[stat T e] : 79
by inversion
3. QED by static stat hole typing (2)

Lemma 6.24 : HF static boundary-free hole substitution

If i E®[e] : 7 and the derivation contains a sub-term k. e : 7’

and k e’ : 7’ then 1 E°[e] : 7.
Proof:
By induction on the structure of E*
case E*=[]:
1. E*[e] = e
ANE®[e] =€
2.he:T
by (1)
3.77=1
4. et
5. QED by (1, 4)
CASE E* =FE%je;:
1. E*[e] = E%[e] e;
A E*[e’] = E%le’] e;
2. E%le]e: 7
3. b E.()[e] 1Ty
Ahe:n
by inversion
4. E%le'] : 1o
by the induction hypothesis (3)
5.k E%[e']er:t
by (2, 3, 4)
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6. QED by (1, 5)
CASE E°® = Vo E.l :
1. E'[e] =7 E'l[e]
ANE*[e'] = vy E*q[€’]
2. koo E*le] : 7
3. kDot To
Ak E%le] iy
by inversion
4. R E%[e']:
by the induction hypothesis (3)
5. kv E*q[e’] : T
by (2, 3, 4)
6. QED by (1, 5)
CcASE E* = op! E%:
1. E*[e] = op* E%le]
A E*[e’'] = op' E%le’]
2.k op' E%le] : T
3. s E'O[e] I Ty
by inversion
4. R E%[e’] :
by the induction hypothesis (3)
5.k op' E%le’] : T
by (2, 3, 4)
6. QED by (1, 5)
CASE E°® = (E®%),e1):
1. E*[e] = (E%o[e], e1)
NE*[e’] = (E%o[e’]. e1)
2. 2 <E.0[€],€1> T
3. 2 E'O[e] I Ty
A kel:m
by inversion
4. K E'O[e’] )
by the induction hypothesis (3)
5.k (E%[e'],e1) : 7
by (2, 3, 4)
6. QED by (1, 5)
CASE E® = (v, E*y):
1. E*[e] = (vo, E*1[e])
A E*[e'] = (vo, E*1[€e’])
2. s (’U(),E.l[e]> T
3. kDot To
Ak E%le] iy
by inversion
4. R E*[e']:
by the induction hypothesis (3)
5. |'F (’U(),E.l[e,]> T
by (2, 3, 4)
6. QED by (1, 5)
casE E* = op’ E%pe;:
1. E*[e] = op? E%yle] e;
AE*[e'] = op? E*o[e’] e
2. op2 E%le]er : 7
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3. b E'O[e] )
ANher:n
by inversion
4. 1 E%[e’] : 1o
by the induction hypothesis (3)
5.k op? E%le’] er : T
by (2, 3, 4)
6. QED by (1, 5)
casE E* = op’ vy E*; :
1. E*[e] = op® vy E*1[e]
A E*[e’] = op? vy E*1e’]
2. kop? vy E*y[e] : 7
3. FF Vo - Tp
Ak E'l[e] T
by inversion
4. R E%[e'] iy
by the induction hypothesis (3)
5.k op? v E*y[e’] : 7
by (2, 3, 4)
6. QED by (1, 5)
CASE E*®* =chkt” E%:
1. E*[e] = chk t”" E*y[e]
A E®[e’] = chk t” E®%[e’]
2. k. chk 7" E%[e] : T
3.k E%le] : 7o
by inversion
4. b E'O[e’] )
by the induction hypothesis (3)
5. k chkt” E%[e'] : T
by (2, 3, 4)
6. QED by (1, 5)
O
Lemma 6.25 : HF dynamic hole substitution
If i E®°[e] and k. e’ then K E®[e’]
Proof:
By induction on the structure of E*
case E*=[]:
1. QED E*[¢’] = ¢’
CASE E°® = (E®%),e1):
L. E®[e] = (E%o[e], e1)
ANE®[e'] = (E%[e’], e1)
2. 1 (Elel 1)
3. y2 E.()[e]
Ak e
by inversion
4. |—F E'O[e’]
by the induction hypothesis (3)
5. 15 (E%[e] e1)
by (3, 4)
6. QED by (1, 5)
CASE E°® = (v, E*y) :
1. E*[e] = (vo, E*1[e])
A E*[e’] = (o, E*1[€])
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6.

. l_F <009 E.l [e]>
-k

A I-F E.1[€]
by inversion

ke EY[e]

by the induction hypothesis (3)

- K (v, E*1[€’])

by (3, 4)
QED by (1, 5)

CASE E®* =E%e;:

1.

6.

E*[e] = E®le] &1
A E®[e’] = E®%[e’] e

. I-F E'O[e] €1
. I-F E.o[e]

A b er
by inversion

. E%le’]

by the induction hypothesis (3)

. I-F E'o[e’] €1

by (3, 4)
QED by (1, 5)

CASE E*®* = vy E*; :

1.

6.

E*[e] = v E*y[e]
A E®[e'] = vy E*[e]

. |-F (o) E'l[e]
. FF (%)

A |—F E'I[e]
by inversion

ke E*yle]

by the induction hypothesis (3)

- Ko E'l[e’]

by (3, 4)
QED by (1, 5)

case E* =op' E%:

1.

6.

E*[e] = op' E*o[e]
AE*[e’] = op' E%[e’]

.k op! E*%le]
. I-F E'O[e]

by inversion

ke E%le’]

by the induction hypothesis (3)

.k op' E%le’]

by (4)
QED by (1, 5)

CASE E* = op? E*y ey :

1.

2.
3.

4.

E*[e] = op® E%ole] e

AE*[e'] = op? E%ole] e

k op? E%ole] e

l_F E.O[e]

Ak e

by inversion

e E* o[’

by the induction hypothesis (3)
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5. k op? E%ole’] e
by (3, 4)
6. QED by (1, 5)
casE E* = op’ vy E*; :
1. E*[e] = op® vy E*1[e]
A E°[e’] = op? vy E*4[e’]
2. b op? vy E*1[e]
3. K Do
Ak E*[e]
by inversion
4. K E*[e’]
by the induction hypothesis (3)
5. k op? vy E*[e’]
by (3, 4)
6. QED by (1, 5)
CASE E*® = chk 1y E% :
1. Contradiction by K E®[e]
(Il

Lemma 6.26 : HF hole substitution
o If i E[e] and the derivation contains a sub-term k. e : 7’
and k e’ : 7’ then & E[e’].
e If . E[e] and the derivation contains a sub-term k. e and
t e then k. E[e’].
o If . E[e] : 7 and the derivation contains a sub-term k. e : 7’
and k e’ : 7’ then i E[e] : 7.
o If i E[e] : 7 and the derivation contains a sub-term k. e
and k. e’ then i E[e’] : 7.
Proof:
By the following four lemmas: dynamic context static hole
substitution, dynamic context dynamic hole substitution,
static context static hole substitution, and static context
dynamic hole substitution.

Lemma 6.27 : HF dynamic context static hole substitution
If k. E[e] and contains k. e :
then i E[e’]

Proof:

By induction on the structure of E.
CASE E € E*:
1. Contradiction by k. E[e]
CASE E=Eje;:
1. E[e] = Eyle] e;
2. y2 Eo[e]
by inversion
3. QED by the induction hypothesis (2)
CASE E =9y E;:
1. E[e] = vy Eq[e]
2. y2 E, [e]
by inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep,e;):
1. Ele] = (Eole], e1)

7/, and furthermore k. e’ : 7/,
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2. 2 Ey [8]
by inversion
3. QED by the induction hypothesis (2)
CASE E = (vy, E;) :
1. E[e] = (vo, Eq[e])
2. |—F El [8]
by inversion
3. QED by the induction hypothesis (2)
case E=op! Ey:
1. E[e] = op! Eqle]
2. b Ey [6]
by inversion
3. QED by the induction hypothesis (2)
case E=op’Epe; :
1. E[e] = op® Eo[e] e
2. K Ey [6]
by inversion
3. QED by the induction hypothesis (2)
case E =op? vy E; :
1. E[e] = op? vy Eq[e]
2. l_F E1 [6]
by inversion
3. QED by the induction hypothesis (2)
CASE E =chkr” E :
1. E[e] = chk "7 Eg[e]
2. l_F EO [6]
by inversion
3. QED by the induction hypothesis (2)
casE E=dynt"” Ey:
1. Contradiction by k. E[e]
CASE E =stat 1y Ej :
1. E[e] = stat 7y Eg[e]
2. K Eo[e] )
by inversion
3. QED by static context static hole substitution (2)

Lemma 6.28 : HF dynamic context dynamic hole substitution
If t; E[e] and contains k. e, and furthermore . e’, then t E[e’]
Proof:
By induction on the structure of E.
CASE E€E*:
1. QED by dynamic boundary-free hole substitution
CASE E=Eje;:
1. E[e] = Eole] e;
2. s Ey [e]
by inversion
3. QED by the induction hypothesis (2)
CASE E=vyE;:
1. E[e] = vy E1[e]
2. 2 E, [e]
by inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep,e;):
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1. E[e] = (Eo[e]. e1)
2. y2 E()[e]
by inversion
3. QED by the induction hypothesis (2)
CASE E = (v, Eq):
1. E[e] = (vo, Eq[e])
2. y2 E, [e]
by inversion
3. QED by the induction hypothesis (2)
case E = op' Ey:
1. E[e] = op® Eo[e]
2. y E()[e]
by inversion
3. QED by the induction hypothesis (2)
case E=op’ Ege; :
1. E[e] = op® Eo[e] e
2. b Eo[e]
by inversion
3. QED by the induction hypothesis (2)
case E=op? vy E :
1. E[e] = op? vy E[e]
2. |—F El [e]
by inversion
3. QED by the induction hypothesis (2)
cASE E =chkr” Ey:
1. Contradiction by k. E[e]
casE E=dynt” Ey:
1. Contradiction by . E[e]
CcASE E =stat 1y Ey :
1. E[e] = stat 7y Eo[e]
2. k Eole] : 1o
by inversion
3. QED by static context dynamic hole substitution (2)

Lemma 6.29 : HF static context static hole substitution
If i E[e] : 7 and contains k e : 7/, and furthermore k. e’ : 7/,
then k. E[e’] : 7

Proof:

By induction on the structure of E.
case E € E*:
1. QED by static boundary-free hole substitution
CASE E=Eje;:
1. E[e] = Eyle] e1
2. k Eole] : 1o
by inversion
3. QED by the induction hypothesis (2)
CASE E =10y E;:
1. E[e] = vy Eq[e]
2. k Eile] : 1y
by inversion
3. QED by the induction hypothesis (2)
CASE E = (Ep,e1):
1. E[e] = (Eo[e], e1)
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2. 2 Eo[e] )
by inversion
3. QED by the induction hypothesis (2)
CASE E = (vy, E;) :
1. E[e] = (vo, Eq[e])
2. k Eile] : 1y
by inversion
3. QED by the induction hypothesis (2)
case E =op! Ey:
1. E[e] = op! Eqle]
2. b Eo[e] )
by inversion
3. QED by the induction hypothesis (2)
case E=op’Epe; :
1. E[e] = op® Eo[e] e
2. K Eo[e] )
by inversion
3. QED by the induction hypothesis (2)
case E =op? vy E; :
1. E[e] = op? vy Ey[e]
2. k Eile] : 1y
by inversion
3. QED by the induction hypothesis (2)
CASE E =chkr” E :
1. E[e] = chk 7”7 Eg[e]
2. k- Eole] : o
by inversion
3. QED by the induction hypothesis (2)
caSE E =dynr Ey:
1. E[e] = dyn 1y Ey[e]
2. Iy Ey [6]
by inversion
3. QED by static dyn hole typing (2)
CcASE E =stat p Ey :
1. Contradiction by K E[e] : 7
d
Lemma 6.30 : HF static context dynamic hole substitution
If . E[e] : 7 and contains k e, and furthermore k. e’, then
kEle’]: 7
Proof:
By induction on the structure of E.
CASE E € E*:
1. Contradiction by k E[e] : 7
CASE E=FEje;:
1. E[e] = Eole] e;
2. s Eo[e] I Ty
by inversion
3. QED by the induction hypothesis (2)
CASE E=vyE;:
1. E[e] = vy Eq[e]
2. k Eile] : 1y
by inversion
3. QED by the induction hypothesis (2)
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CASE E = (Ep,e1):
1. E[e] = (Eo[e]. e1)
2. y2 Eo[e] )
by inversion
3. QED by the induction hypothesis (2)
CASE E = (v, Eq):
1. E[e] = (vo, Eq[e])
2. y2 E, [e] T
by inversion
3. QED by the induction hypothesis (2)
case E = op' Ey:
1. E[e] = op' Eqle]
2. k Egle] : 7o
by inversion
3. QED by the induction hypothesis (2)
case E=op’ Ege; :
1. E[e] = op? Eyle] e
2. i Eole] : 1o
by inversion
3. QED by the induction hypothesis (2)
case E=op? vy E; :
1. E[e] = op® vy Eq[e]
2. k Eile] : 1y
by inversion
3. QED by the induction hypothesis (2)
cASE E =chkt” Ey:
1. Contradiction by k E[e] : 7
CcASE E =dynt Ej:
1. E[e] = dyn 7y Ege]
2. y2 Eo[e]
by inversion
3. QED by dynamic stat hole typing (2)
CASE E =stat 1y Ey :
1. Contradiction by k E[e] : 7
O

Lemma 6.31: b static inversion

13476
13477
13478
13479
13480
13481
13482
13483
13484
13485
13486
13487
13488
13489
13490
13491
13492
13493
13494
13495
13496
13497
13498
13499
13500
13501
13502
13503
13504
13505
13506
13507
13508
13509
13510
13511
13512
13513
13514
13515
13516
13517
13518
13519
13520
13521
13522
13523
13524
13525
13526
13527
13528
13529
13530



13531
13532
13533
13534
13535
13536
13537
13538
13539
13540
13541
13542
13543
13544
13545
13546
13547
13548
13549
13550
13551
13552
13553
13554
13555
13556
13557
13558
13559
13560
13561
13562
13563
13564
13565
13566
13567
13568
13569
13570
13571
13572
13573
13574
13575
13576
13577
13578
13579
13580
13581
13582
13583
13584
13585

NU-CCIS-2018-002, 2018, Northeastern University

e Ifl'hx:rthen(x:7’)eTand 7’ <i 7

o IfT i A(x:7)). e’ s v then (x:7)),T e’ : r/and 1) =17, <

T

o If ' i (ep,e1) : ToX7y thenT k. gy : 7y and ' k. ey : 7] and
T, <and 7] <

elfT heye :r.thenl e :7;=7 andl ke : 7} and

Tc/ < e

o IfT' 1 fste : T thenT ke : foX7y and A(fst, 7o x71) = 79
and 7y <i't

o IfT' ksnde: 7thenT ke : 7oX7y and A(snd, 7o X1y) = 74
and; <it

o IfI' 1 op® ey ey : T thenT b e :
Aop?,t9,11) =7’ and 7/ < T

o If T i mon 7y X1] (vg,v1) : T X7y then either:
=Tk (vo, v1)
—orT K (vo,v1): 7T

Toand I i e; : 7y and

o IfI' b mont) = r/Ax.e : 7y = 7. then ' k Ax.e and
T(;=>TC’ <=
e IfT k. mont) = t/Mx:7)). e : 7g= 7. then T K A(x:

).e:t)=r)and =1 < rg>T
eIfl'hdynt’ e’ :rthenT e and 7’ <i7
e Ifl'hchkre :rthenT ke : 7’

Proof:
QED by the definition of ' e : T
O

Lemma 6.32 : k. dynamic inversion
e IfT'xthenx €T
o IfT' k. Ax.e’ then x,T' 1 e’
o IfT' k (e, eq) thenT e and I' k. e;
o IfTl'keye thenT hepand T k e
o IfT 1 op' eo thenT K e
o IfT k. op’ eg ey thenT k- eg and T k. ¢
o IfI' iy mon(ry=1.)Ax.ethenT K Ax. e
o IfT' . mon(rg=1.)A(x:7y). e thenT k Alx:7y). e : 1 =
o
o If ' k. mon (79 X71) (vo, v1) then either:
-T iy (1)0, Z)1>
—orT & (v, vq) : 7/
o IfT' . stat 7" e’ thenT e’ : 7’
Proof:
QED by the definition of ' 1. e
O

Lemma 6.33 : HF canonical forms

Ben Greenman and Matthias Felleisen

o If i v : 7o X1y then either:
- v = (vp,v1)
- or v = mon 7y X1 (v, V1)
ATgXT] < ToXT
o If k v : 7= 1. then either:
—v=AMx:1y). €
ANTg < Ty
—orv=mon(r;=7/)(Ax.e
ANT)=T, ST =T
—orv=mon(r;=7,)Ax:7x). €
A T(;:>Té <>
eIfrv:Intthenv =i
eIfrv:Natthenv=iandv € N
Proof:
QED by definition of b - : 7
O
Lemma 6.34 : A type soundness
If vy : 1o and K vy : 77 and A(op?, 79, 71) = 7 then one of
the following holds:
e 5(op*,v9,v1) =vand kov:T,or
o 5(op?, vy, v1) = BndryErr
Proof (sketch): Similar to the proof for the higher-order A
type soundness lemma. |

Lemma 6.35 : § preservation
o If v and §(op',v) = v’ then k. v’
o If b vy and k. v; and 5(op2, vy, v1) = v’ then k. v’
Proof:
Similar to the proof for the higher-order § preservation
lemma.

O

Lemma 6.36 : HF substitution
o If (x:74),T heand . v : 7 then T k. e[x <]
o Ifx,T eand h v thenT k e[x ]
o If(x:7y),The:Tandhv: 7y thenT L e[x—v]: 7
eIfx,The:rtandrvthenl he[x—v]:1

Proof "
Similar to the proof for the higher-order substitution
lemma.

O

Lemma 6.37 : weakening
o IfT' L ethenx,T e
eIfl'e:rthen(x:7'),The:1
Proof:

QED because e is closed under T’
O
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E.7 Embeddings Summary

The paragraphs in this section summarize the five embed-
dings with four slogans. Each slogan pertains to one aspect
of the embedding:

1. What kinds of checks does the embedding perform
when a value reaches a type boundary?

2. When, if ever, does the embedding wrap a value in a
monitor?

3. If an ill-typed value reaches a type boundary, when
does the embedding signal an error?

4. How do types affect behavior?

These embeddings are ordered on a speculative scale from
"most guarantees” to "least guarantees".

Higher-Order embedding

1. recursively check read-only values;

2. monitor functional and mutable values;

3. detect boundary errors as early as possible;
4. types globally constrain behavior.

Co-Natural embedding

1. tag-check all values;

2. monitor all data structures and functions;
3. detect boundary errors as late as possible;
4. types globally constrain behavior

Forgetful embedding

1. tag-check all values;

2. apply at most one monitor to each value;

3. detect boundary errors as late as possible;
4. types (of values) locally constrain behavior.

First-Order embedding

1. tag-check all values;

2. never allocate a monitor;

3. detect boundary errors as late as possible;

4. types (of contexts) locally constrain behavior.

Erasure embedding

1. never check values;

. never allocate a monitor;

. never detect a type boundary error;
. types do not affect behavior

B N
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E.8.2 Theorems

Theorem 8.0 : Err approximation

If e € es and F e : 7 then the following statements hold:

o ife - ¢ Errthene —7 ¢ Err
e ife —7 . Errthene —, . Err
1-S H-S
Proof:

QED by 1-E approximation and H-1 approximation.

Ben Greenman and Matthias Felleisen

E.8.3 Lemmas

Lemma 8.1 : 1-E approximation
Ife € esandte:7and e —f ¢ Err then:
erhe:|r|~e”
e e’ = Err
Proof:
° e’ 1:5E e
by 1-E static reflexivity
e QED by 1-E simulation

Lemma 8.2 : 1-E static reflexivity
IfT+e:randTrFe: 7~ e’ thene” 1Sge.
Proof:

By structural induction on the T' - e : 7 ~~ ¢’ judgment.

CASE
T'ri:Nat~i

1. QD i 1< i
CASE

T'ri:lnt~i

1. QED i 1<g i

4 ’
casg | TFe:mg~e Tre it~ e

T+ {ep, e1) : ToXT1 ~ (€}, €1)

1. 66 1:5E €0

A e{ 1:5E (31

by the induction hypothesis
2. QED

CASE (x:tg),Tre:t. ~ ¢

TrAMx:tg).e: =71 ~ Mx:1g). e

1. e 1<ge
by the induction hypothesis
2. QED

CASE

TF'rtx:7~x

1. QED x 1<g x

~

casg | TFeo:1a=1.~ ey Tre i1y~ ef

lzc] =K

T'+egen: 1.~ chkK (e €p)

1. e) 15E €

AN e{ 1:5E (4]

by the induction hypothesis
2. e; e 1SE € e

3. QD chk K e ] 1<k € €

~

casg | TFe:mxr ~e' |r] =K
[+ fste: 1y~ chk K (fste’)

1. ¢ 1<ge
by the induction hypothesis
2. fste’ 1< fste

3. QED chk K fste’ 1<g fste
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casg | TFe:noxt ~e [ =K
T'+tsnde: 1 ~ chkK (snde’)

l.e 1Zge
by the induction hypothesis
2. snde’ 1<gsnde

3. QD chk K snd e’ 1<g snde

T'rey:m~ 86

’
CASE I‘l—elzrlwel

T+op’eye :7~ op’epe]

1. 66 1:5E €0

A e 1SE e

by the induction hypothesis
2. QED

Tre:t/ ~~¢€
’ .
CASE TST

IF'te:r~ e

1. QED by the induction hypothesis
CASE :

T'+FErr:7~> Err

1. QED Err 1<g Err

’
CASE T're~e

F+tdynte:7t~dynrte

1.e 1<ge

by the induction hypothesis
2. QED

Lemma 8.3 : 1-E dynamic reflexivity
IfTFeandT e~ e’ thene” 1<ge.
Proof:

By structural induction on the T' e ~> ¢’” judgment.

CASE
T'ri~i

1. QED i 1Sg i

’
I'key ~ e
’

CASE Lkep~ e

T {eo, e1) ~ (eg. €7)

1. 66 155 €0
N e{ 155 €1
by the induction hypothesis
2. QED

CASE x,Tre~c¢e

T'kAx.e ~ Ax. e’

l.e 1<ce
by the induction hypothesis
2. QED

CASE

I'kFx~x
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1. QED x 1< x

~

’
T'tey~ e
!’

CASE Lkep ~ e

7
T'teyer ~ e e

’
1. e, 1§E €
’
Ael 1SE €

by the induction hypothesis
2. QED

’
CASE I're~e

Trop'e~ op'e
1. e 1<ge

by the induction hypothesis
2. QED

T ke~ e

’
CASE Lkep~ e

T+ op? e e; ~ op’ e e;

1. 66 1,§E €o

N 6; 1:5E (4}

by the induction hypothesis
2. QED

CASE

I'+FErr ~ Err

1. QED Err 1<g Err

. ’
CASE I're:7t~e

T'kstat T e~ stat 7 e’

1. e 1<ge

by 1-E static reflexivity
2. QED

Lemma 8.4 : 1-E simulation
IfE'[e;] 1< EF[ef] and EF[ef] —g.s EF[ef]

then E'[e]] —* s E'le]]and E'[e]] 1<e EE[elE]

Proof:
By case analysis on eg >E-s elE.
cAsE dyn 7o v Dgs Vg :
1_ 1
1. gy =dyn g e,
by definition 1<g

1 E
2. ey 15E Y

by (1)
1
3. Key
by 1 inversion
T 1 1 E
4. ey =7 vy and vy 1SE Y

\Y eg), —1.p BndryErr
by 1-E dynamic value stutter
5. 1F ey, =% BndryErr:
a. ej =% BndryErr
b. E'[BndryErr] 1<g EF[ef]
by 1-E hole substitution
C. QED
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14136
14137
14138
14139
14140
14141
14142
14143
14144
14145
14146
14147
14148
14149
14150
14151
14152
14153
14154
14155
14156
14157
14158
14159
14160
14161
14162
14163
14164
14165
14166
14167
14168
14169
14170
14171
14172
14173
14174
14175
14176
14177
14178
14179
14180
14181
14182
14183
14184
14185
14186
14187
14188
14189
14190



14191
14192
14193
14194
14195
14196
14197
14198
14199
14200
14201
14202
14203
14204
14205
14206
14207
14208
14209
14210
14211
14212
14213
14214
14215
14216
14217
14218
14219
14220
14221
14222
14223
14224
14225
14226
14227
14228
14229
14230
14231
14232
14233
14234
14235
14236
14237
14238
14239
14240
14241
14242
14243
14244
14245
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1 1.
ELSE ¢, — 1 D Y%:

a o] 215 0]
b. E'[o}] 1Se EF[ef]
by 1-E hole substitution
C. QED
CASE stat 7y Uf >p-s Uf :
1. eg = stat 7y eg),
by definition {<g
2. e} 15g of
by (1)
3. ket Lol
by 1 inversion
4. e —>1 5
Ve, —7. BndryErr
by l E dynamzc value stutter
5. IF e&, —7. BndryErr:
a. e — BndryErr
b. E1[BndryErr] 1SE EE[elE]
by 1-E hole substitution
C. QED
ELSE e, —>1 I
a. € >\ p v(}
b. E1[vo] 1<k EE[vg]
by 1-E hole substitution
C. QED
cASE vf vF >g.g TagErr
A K ea : Ky :
1L el =el o

. 60 = 60, el,

by eo 1<k eg

1 1 < .F
v, and v, 1Sk v,

~

1 1 1 E

2. ¢, ]—>’;S vy and vy, 1SE Vg
*

Ve, —7.s BndryErr

by 1-E static value stutter

3. IF ey, —% ¢ BndryErr:

a. e' =% BndryErr
b. QEDE1[BndryErr] 1<¢ E¥[TagErr]

1 E
4. e, 152) andvl, 15E 0)

~

Ve, —7. BndryErr
by 1 E 5tatlc value stutter

5. IF e], =} ¢ BndryErr:

a. e' —>”1‘S BndryErr

b. QED E'[BndryErr] <¢ E¥[TagErr]
6. vg €Z

Y% vg € (v,v")
by definition >_g
7.1F vy €Z:
a. vy, €Z
by (2)
b. U 'u : Ky
by 1 statlc preservation
c. Contradiction by (a, b)
ELSE vg € (0,0):
0(1)/ € (v,v")
by (2)
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b. F Z)O, 1(0
by 1 statzc preservation
c. Contradiction by (a, b)
CASE U vF >p.g TagErr
A K eg :
1 e = eé, e},
by e, 155 eg
2. ea, —>1 D vO, and vo, 1<E vO
Ve, —7.p BndryErr
by 1 -E dynamzc value stutter
3. IF ea/ —7p BndryErr:
a. e' =% BndryErr
b. QED E1[BndryErr] 1SE EE[TagErr]
4. ¢, —>1 D v}, and v}, 1<p v
Ve, —7.p BndryErr
by 1 -E statzc value stutter
5. 1F e], =% BndryErr:
a. e' =% BndryErr
b. QED E‘[BndryErr] 1< E¥[TagErr]
6. vg eZ
\% vg € (v,v’)
by definition >f_s
7. v1 e Z
V vy € (v,v")
( )
8. e1 —*  TagErr
9. QED E'[TagErr] 1<¢ EF[TagErr]
cASE (Ax. eE) of Deg eF[x —of]:
1. e0 = eO, el 1
by eO 1<E eg

~

2. ¢ —>1 b vy and v) 1<g of
V ey, —% o BndryErr
by 1-E dynamic value stutter
3. 1F ¢), —%  BndryErr:
a. e' =% BndryErr
b. QEDE [BndryErr] 1< E¥[TagErr]
4. e}, —>1 b v] and o] 1<g oF
Ve, =% o BndryErr
by 1 E statlc value stutter
5. 1F e}, =% BndryErr:
a. e' =% BndryErr
b. QEDE [BndryErr] 1< E¥[TagErr]
6. UO Ax.e'and e' <g ef

by (2)

7. v(} v} >1.p e1[x<—vf]

Vo, v; >1s e][x<—v;]
8. e'[x—0]] 1<k eF[x —oF]
by 1-E substitution
9. E'e'[x —o]]] 1Se EF[eflx —of]
by 1-E hole substitution
10. QED

CASE (A(x:7). eo)v1 >E-s eo[x<—vl]

14246
14247
14248
14249
14250
14251
14252
14253
14254
14255
14256
14257
14258
14259
14260
14261
14262
14263
14264
14265
14266
14267
14268
14269
14270
14271
14272
14273
14274
14275
14276
14277
14278
14279
14280
14281
14282
14283
14284
14285
14286
14287
14288
14289
14290
14291
14292
14293
14294
14295
14296
14297
14298
14299
14300



14301
14302
14303
14304
14305
14306
14307
14308
14309
14310
14311
14312
14313
14314
14315
14316
14317
14318
14319
14320
14321
14322
14323
14324
14325
14326
14327
14328
14329
14330
14331
14332
14333
14334
14335
14336
14337
14338
14339
14340
14341
14342
14343
14344
14345
14346
14347
14348
14349
14350
14351
14352
14353
14354
14355

4. e], >t vl and o] 4

1
2. e, = vO and vo 15E v
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el =e) e,

by 3(]) 1SE eE
2. ¢ —>1 D v} and v) 1<g of
Ve, —% BndryErr
by 1-E dynamic value stutter
3. IF eg, —* 5 BndryErr:
a. e' =% BndryErr
b. QEDE [BndryErr] 1<¢ E¥[TagErr]
<g oF

~

1D
Ve], —% 0 BndryErr

by 1 E statzc value stutter
5. 1F e, =} BndryErr:
a. e1 —*  BndryErr
b. QEDE [BndryErr] 1< E¥[TagErr]
6. vy = Alx:7).e’ and e’ 1<g eF
by (2)
7. vy v] B1p €' [x 0]
Vo, v] 1.5 BndryErr and X(|7],v]) = BndryErr
Vo) vl s e'[x —X(L7],7])]
8. IF v, v] >1p e'[x—0]]:
a. e'[x—0]] 1<E eF[x —of]
by 1-E substitution
b. E'fe![x o!1] 1Se EE[eE[x —of]]
by 1-E hole substitution
C. QED
IF v(] v] >1.s BndryErr:
a. e' =7 ¢ BndryErr
b. QEDE [BndryErr] 1<¢ EF[BndryErr]
ELSE v, 0] D>1s €' [x —X([7],0])]:
a. X(lr],v)) =]
b. e'[x —v)] 1<p eF[x —of]
by 1-E substitution
¢. Ele'x—o!1] 1S¢ E¥[eFlx —oF]]
by 1-E hole substitution
d. QED

casE op' uf g.s TagErr:

T— opl el
1. e, —]op eO,E
by e, 1<E eo

E

~

€y —1- D
Ve, -7 BndryErr
E
\% e —>1 S vo and Uo 1<k (s
Ve, —7.g BndryErr
by 1 -E dynamzc value stutter or 1-E static value

stutter

3. 1F ey, —}  BndryErr

o
Ve —7. BndryErr:

a. e = BndryErr

b. QEDE [BndryErr] 1<¢ E¥[TagErr]
IF e, —>1 I
a. Uo ¢ (v,v)
by definition >p_g

. IF e, —

2. ¢y —
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b. vy & (v,v)
by v 15e vg
c. op' vy >1.p TagErr
by definition >1.p
d. QEp E'[TagErr] 1<¢ EF[TagErr]
1 1

ELSE ¢ —>1 s Ut
a. K op e : Ky
b. K op' v} : Ko

by 1 static preservation
c. vg ¢ (v,v)

by definition >g.s
d. v} ¢ (v,v)

by vy 1<e of
e. Contradiction by (b)

CASE op! vo DES 5(op',vf) -
1. eO = op eo,

by e(} 1< eg

~

1 1< E
. €y 1Dv andv 1SE Y

Ve, =% BndryErr

<k ok

1
Veo,—> voandvo1N 5

15
Ve —% ¢ BndryErr
by 1-E dynamic value stutter or 1-E static value
stutter
1.p BndryErr
V ey, —% s BndryErr:
QED E1[BndryErr] 1<¢ EF[TagErr]
IF eo, ML
a. Ug € (v, v)
by definition >g_g
b. va € (v,v)
by vy 1<E vg
c. op' v >1.p 8(op, vy)
by definition >1.p
d. 8(op', v]) 1<k Slopt, of)
by 1-E delta
e. ow E'[6(0p', o})] 1e E¥(6(0p' o)
ELSE ¢, =% v :
a. vO € (v,v)
by definition >g.g
b. vy € (v,v)
by 0(1) 1<E vg
c. op' vy >1s S(op',vy)
by definition >>1.g
d. 8(op*,vy) 1<e 8(op', UO)
by 1-E delta

e. QD E'[8(0p', vp)] 15e EF[8(op', v5)]

CASE op? vg le D> TagErr:
T g2 ol
l.ey=0p ey e

1

1/
1 E

by e, 1§E e0

E
UO and UO 15E g

- D
Ve, % BndryErr

1 1< E
Ve, 150 and vy 1<g U;

14356
14357
14358
14359
14360
14361
14362
14363
14364
14365
14366
14367
14368
14369
14370
14371
14372
14373
14374
14375
14376
14377
14378
14379
14380
14381
14382
14383
14384
14385
14386
14387
14388
14389
14390
14391
14392
14393
14394
14395
14396
14397
14398
14399
14400
14401
14402
14403
14404
14405
14406
14407
14408
14409
14410



14411
14412
14413
14414
14415
14416
14417
14418
14419
14420
14421
14422
14423
14424
14425
14426
14427
14428
14429
14430
14431
14432
14433
14434
14435
14436
14437
14438
14439
14440
14441
14442
14443
14444
14445
14446
14447
14448
14449
14450
14451
14452
14453
14454
14455
14456
14457
14458
14459
14460
14461
14462
14463
14464
14465
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4.

casE op? uf vF Dps 8(op?, v, of
1.

1
. ey 1D’U andvﬂ

Ve, =% BndryErr
by 1-E dynamic value stutter or 1-E static value
stutter

1 * 1 1

e, — D v, and v, 4
Ve, -7 BndryErr

Se of
Vel —>1Sv and v] 1<g vF
Ve, -7 BndryErr
by 1 -E dynamu value stutter or 1-E static value
stutter
IF e), —°  BndryErr
\ e1 —7.s BndryErr
Ve, —7.p BndryErr
Vel —7 BndryErr
a. QEDE [BndryErr] 1S
e el i o
A e}, 1-D ‘UI :
a. vg ¢z
\% le ¢Z
by definition >p_g
b. vy ¢Z
\Y v} ¢7Z
by (a)
c. op? v, v; >1.p TagErr
by definition >1.p
d. QD E'[TagErr] ;<g EF[TagErr]
ELSE e(}, -5 7,
ey "’1 s 1’I
a. K op e : Ko
b. H op? v(} vl : Ky
by 1 static preservation
c. vg ¢ 7
\% le ¢Z
by definition >p_g
d vy ¢Z
\% v} ¢z
by (c)
e. Contradiction by (b)

£ EF[TagErr]

E

1 2 o0 Ll
€ —]op eO,EeI,
by e, 1E eo

el <

€y —>1Dvo and'uO 1Sev
Ve, -7 BndryErr

E
0

< . E
Ve —>1st andv0 1SE 9

\Y% e —7. BndryErr

by 1 -E dynamu value stutter or 1-E static value
stutter

Se of

Vel —% BndryErr

Ve, _’15 v} and o] 1< U

Vel =% BndryErr

by 1-E dynamic value stutter or 1-E static value
stutter
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4. 1F e, —>*1‘_D BndryErr
\Y% eg, —71¢ BndryErr
Ve, =% BndryErr
Vel —% BndryErr
a. QED E1[BndryErr] 1< E¥[TagErr]

IF e}, =% v,

€y - D
Aej =g
a. Uo €z
A UIE ez
by definition >g.s

b. vy €Z
by vy 15e of

c. v} €z
by v} 1<g of

d. op? vy U} >1p 5(0p2,vg,vf)
by definition >1 D

e. 8(op?, v}, v]) 15 S(op?, vE, vF)
by 1-E delta

1.
Uyt

f QEDE1[5(Op2,U(]),UI)] 15e EF[8(op?, o5, 07)]

1
ELSE eO, 1-s 11)
Aeb, =t ol
a. Uo €z
A UIE EZ
by definition >g_g
b. va ez
by vy 1<E vg
c.v €Z
bysz]1,§15 id 2 1,1
d. op® vy v; >15 6(0p®, vy, vp)
by definition >>1.g
e. 8(op%, v}, v]) 15 S(0p?, vE, vF)
by 1-E delta

f. QEp E'[8(0p?, v}, v])] 15e EF[8(0p?, oE, v

O

Lemma 8.5 : 1-E static value stutter

Ife' ;<S¢ vf and H €' : K then one of the following holds:

1_gx 1 1 E
oc¢ —>] svandv' 1S o
e ¢! - BndryErr

Proof:

By induction on the structure of e', and case analysis on

e' 1<g ok

T is a value :

CASE e
1. QED
case e' =chkKe, :
1. e& 1<g of
by definition 1<
2. K e0 Any
3. e(] —>1 s vy and v) 1<p v
Ve, — 1.5 BndryErr
by the induction hypothesis
4.1F e — BndryErr'

a. QEDe —7.g BndryErr

E
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14466
14467
14468
14469
14470
14471
14472
14473
14474
14475
14476
14477
14478
14479
14480
14481
14482
14483
14484
14485
14486
14487
14488
14489
14490
14491
14492
14493
14494
14495
14496
14497
14498
14499
14500
14501
14502
14503
14504
14505
14506
14507
14508
14509
14510
14511
14512
14513
14514
14515
14516
14517
14518



14521
14522
14523
14524
14525
14526
14527
14528
14529
14530
14531
14532
14533
14534
14535
14536
14537
14538
14539
14540
14541
14542
14543
14544
14545
14546
14547
14548
14549
14550
14551
14552
14553
14554
14555
14556
14557
14558
14559
14560
14561
14562
14563
14564
14565
14566
14567
14568
14569
14570
14571
14572
14573
14574
14575
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e el = 0]
A X(K,e;) = BndryErr :
a. QEp e =% ¢ BndryErr
ELSE ¢) — . 0,
A X(K,e(}) = ’03 :
a. QEp e' =% Ug
case e' =dyne; :
1. 68 1:SE Z)E
by definition 1<g
2. K 6[1)
3. g =% vy and vy 1SE v
Ve, —%  BndryErr
by 1-E dynamic value stutter

4. 1F ey —%  BndryErr:

a. QEp e =% ¢ BndryErr

E

ELSE :

1 * 1

a. Qepe' =% ()
case e' =stat o) :

1. Contradiction by H e' : K
([

Lemma 8.6 : 1-E dynamic value stutter
Ife' 1<g oF and H e' then one of the following holds:
ee' >t vlando' 1 <pof
e ¢! - BndryErr
Proof:
By induction on the structure of e', and case analysis on
61 1i5E UE.
CASE e'
1. QED
case e' =chkKe):
1. Contradiction by H e’
casg e' =dyne; :
1. Contradiction by H e’
case e' =stat o) :
1. e(} 1<g of
by definition 1<g
2. H ey : Any
3. e(} -1 0(1) and vg 1<Seo
V ey —% ¢ BndryErr
by 1-E static value stutter
4. 1F e) —% ¢ BndryErr:
a. Qep e' =% | BndryErr
ELSE :
a. QEpe' —

is a value :

E

1

Yo

1D
O
Lemma 8.7 : 1-E hole substitution

Ife' 1<g ef and E" 1<¢ EF then E'[e"] 1<g EF[ef]
Proof:

By induction on the structure of E'.

case E'=[]:

1L ef =]
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2. E'[e'] = €'
A EF[ef] = ef
3. QED
case E' =E]e] :
1. EF = Ef ef
NEy 1<e E}
A e} 1<k elE
by definition 1<g
2. Ejle'] 1Sk Eglef]
by the induction hypothesis
3. E'[e'] = Ejle;]
4. EF[ef] = Eg[eg] elE
5. QED by (1, 2)
case E' =u) E| :

E_ JEgE
1. E ]—eOElE
Ney 1SE €

AE} 15e Er
by definition 1<g

2. E[e'] 1<e EF[eF]
by the induction hypothesis

3. E'[e'] = ¢; E][e]]

4. E¥[ef] = eg ElE[elE]

5. QED by (1, 2)

case E' = (Ej,e]):

1. EF = (EE, ¢F
ANE) 1Se E
Nel 1S ef
by definition 1<

2. Ej[e'] 1<e Eglef]
by the induction hypothesis

3. E'[e'] = (Eg)[eg],e1)

4. EF[ef] = (Ef[eg], €b)

5. QED by (1, 2)

case E' = (v}, E]):

1. EF = (e, ES)
Aey1SE ef
AE] 1<g EE
by definition 1<

2. Ejle'] 1<k Eflef]
by the induction hypothesis

3. E'[e'] = (e,, Ejle]])

4. EF[ef] = (eg,Ef[elE])

5. QED by (1, 2)

case E' = op' E; :

1. EF = op! E}
ANEy 1<g EE
by definition 1 <g

2. Ejle'] 1Sk Eglef]
by the induction hypothesis

3. E'[e'] = op' E;le;]

4. EF[ef] = op' Ef[ef]

5. QED by (1, 2)

case E' = op’ Ej e} :

14586
14587
14588
14589
14590
14591
14592
14593
14594
14595
14596
14597
14598
14599
14600
14601
14602
14603
14604
14605
14606
14607
14608
14609
14610
14611
14612
14613
14614
14615
14616
14617
14618
14619
14620
14621
14622
14623
14624
14625
14626
14627
14628
14629
14630



14631
14632
14633
14634
14635
14636
14637
14638
14639
14640
14641
14642
14643
14644
14645
14646
14647
14648
14649
14650
14651
14652
14653
14654
14655
14656
14657
14658
14659
14660
14661
14662
14663
14664
14665
14666
14667
14668
14669
14670
14671
14672
14673
14674
14675
14676
14677
14678
14679
14680
14681
14682
14683
14684
14685

NU-CCIS-2018-002, 2018, Northeastern University

1. EF = op® Ef €F
ANEy 1<e Ef
Ael 1<SE e
by definition 1<g
2. Ejle'] 1<k Eglef]
by the induction hypothesis
3. E'[e'] = op® E;leg] €]
4. EF[ef] = op? Eg[eg] elE
5. QED by (1, 2)
case E' = op? v} E] :
1. EEf = op? eg ElE
Aeg 1SE €}
ANE] 1< E
by definition 1<g
2. EN[e'] 1<e EF[F]
by the induction hypothesis
3. E'[e'] = op® ¢ E|[e]]
4. EF[eF] = op? ef EF[eF]
5. QED by (1, 2)
case E' =dyntE}:
1. Ef =dynr Ef
ANEy 1< Ej
by definition 1<g
2. E)fe'] 1<e EE[F]
by the induction hypothesis
3. E'[e'] = dyn 7 Ej[e]]
4. E¥[ef] =dynt Eg[eg]
5. QED by (1, 2)
case E' =stat T E :
1. EE = stat ¢ Eg
ANEy 1< Ej
by definition 1<g
2. E)e'] 1<e EE[eF]
by the induction hypothesis
3. E'[e'] = stat 7 Ej[e]]
4. E¥[ef] = stat 7 Eg[eg]
5. QED by (1, 2)
case E' = chkK Ej :
1. E} <S¢ EF
2. Ej[e'] 1<g EF[ef]
by the induction hypothesis (1)
3. E'[e'] = chk K Ej[e']
4. QED (2)
case E' =dynE;:
1. E} 1<e EF
2. Elle'] 1Se E¥[ef]
by the induction hypothesis (1)
3. E'[e'] = dyn Ej[e']
4. QED (2)
case E' = stat E :
1. E} 1Se EF
2. Elle'] 1<e E¥[ef]
by the induction hypothesis (1)
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3. E'[e'] = stat Ej[e']
4. QED (2)

Lemma 8.8 : 1-E substitution

Ife' 1< ef and 0" ;<p oF then e'[x —0v'] 1<g eF[x —0F]

Proof:
By induction on the structure of e'.
CASE e =x:
lL.ef=x
bye' 1<te
2. el[x—v'] =2
A ef[x —of] = oF
3. QED
CASE e¢' =y:
1. ef = y
bye' 1<te
2. el[x—v'l=y
Aef[x—of] =y
3. QD (1)
CASE e’
1. ef=i
by definition 1<
2. el[x—o'] =i
Aef[x—of] =i
3. QED
CASE e! = Ax. e(} :
1. ef = Ax. eg
Aey 1SE ef
by definition 1<
2. e'[x—v'] = Ax. ¢,
A eF[x —of] = Ax. eg
3. QED
CASE €' = A(x:7). ¢ :
1. efF = A(x:7). eg
A eg 1<k eg
by definition 1<
2. e'[x—v'] = Ax:7). ¢
A ef[x —oF] = Ax:1). eg
3. QED
case e' = dy.¢;:
1. eF = Ay.ef
Aed 15e ef
by definition 1<
2. e)[x —v'] 1<k ef[x —oF]
by the induction hypothesis (1)
3. e'[x —0'] = y. g)[x —F]
A ef[x —of] = Ay. eg[x<—vE]
4. QED (2, 3)
case e' = A(y:7).¢) :
1. ef = )L(y:z').eg
Aed 15E ef

~

by definition 1<

E

E

=1i:
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2. ej[x —v'] 1<k ef[x —0F]
by the induction hypothesis (1)
3. e'[x—0'] = Ay:7). e][x —0F]
A ef[x —of] = A(y: 7). eg[x<—vE]
4. QED (2, 3)
CASE ¢! =monrto, :
1. Contradiction by e' 1<¢ e
case e' = (e, el):
1. ef = (eg,elE)
2. ej[x —v'] 1<k ef[x —0F]

E

Aellxeo'] 1Se effx o]

by the induction hypothesis

3. el[x—v'] = (g[x—0'],e][x —0"])

» €4
A ef[x —of] = (e§[x<—vE],elE[x<—vE])
4. QED (2, 3)
CASE e' =¢j €] :

E_ ,EE
le" =e¢; e

2. ej[x —v'] 1<k ef[x —0F]
A€llx '] 1<e eFlx —of]
by the induction hypothesis
3. e'[x—v'] = g)[x—v'] e][x 0]
A ef[x —of] = eg[x<—vE] elE[x<—vE]
4. QED (2, 3)
case e' = op' e :
1. ef = op! eg
2. ej[x —v'] 1<k ef[x —0F]
by the induction hypothesis
3. el[x—v'] = op' gj[x 0]
A eF[x —oF] = op! ef[x —0F]

4. QED (2, 3)
case e' =op’eje
1. e = op? e ef

2. ej[x —v'] 1<k ef[x —0F]
Aellx —o'] 1<e eFlx —of]
by the induction hypothesis
3. e'[x—v'] = op® gj[x —0'] e][x 0]
A eE[x o] = op? eg[x<—vE] ef[x(—vE]
4. QED (2, 3)
CASE e’

1.
1:

=dynrte,:

1.ef=dynrt eg
2. ej[x —v'] 1<k ef[x —0F]

by the induction hypothesis
3. e'[x—v'] =dyn 7t g)[x 0]

Aef[x—vE] =dynr e§[x<—vE]
4. QED (2, 3)
CASE e' =statre, :

1. ef =stat r eg
2. ej[x —v'] 1<k ef[x —0F]
by the induction hypothesis
3. e'[x—v'] = stat 7 ¢j[x —0']
A eF[x —ovF] = stat ¢ eg[x<—vE]
4. QED (2, 3)
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CASE e' = Err:

1. Qep e'[x «—v'] = Err
casE e' =chkKe, :
1 e) 15g €
2. ej[x —v'] 1< ef[x —0F]
by the induction hypothesis
3. e'[x—0'] =chk K ej[x 0]
4. QED (2, 3)
casE e' =dyne; :
1 e) 15g €
2. ej[x —v'] 1< ef[x —oF]
by the induction hypothesis
3. e'[x—v'] =dynej[x —v']
4. QED (2, 3)
CASE e' =state, :
1 e) 15e €
2. ej[x —v'] 1< ef[x —oF]
by the induction hypothesis
3. e'[x '] = stat e)[x 0]
4. QED (2, 3)

O

Lemma 8.9 : 1-E §-preservation

o If o' 1<g oF and §(op', v") is defined then §(op',v") 1<¢
5(op',0")
e If v} 1< of and v] 1< oF and 6(0p?, v}, v)) is defined

then §(op?, v}, v]) 1<e 8(op?, v, oF)

Proof:

CASE op' = fst:

1. o' = (v;,v])
by 8(fst,v") is defined

2. oF = (vg,le)

1 1 1 E
A vy 1SE vy and v] 1SE U)
by 1<

3. 8(fst,0') = v,
A 8(fst, vF) = vg
4. QED (2)
CASE op' =snd:
1. o' = (v,,v])
by 8(snd, v') is defined
2. ofF = (vg,le)

1 E 1 E
A vy 1SE v and o) 1 SE oy
bY 1§E

3. 8(snd,v") = v]
Ey _ E
Ad(snd, v") = v;
4. QED (2)
CASE op? = sum:
lL.y€eZ
A v; eZ
by 6(op?, vy, v}) is defined
2. vy =of
A v; =0
by 1<e
3. QED

E
1
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O

CASE op® = quotient :

Ly €eZ
A z)I eEZ

by 8(op?, vy, v}) is defined

E
0

A 2)} =0
by 1<
3. QED

2.9 =7,

E
1
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Lemma 8.10 : H-1 approximation

Ife € eg

Proof:
e e <,

~

andr-e:7andk e: [7] ~ e” and e” —] ¢ Err
then e —7

h.s EIT

ell

by H-1 static reflexivity
e QED by H-1 simulation

Lemma 8.11 : H-1 static reflexivity

IfTre:
AT He:

thene y<; e

Proof:

T

I_TJ ~> eII
14

By structural induction on the I' i e : [7] ~ e” judg-

ment.

CASE

T'ti:Nat~i

1. QED i y<1 i

CASE

T'ri:lnt~1i

1. QED i u<; i

~

’ ’
casg | TFe:mo~e Tre it~ e

T F (e, e1) : ToXT1 ~> (eg, 1)

1. e; HS €o

Ael uSt e

by the induction hypothesis
2. QED

CASE

(x:79),Tke:1.~ €

TrHAx:1g). e:1g=7c ~ Alx:14). €

1. ¢y

< e

~

by the induction hypothesis
2. QED

CASE

IF'rx:7~x

1. QED x <1 x

casg | TFe:1q=1c~ ey Tre 1y~ e

lzc] =K

T+eger:te ~ chk K (e e;)

’
1. 60 H

:51 €o

’
AelpSt e

~

by the induction hypothesis
2. eje] HSt € €1
3. QED chk K e €] nSq e e

~

casg | TFe:mxt ~e' |rn] =K

I'+fste: 7y ~ chk K (fste’)

1. ¢y

<ie

~

by the induction hypothesis
2. fste’ u<; fste
3. QD chk K fste’ y<; fste
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14931
14932
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14991
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14995
14996
14997
14998
14999
15000
15001
15002
15003
15004
15005
15006
15007
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casg | TFe:noxt ~e [ =K
T'+tsnde: 1 ~ chkK (snde’)

Lenste
by the induction hypothesis
2.snde’ p<ysnde

3. Qep chk K'snde’ y<ysnde

T'rey:m~ 86

’
CASE I‘l—elzrlwel

T+op’eye :7~ op’epe]

1. 66 H:Sl €0

A e{ HSﬂ €1

by the induction hypothesis
2. QED

Tre:t/ ~~¢€
’ .
CASE ST

IF'te:r~ e

1. QED by the induction hypothesis
CASE :

T'+FErr:7~> Err

1. QED Err <1 Err

’
CASE T're~e

F+tdynte:7t~dynrte

LepSte

by the induction hypothesis
2. QED
d
Lemma 8.12 : H-1 dynamic reflexivity
IfTre
AT He~e”

thene <y e”.
Proof:

By structural induction on the I' K e ~» e”” judgment.

CASE
T'rFi~i

1. QED i y<1 i

’
I'key~ e
’

CASE Lkep~ e

T F (eg, 1) ~ (eg, er)

1. 66 HS] €0

A e nSy e

by the induction hypothesis
2. QED

CASE x,Tre~se

T'Ax.e ~ Ax.e’

Le nuste

by the induction hypothesis
2. QED
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CASE
T'kx~x
1. QED x <1 x
’
T+ ey > €,
’
CASE Fkep~ e

7
T'teyer ~ e e

’
1. eo |—|<1 €0

~Y
’
YA HS_,T e

by the induction hypothesis
2. QED

CASE T're~ e
Trop'e~ op'e
1LepSie

by the induction hypothesis
2. QED

T ke~ e

’
CASE I'te ~ e

T+ op? ey e; ~ op’ e e;

’
1. 60 H<1 €0

N 6{ }1:51 €1
by the induction hypothesis
2. QED

CASE

I'+Err~ Err

1. QED Err <1 Err

. 7’
CASE I're:7~e

T'trstatt e~ stat 7 e’

1epsie

by 1-E static reflexivity
2. QED

Lemma 8.13 : H-1 simulation
If i, EH[e(')"] :T
AH E][eg] k4
A B[] i E'e]]
AE'lel] —vs E'e]]

then EH[eg'] =i EH[e!] and EM[el!] ¢y

Proof:

By case analysis on E'[e;] —1.s E'[e]]

casE E'[dyn v)] =15 E'[v)] :
1. efl =dyn g e}
Aep St v,
by 1S
2. iy egf
by EH[eg'] ¥

3. egf s vg' and vg' R

0
H
Vey =1, BndryErr
by H-1 static value stutter (1, 2)
H_,+ ,H H
4. IF e, —y.¢ vy and vy H

<, vl:

~1 % -
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15094
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H
a. by vy
by H static preservation
b. dyn 70 Ol s elkf
Aell H51 v,
A elkf €vor elH = BndryErr
by H-1 boundary checking
c. gep EM[ef!] -7, EM[el']
ELSE egf —/,.s BndryErr:
a. Qep EM[ef] =7, ¢ BndryErr
case E'[stat v)] —1s E'[v;] :
1. eg' = stat 1y egf
Aeft nSi v,
by <
H.
2. |'H 60, : EO 9y
by i E [eo] :
3. e(';,' i D Uo and vo S vo
\Y% eO, I.p BndryErr
by H-1 dynamic value stutter (1 2)
4. IF egf H b UO andv0 <y Uo :
a ol 1
by H dynamic preservation
b. stat 1, vé* =D elkf
A elkf S va
A elkf €vor elH = BndryErr
by H-1 boundary checking
c. gep EM[ef'] -7, s EM[e]']
H -!b BndryErr
a. QED EH[eO] I1.s BndryErr

ELSE ¢,

case E'[dyn 1o vj] =15 E'[BndryErr] :

1. eg' =dyn 7 egf
A egf < v(}
by 1<
2. Ky e(';!
by K, EH[egl] :
3. eH —>H s Uo and Uo < Uo
\ eO, Ii.s BndryErr
by H-1 static value stutter (1, 2)
4. IF eH s Uo and Uo < Uo

a. X(LTOJ,UO) = BndryErr

by E'[dyn 79 v;] —1-s E'[BndryErr]

b. Z)H(To,vgl) = BndryErr
by X inversion
c. gep EM[ef!'] —7, s BndryErr
ELSE eH s BndryErr
a. QED EH[eO] i1 BndryErr
casE E'[dyn 7y vj] =15 E'[v)]
1. el =dyn el
Aep St v,
by HS
2.y egf
by, EM[efl] : ¢
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H <
3. ey HSUO andv0 H 100

\Y% co, —1,.s BndryErr

by H-1 static valae stutter (1, 2)
H
4. 1IF ey — HH S vo and vo HST Uo
a. by v,
by H static preservation

H H
bdyntov0 > ey

A el, s v(]

A e €vor c1 = BndryErr
by H 1 boundary checking

C. QED EH[eg'] s EH[elH]

ELSE e} —7 s BndryErr:

a. QED EH[eg'] —1.s BndryErr

case E'[stat 19 v)] =15 E'[v]] :
1. eg' = stat 7y egf
A cg! < vg)

by H<
2. M 63?2 7o
byl— EH[H]'T
H
3e —>HDUO and vy’ B 0

\Y% co, =D BndryErr
by H-1 dynamic value stutter (1 2)
4. IF egf D Uo ande 1< Uo
a ol 1
by H dynamic preservation
b. stat To vg' b eH
A el, S vo
A e € vorel = BndryErr
by H 1 boandary checking
c. ep EM[ef!] -7, EM[el']
ELSE e}l —7 o BndryErr

a. QED EH[eO] —1, BndryErr

case E'[chk K, v&] — 1.5 E'[BndryErr] :

1. H Cth() 'Ug : Ky
by H E'[ej] : K

H .
2. hi € 70
by H-1 static hole typing
3. eg' —>H s vO and vg' S vO

Vel > I BndryErr

by H-1 static valae stutter (2)
4. IF eg' fs Uo andvo < Z)O:
a. ko |l

by H-1 value inversion (2, 3)
b. [7] =Ko

by chk inversion, H-1 static reflexivity, H
static preservation, and 1 static preservation

c. chk Ky v >15 v,
by definition >1_s

d. Contradiction by E'[chk Ky v)] —1.s E'[BndryErr]

(b)
ELSE el —7 ¢ BndryErr:
a. QeD EM[e'] —7, ¢ BndryErr
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case E'[chk Ky v)] =15 E'[v] :
1. A chk Ky U(]) : Ky
by k E'[e;] : K
2. M eg': To
by H-1 static hole typing
3. e >, s ot and vf! <1 v)
\Y% eO s BndryErr
by H-1 static value stutter (2)

H < 1.
4. IF e) — HHS vo and v H NIEZE
a. QED E [eo] Is Yo

H * .
ELSE e, —| ¢ BndryErr:

a. Qep EM[ef'] —}, ¢ BndryErr
case E'[vy v]] =15 E'[e)]
Ak v(] ’UI 1K’
L e(')* 1T
by H-1 static hole typing

H_ H H
2. ¢, = eo, ey
by HS
H <
3. ey —>H s Uo and Uo ! Uo

\ eo, I.s BndryErr
by H-1 static value stutter (l 2)
4. eH —>H s vl and vl NS vl

\ el, Ii.s BndryErr
by H-1 static value stutter (1, 2)
H H
5. IF eo, —>H S go
A el, » HHS v y
a. Y 01 H-s €2
Aell y<ie
by H-1 static application (1)
HoH] _y*  pH[eH
b. QHEDE leg'] =15 EM[ey']

IF ey =g BndryErr

a. Qep EM[e!] — —,.s BndryErr
H s BndryErr
a. QED EH[eo] Il BndryErr
case E'[v) v]] =15 E'[e}]
ARy o)
H
1 e
by H-1 static hole typing

ELSE ¢,

2. eg' = eH eH
bYHN1
H
3. ey =1 D vo and vo n< vo

Vep — I.p BndryErr

by H-1 dynamic value stutter (1, 2)
4. M —>H D v andv1 S U1

V el, Ii.p BndryErr

by H-1 dynamic value stutter (1, 2)
5. IF eH D v(*)1

A .e1 —>’;{_D le :
U “hpe
Aedl y<iel

by H-1 dynamic application (1)
b. QED EH[eg'] oD EH[ezH]
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H * .
IF e, —,p BndryErr:

a. Qep EM[ef!] =7, ¢ BndryErr
ELSE el —7 o BndryErr
a. QED EH[eO] i1.g BndryErr
CASE E1[op1 vyl =15 E'[8(0p, vy)]
Ak op! Uo : Ko :
1 K egl R
by H-1 static hole typing
2. ¢! = op' el
by H<i
3. hi egf: Ty
by H inversion (1, 2)

H 1
4. ey HST Y,
bYHN1
5. e(';,' fos vo and vo S vo

\Y% eo, —1,.s BndryErr
by H-1 static value stutter
6. 1F el —r s ot

a. op' v >ys 8(op, vl

by >y.s

b. 8(oph, oY) 1 S(opl, )

by H-1 §-preservation

c. gep EM[el] -1, o EM[6(0p, vfh)]

ELSE e} —7 s BndryErr:

a. QED EH[eg'] —1,.s BndryErr
case E'[op' v)] —1.s E'[6(0p", v))]
Ak op' vy

1. Ky eg'

by H-1 dynamic hole typing
2. el = op' el

by HS
3.k egf DTy

by H inversion (1, 2)
4. ¢ us1 v,

by n<
5. el =1 5 o and of! 1< Y]

\Y e(')'f —7,.p BndryErr

by H-1 dynamic value stutter
6. IF el _)HDUI;'

a. op! Uo >H-D 5(0p1,v(§4)

by >H.p

b. 8(op',v¢') nS1 8(opt, )

by H-16 preservatzon

c. qEp EM[eH] 7,  EM[8(op', ol)]

ELSE e} —7 o BndryErr
a. QED EH[eO] I1.s BndryErr
case E'[op! v(}] — 1.5 E'[TagErr] :
1. K op' v,
by definition —1.g
2. K, egl
by H-1 dynamic hole typing (1)
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; H_ 5l oH H — op2 el eH 15346
15291 3. ¢y =op ey 2. ey =op°ey ey
15292 by H§1 by Hf,l 15347
. H. H 15348
15293 4 hell ity 3. ey
15294 by H inversion (2, 3) A by elﬂ 15349
15295 5. egf HS U(} by H inversion (1, 2) 15350
H 1 15351
15296 bz HST y y . 4. ey 119,
: * H 1 15352
15297 6. ey —.p vy and vy HS1 0 Aey St v
15298 Vv egf —,.p BndryErr by h<s 15353
15299 by H-1 dynamic value stutter 5. egf —{b Ug' and vg' uss US ]5354
15300 7.1F el -7 5 ot Vell = BndryErr 5355
15301 a. §(op, Ué is undefined by H-1 dynamic value stutter 15356
302 i+ 5357
15302 by definition >p.p 6. elkf —iD le and le 1S v} !
15303 1 H * 15358
b. v & (v,v) Ve, —1.p BndryErr o
19304 by (a) by H-1 dynamic value stutter
15360
15305 c. o}l ¢ (v,0) 7.1F el =7 o o
H 1 15361
e by oy H<1 7 A ell—’ —h-p UlH : 15362
15307 Hp HY L * 5 H _H
d. QD E"[e)'] —7, ¢ Tagkrr a. op? vg' UIH >n-p 6(0p, vy, 01) s
19308 ELSE e} —7  BndryErr: by >H-p o
15309 2 H H 2 1 1
a. QED EH[eg'] —1.s BndryErr b. 8(op*, vy, v1') HSt 8(op®, vy, vy) -
15310 1 1,1 1 2 .1 1 qs .
. case E'[op® v} v]] =15 E'[8(0p?, vy, 0))] by H-16 preservatzﬂn . e
Ak op* v} v i Kp: c. ep E[ef!] -7, EM[S8(op?, ofl, 0] -
15312
H . H * .
1513 L ke 10 IF e, —,p BndryErr: sses
- ic hole typin a. Qep EM[el!] - . BndryErr
15314 bz - ;taéchO yping : 9 0 H-S 15369
— * .
- 2. e) =op°ey e ELSE e, —>H_HD BndryErr : 15370
H .
15316 by Fﬁ{SA a. QED E"'[ey'] =y ¢ BndryErr 15371
: Map2 1 1 1 )
15317 3. hyey T casE E'[op® vy v]] —1s E'[TagErr] : 15372
H. 2 1.1
15318 Ay ey st L. K op” vy v, 15373
15310 by H inversion (1, 2) by definition —1_g -,
H < o1 H
15320 4. €y ':IN1 Yo : 2. by € _ 15375
15321 A 31«<H§1 (2 bz H-1 zdygarglc hole typing (1) 15376
19522 bZ AT H o< 1 3.¢p =opTey ey 15377
15323 Sy H_)H—S Yo and Yo HS1 Y by I—li_lfﬂ 15378
* .
15324 V ey =g BndryErr 4.k, ey .H‘L'o/ 15379
15325 bz H-1 staazc valueHstu<tter1 NLTGIER Y 15380
* . .
15326 6. ey H—>H_S vy and v HSt ) bz H mve1rszon (2, 3) 15381
*
15327 V ey =}, BndryErr 5. ey HS1 Y 15382
15328 by H-1 static \;alue stutter A elﬂ n<s U} 15383
H %
15329 7. IF Sof s go bz H< ., ., 1 15384
*
15330 Aey =g Uy ! 6. ey H—>H_D v, and vy’ 1S Y, 15385
15331 a. op? vy vt s 8(0p?, vy, o V ey —,p BndryErr 15386
15332 by >H-p by H-1 dynamic value stutter 15387
H _H 2 1 1 A H H 1
15333 b. 8(op?, v, v} w1 8(op?, vy, v]) 7. ell =5 5 o) and of' 4<; o) 15388
15334 by H-1 SApreservatizn . Vv e;‘j —>hoD BndryErr 15389
15335 C. QED EH[eo ] _’;-s E"[(op » Uy » Uy )] by H-1 dynaméc value stutter 15390
15336 IF ¢! —7 ¢ BndryErr: 8. 1F el =1 o uf 15391
15337 a. Qep EM[ef] —}, ¢ BndryErr Aell —r Jott 15392
15338 ELSE e!! —,.s BndryErr: a. 8(op®,v,, v] is undefined 15393
3 it 15394
15339 a. Qep EM[el'] —,.s BndryErr by definition >n.p
: 1 1 2 1 .1 1 15395
15340 case E'[op? v) v]] =15 E'[8(0p?, v}, 0])] b. v, %Z o
15341 Ak op? v(]) v} . ANV &Z
15342 H by (a) 15397
1 ke Yy
15343 . . 15398
by H-1 static hole typing
15344 15399

15345 140 15400
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c. vg' et‘ Z
by UO < UO

d. v1 ¢7Z
by vt 4<i o]
e. Qep EM[ef!'] —7, ¢ TagErr

IF eH =D BndryErr
a. QEDEH[eO]

ELSE e} —,

—},.s BndryErr
HD BndryErr

a. Qep EM[ef] —7, ¢ BndryErr
O

Lemma 8.14 : H-1 static application
If ol o' <y o) o)
Ay H 1H i T
Ak vO o) Any
A vy v} —1 e, then vg' le =l e2 and eZ H
Proof:
By induction on the number of monitors in vg', proceed-
ing by case analysis on v) v} —1s e,.
casE (A(x:79). e)) v; —1.s BndryErr
A v(';' = AMx:19). e('f :
1. X(l7o),v]) = BndryErr
by definition >1.g
2.y UIH I T
AT <
by H inversion
3. U1 n<; U1

N

<1e

~

by vo o w<h o) o)
4. K|l
by H-1 value inversion (3)
5. A ’UI : |_TOJ
by subtyping preservation (2)
6. X(l70),v]) = v]
by (5)
7. Contradiction by (1, 6)
casE (A(x:79). e)) v; —1.s BndryErr
A v(';' =mon (13 =1.) v(';', :
L o) wsi o
H
A U1 HST )
by v le HST Ug ©)
2. vgl vi" D>H-s dyn e (v(';,' (stat 74 vr))
by definition >p.g
3. K, stat 74 le
by H static preservation
4. stat 74 UH b v and vl, S v:
by H-1 boundary checkmg (1,3)
5. vl = mon (r,= 1)) vy, and v, 4 Y,

Vo = Ax:). e and e 4y )
by (1)
6. IF v = Ax:19). eH

H . H
a. Contradlctlon by by Ug V)

7. v('f, U{f D>n.p stat 7/ (v(*)*,/ (dyn Té vlkf))

T
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H ¥ 1
8. dyn 7 vy, =y, s ot and ot} y< o)

\Y dyn rd —.g BndryErr
by H-1 boundary checking
9. 1F dyn 7} v}, >, g BndryErr:
a. QED vg' UIH = s BndryErr
10. dyn 7. (stat 7/ [ ) n<t [ ]
by definition y<;
11. o), o8, w<h o) v)
12,y v o o 7
by H static preservation
13. vgf, vﬂ, —>H S ezH
Aef! <1 BndryErr
by the induction hypothesis
14. QED vg' UIH —,.¢ BndryErr
case (Mx:n).e)) v] —1s ¢5[x —X([ 0], v])]
A vg' = AMx:19). eg’ :
1. X(l7ol,v]) = v]
by definition >1.g
2. Ky le '
AT <o
by H invers‘ion
3 o S o]
A e0 H§1 e0
by vj! o} H§1 vo 0]
4. (A(x'ro) €, t U D>H-s eg'[x<—le]
5. ¢ [x<—v1 1<y eo[x<—v ]
by H-1 substitution
6. QED vg' le - s €, Hlxe—v
case (Mx:n).e)) v] —1s g5[x —X([ 0], v])]
A vg' =mon (1= 1) vgf :
S U&
A le H§1 v;
by vO vl St vO v1
2. UO vl >y.s dyn 7, (UO, (stat 74 v; )
by definition >p.g
3. ky stat 7y le
by H static preservation
4. stat 74 le D v and vr, < vl

by H-1 boundary checkzng (1,3)

i

1. 14; H

H _ ’ 7 .,H H 1
5. vy = mon (= 1.) vy, and vy, H§1 Y,
\% vgf = Ax:1). e" and e | <, eo
by (1 )
6. IF v = Ax:1p). e
a. h; mon (Td:>l'c) vO, DTy =T
HH .
by FH vy vy
b. vo,

by H inversion (a)
c. Contradiction by k, A(x:7). e!
7. oit ot yop stat 7/ (of), (dyn 7] )))
8. hydynt) vlkf 1T
by H dynamic preservation
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9.

10.

11.

12.
13.

14.

15.

H
v
Vdyn 7} ol} —1,. BndryErr
by H-1 boundary checking
IF dyn ) oft > ¢ BndryErr:
a. QED vg' UIH —1,.s BndryErr
dyn . (stat 7/ [ 1) w1 []

by definition y<

S

H ,H 1,1

Vyr Vpr HS1 Vg Oy
H ,H

Hy o Vg * T

by H static preservation

dyn 7)o} -} s ol and o}, 4<s o]

H H _+ H

Z’0":1)1" ’H-s €2
1

Aey uSte,

by the induction hypothesis

H_H ® r H
QED vy v}’ = dyn 7. (stat 7, ;)

CASE (Ax.e)) v] —1s dyn ej[x —0]]

1.

A vg' = Ax. eg' :
Contradiction by k, v(')4 vi“ i

cASE (Ax.e)) v —1s dyn ej[x 0]

O

. F}* Yy ©

H ., H
. Uy Uy HST Uy
LV

A vg' = mon (Td:>TC)UI(;! :

i uSt (Ax.e))

H 1
Aoy uSt v
H ., H 1.1
by vy’ v HS1 vy V)
H . H

. vy vy By dyn . ('ugf (stat 74 le))

by definition >y.s

H
. hy stat 74 vy

by H static preservation

H * H H 1
. stat 7q v}’ =7, p vy and vy BT V)

by H-1 boundary checking

~dynze [[h<idyn (]

by definition y<;
HH
1/
by H static preservation (2, 3)
11

1

H H _ s H

o :1' H-D €2

Aell n<te,

by H-1 dynamic application (6, 7)
HH

H
. QED Uy U] =y dyn 7. e

Adyn . et y<idyne)

Lemma 8.15 : H-1 dynamic application

vag' le <t vl ol

/\I—HI
/\I—11)02)

[ HST S B
(A
1
1
H,H _+ H

1.1 1 H <.
A vy vy —1p e, then g o' =7, 5 e; and e}’ y< e,

Proof:

By induction on the number of monitors in v{!, proceed-
: : 1.1 1
ing by case analysis on v, v; —1p e,.

CASE 0,
1.

8 v} >1.p TagErr:

v(} ez
Y va € (v,v)
by definition >1.p
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vg' €z
H
Vo, € {(v,v)
by vy HS1 g
QED v v >yyp TagErr

case (Mx:1).e)) v] —1.p BndryErr

1.

A Ug' = AMx:19). e('j :

o H H
Contradiction by K, vg' v;

casE (A(x:7).e)) v; —1.p BndryErr

1.

- Yy Uy

. D,

A vg' =mon (14 =1.) v(')*, :
vy M1 Y
A le TS UI
by vy v 1<t v o)

M oH >y p stat 7, (vgf (dyn 74 le))
by definition >y.p

H.
hydyntgop i

by H dynamic preservation

. dyn 4 le s vlkf and vlkf HS1 v

Vv dyn 74 o' =}, s BndryErr
by H-1 boundary checking (1, 3)

. IF dyn 74 o} —7,.s BndryErr:

H _H *
a. QED vy v;' =7, p BndryErr

H_
o =
Vo = Ax:i). e and e y<

by (1) "

’ 7 .,H H 1
mon (7= 7,) vy, and vy, HST Vg

~

1
1 eo

. IF vgf = AMx:1p). e :

a. X(L%),v]) = BndryErr
by definition >1.p
b. 1, vi*, 7
AT <
by H inversion
c. kol
by H-1 value inversion (3)
d. A Z)I : LIbJ
by subtyping preservation (c)
e. X(lo),v]) = v]
by (d)
f. Contradiction by (a)

8. vgf vr, >p.s dyn 7/ (vgf, (stat 7] vlkf))

10.
11.

12.
H _H
-y Uy O

14.

15.

’
-y stat T,

H

h

by H static preservation

stat 7 ofl = ol and ob, 4<g o)
by H-1 boundary checking

stat 7 (dyn 7/ []) u<q [

by definition y<1

H . H 11
Vg Uy HS1 Ug 0

by H dynamic preservation
H,H _ o+ _H

Yo Vv “Hp &

A €' y<q BndryErr

by the induction hypothesis

QED v('f v? —1.p BndryErr
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case (Ax:1n).e)) v] —1p stat e)[x —X(| 0], v])]

1.

2.

/\é)g' = AMx:1o). €l :
i 2o
by H inversion
Contradiction by k; A(x: 7). eg'

case (Ax:1).e)) v] —1p stat e)[x —X(| 0], v])]

10.

.dyn g ot =7 ool and of) y<y o]

/\vg| = mon (Td=>‘['c)’()g! :

H 1
- Uy H,S] Yo

1
Sﬂ Uy

H . H 1
by vy v} HS1 Yy ©

/\Z)I1—|H
1
1

. vgl Ull_| >nH.p stat 7. (v(';,' (dyn 74 vf'))

by definition >p.p

H .
hydyntgop it

by H dynamic preservation

1

Vv dyn 74 o} —,.s BndryErr

by H-1 boundary checking (1, 3)

. IF dyn 1y vr —g BndryErr:

H . H

a. QED vy vy =7, p BndryErr

cstat o [ pSy stat [ ]

by definition of 1<,

H_H
Uy Uy Te

by H dynamic preservation

H . H 1.1
. Uy Uy HST Yy Uy
CoHOH L+ H

o Y1 “Hs €2
Aes u<ie)
by H-1 static application (7, 8)
Qep ol ot 7, | stat 7. el

A stat 7, ezH nSt stat e;

caSE (Ax.e)) v —1s €)[x —0]]

1.

2.

3.

4.

A vg' = Ax. eg' :
e S €l
NCHETSE

by v oH <1 9] o]
v('; vi* >H-D eg'[x<—v
by definition >p.p

ellx —o}'] S ellx —o]]
by H-1 substitution

QED

1

casE (Ax.e)) v} —1.p y[x—v]]

.dyntzv

A vg' = mon (Td=>TC)U(|)—! :

H 1\,,H 1
- Uy HfS] (Ax eo)vl HS] Uy

H ., H 1,1
by vy’ v HS1 vy v,

H H

. vy vy >uop stat . (vgf (dyn 74 le))

by definition >y.p

H.
hydyntgop it

by H dynamic preservation
H_,x H H

1 ~rp Yy and vy

Vv dyn 74 o} —/.p BndryErr

by H-1 boundary checking (1, 3)

<, 0!

~ 1

. IF dyn 1y vr —7.p BndryErr:

H

H *
a. QED vy vy =7, p BndryErr
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6. vy = mon (r,=1/) v, and vf), <1 Y

Vo = Ax.eM and e 4y e)

by (1)
7. 1F ol = Ax.eM:
a by v(*; 17

ATy < Tg=Te
by H inversion
b. Contradiction by K, Ax.e" : 7
8. vgf vlkf >p.s dyn 7/ (stat r‘; vlkf
by definition >p.g
9.k, stat 7 o T
by H static preservation
10. stat 7, o} -7, ¢ o) and v}, 1<t 0]
by H-1 boundary checking
1. stat 7 (dyn 7/ [ ) uS1 1]
by definition y<;
12. o}, o8, w<h o ©)
13. b, ot ot
by H dynamic preservation
14. vgf, vﬂ, —>|’Z|_D e?
Aell Sy el
by the induction hypothesis
15. gep ol ot 7, ¢ stat 7. (dyn 7/ e})
d
Lemma 8.16 : X inversion
If X(Lz],0") = BndryErr and 0" {<; o' then Dy(r, M) =
BndryErr
Proof:
By case analysis on 7.
CASE 7 = Nat:
1.o'¢N
by X(|z],v") = BndryErr
2.0M ¢ N
by (1)
3. Dy(r, o) = BndryErr
by (2)
4. QED
CASE 7 = Int:
1L.0'¢Z
by X(|z],v") = BndryErr
2.0 ¢7Z
by (1)
3. Dy(r, o) = BndryErr
by (2)
4. QED
CASE 7 = [pX1y :
1. v' ¢ (v,v)
by X(|z],v") = BndryErr
2. oM ¢ (v, v)
by (1)
3. Dy(r, o) = BndryErr
by (2)
4. QED
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CASE T =471, :
1.v'eZ
v o'l € (v,v)
by X(|z],v") = BndryErr
2.0 ez
v ol e (v, v)
by (1)
3. Dy(r, o) = BndryErr
by (2)
4. QED
O

Lemma 8.17 : H-1 static value stutter

Ifet 4<; v' and M e : 7 then one of the following holds:

o el —>’If{

H ¥ s BndryErr

S oM and oM <, 0!
oe¢
Proof:
By induction on the number of boundary terms in e",
and case analysis on e" <, v
cask e'isavalue:
1. QED
case e =dynr (stat 7’ e}):
1. ezH psy o'
by n<
2.k stat 7’ el
Abgett:r
by H inversion and H inversion
* H

H
3.6 2hs 0

Avs S 0!
by the induction hypothesis (1, 2)
4.k, stat 7/ oY
by H static preservation (2, 3)
5. stat 7’ v? - U? and U? sy o'
V stat 7’ ' —7, s BndryErr
by H-1 boundary checking (4)
6. IF stat 7’ vzH s vg' :
a. h, dynrv? i T
by H static preservation (5)
b. dyn 7 ot =7, o ol and o} 1 <q o
Vv dyn 7 oY —7,.s BndryErr
by H-1 boundary checking (a)
c. QED (b)
ELSE stat 7/ o}l —7, ¢ BndryErr:
a. QED dyn 7 (stat 7’ e}') —},.s BndryErr
case e =stat 7 (dynt’ ell):
1. Contradiction by k, e : 7
d

Lemma 8.18 : H-1 dynamic value stutter
If M S v' and Hy e then one of the following holds:
H e ot and ot y<g 0!

e
H —7,.p BndryErr

e ¢

Proof:
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By induction on the number of boundary terms in e",

and case analysis on e 1<, v,
case e'isavalue:
1. QED
case e =dynr (stat 7’ e}):
1. Contradiction by 1, e : 7
case e =stat 7 (dyn 1’ e}'):
L et y<Si o
by n<
2. pydynt’e
Ak, el
by H inversion and H inversion
3. eZH =D vzH
A UZH s o
by the induction hypothesis (1, 2)
4. b, dyn 7’ o}
by H static preservation (2, 3)
5. dyn /o)l =, ¢ o and of! 4<; o
Vdyn t’ of! =}, ¢ BndryErr
by H-1 boundary checking (4)
6. 1¢ dyn 7’ o)l - o oll:
a. kg statr v3H I T
by H static preservation (5)
b. stat 7 0! =7 ¢ ot and 0} y<y 0!
V stat 7 of! —7,.s BndryErr
by H-1 boundary checking (a)
c. QED (b)
ELSE dyn7’v

H. 7
5 i T

H
2

a. QED stat 7 (dyn 7’ e}!) —1,.s BndryErr

—7, BndryErr:

O

Lemma 8.19 : H-1 static hole typing
Ifk, EM[eM] : ¢
AHE'e']: K
A E[eM] w<y E'fe']
then one of the following holds:
ok, ez’
Are' K’
ok, el
Ak e
Proof:
By induction on the structure of EM[e"] 1< E'[e']
judgment.

3. QED
case EM <y chk K Ej

1. E'[e'] = chk K Ej[e]

2. K Eg[e1] : Any

by 1 inversion

3. EM[eN] 4y Elle]

4. QED by the induction hypothesis
case E{l e y<Si Ej el -
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15841 1. EM[eM] = Ef'[e"] € 4. EMeM] < Efle'] 15896
15842 ANE'[e'] = Ejle'] e 5. QED by the induction hypothesis 15897
15843 2. by Ef[eM] i ry= e case dyn 7o Ef! 4<y dyn o Ey 15898
15844 by H inversion 1. EM[e"] = dyn 1o E{'[e"] 15899
15845 3. k Eyle'] : Fun AE'[e'] = dyn o Ej[e'] 15900
15846 4. EH[e 1nst Egle'] 2.y Eg'[eH] 15901
15847 5. QED by the induction hypothesis AR Ejle ] 15902
15848 CASE Uo EH HN1 vo ET . 3 EH[ H] h< E [ ] 15903
15849 1. EM[eM] = oft EM[eM] 4. QED H-1 dynamzc hole typing 15904
15850 ANE'[e'] = vy Ej[e'] case dyn o Ef' y<q dyn Ej 15905
15851 2.k ElH [e"]: 74 1. EM[eM] = dyn 1 Eg'[e ] 15906
15852 by H inversion A E'[e'] = dyn Ej[e'] 19907
15853 3.1 E[e"] : Any 2. 1, Eg'[eH] 15908
15854 4. EM[eM] w<s Elle'] Ak Ee] 15909
15855 5. QED by the mductlon hypothesis 3. Eg' [e] H<s E(]) [e'] 15910
1222: CASE H<E(')]::, ei") H§1 H<E]’He}> : 4. QED H-1 dynamic hole typing E:;
e 1. E [:? ]] = (E, 1[e ]],el1> case dyn 1 (stat 7y Ef') n<y EJ - o
Lesso NE'[e'] = (Eyle'], e)) 1. EM[e"] = dyn 1o (stat 7y E{![e"]) oms
15860 2. hy EfM[eM] : 7 2.k, stat 77 Ef'[eM] -
5561 by H inversion 3. Eg' [e"]: 7 sor6
15862 3 h Eg[e1] : Any 4. E:)_l[eH] HS1 E'le'] 15917
15863 4. ES‘ [e"] 1< Ejle'] 5. QED by the induction hypothesis 15018
504 5. QED by the induction hypothesis CASE stat 7 E(')* nSo stat 7o Ej 1501
15865 CASE <U(';|,E1H> HS1 (g, Ep) 1. Contradiction by k, E™[e"] : 7 15920
15866 1. EM[e"] = (vp', EY'[e"]) CASE stat 7o E! <, stat Ej - 15091
15867 AE'[e'] = (v, E{[e']) 1. Contradiction by I—H EH[ "7 15922
15868 2.y E?[eH] g CASE stat 7y (dyn 1 E ) HS El 15923
15869 by E’ iqwersion 1. Contradiction by K, E'[e H] i 15924
15870 3. |_1HEI[: I: Any1 : U 15925
15871 4. Efle”] H§1. Eyle ] . Lemma 8.20 : H-1 dynamic hole typing 15926
15872 5. QED by the induction hypothesis If+, EM[eM] 15927
15573 CASE op' Eff H~1 op' Eg : A I?E][el] 15028
15874 L EH[f ]1_ op 1155'1[ 1] /\]:JH[eH] w<i E'e'] 15929
15875 NEle'] = op” Egle’] then one of the following holds: 15930
15876 2. Ky E!,*[eH] PToXTy ok eH.r/ 15931
15877 by H inversion /l\-ll— el K 15932
15878 3. K E1[e1] Pair ok ;H 15933
15879 4. EH[e 1h<y E] [61] /til— el 15934
15880 5. QED by the 1nduction hypothesis Proof - ! 15935
15881 case op” Efl efl 4y op? Ej e : By induction on the structure of the E"[e"] 4<; E'[e'] 15936
15882 1. E"[e"] = op® Efl[e"] €!! judgment. 15937
15883 ANE'[e'] = op® Ej[e'] e] casE [1n<i[1: 15938
15884 2.k, EfM[eM] : 7 1. EM[eM] = M 15939
15885 by H inversion 2. E'[e'] = €' 15940
15886 3. H Ejle'] : K 3. QED 15941
15857 4. Eg'le"] ns E ole'] case E" 4< chkK E} : 15942
15888 5. QED by the 1nduct10n hypothesis 1. Contradiction by H E'le"] 15943
15889 CASE op’ v(')'I E'l'l Hst op? v(} E} : CASE E(I)—I el <, E! e} . 15944
15890 1. E'[e'] = op? vg' E}[el] 1. EH[eM] = Ey[eH] elH 15945
15891 2.k, E';'[eH] ' /\E1[e‘] — Eg)[e1] e} 15946
15892 by H inversion 2. b, EM[eM] 15947
15893 3. h E}[e1] 1 Ky by H inversion o
15894 15949

15895 145 15950
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3.k Eyle']
4. Eff[e"] u<h Eqle']
5. QED by the induction hypothesis
case o E HN1 v E} -
1. EH[eH ]— v, ElH[e ]
ANE'[e'] = v) Ej[e']
2. by ET[eH]
by H inversion
3.k Ej[e']
4. E{'[e"] u<h Ejle']
5. QED by the induction hypothesis
case (El ety u<q (Ejef
1. EM[eM] = (EE [eH],elH
NE'[e'] = (Elle"].e])
2. by Eg' [eM]
by H inversion
3.k Ejle']
4. MM 1<, Elle]
5. QED by the induction hypothesis
case (ol Et) 1<, (v(],E1) :
1. E"[e"] = (o5, EY'[e"])
AE'[e!] = (0, Elle"])
2. b, EM[eM]
by H inversion
3.k Ej[e']
4. BN w<, Ee']
5. QED by the induction hypothesis
case op' E!! HN1 op' E;
1. EM[eM] = op! Eg'[ ]
ANE'[e'] = op' Ejle']
2. by Eg' [e]
by H inversion
3.k Egle']
4. E[e"] u<h Eqle']
5. QED by the induction hypothesis
case op® Eft el 1<y op Ejel:
1. EH[eM ]—op Eg'[ ] lH
ANE'[e'] = op® Ej[e'] e]
2. by E('j [eM]
by H inversion
3.k Ejle']
4. EN[e"] 1 Elle']
5. QED by the induction hypothesis
case op? ujl EH H§1 op® v} E]
1. EH[eH ]— op? e0 EH[e ]
ANE'[e'] = op® e E][e]
2.y ElH [e]
by H inversion
3. he
AR E{[e']
4. B[] 01 Elle']
5. QED by the induction hypothesis
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case dyn o E' ySqdyn o Ej
1. Contradiction by k, EM[e H]
caseE dyn o Ef' y<y dyn Ej
1. Contradiction by k;, EH[ H]
case dyn o (stat 7y EN) <t Ej
1. Contradiction by k;, EM[eM]
CASE stat 7o Ef' 4 <y stat 1o Ej
1. EH[eM] = stat 7y Eg' [eM]
A E'[e'] = stat 1y Ej[e']
2. I-H Eg'[eH] T
AHEjle']: o]
3. Egle"] uSh Egle']
4. QED H-1 static hole typing
CASE stat 7o El' y<y stat E] -
1. EM[eM] = stat g Eg'[eH]
A E'[e'] = stat Ej[e']
2. M EIO—|[€H] )
AR Ejle 1]
3. EH[ H] nSt Egle']
4. QED H-1 statlc hole typing
CASE stat 7o (dyn 7; EN) n<t Ej
1. EM[eM] = stat 7y (dyn 1 Eg' [e"])
.y dyn Eg'[eH] 11T
. Eg' [e™]
CEN[eM] wS) Ele)
. QED by the induction hypothesis

U A W

O

Lemma 8.21 : H-1 value inversion
If i, oH
A oM H§1 o'
thenk o' : 7]

Proof:

By induction on the structure of the o™

ment.
CASE (vg{,le) HST (vg,01)
1. T =19X1y
by H inversion
2. | ] = Pair
3. QED H, (v, v)) : Pair
i<y i
by 1F 7 = Nat:
1.ieN
by H inversion
2. QED h iNat
ELSE 7 = Int:
1. QED K i : Int
Ax. et y<y Ax. el
by Contradiction by F, Ax e!
A7) e y<y A T) e!
byr=t3=r

by H inversion| 7] = FunQep K A(x:7). e’

HS1 v judg-

: Fun
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mon 7 ot < o
by vt 1<; v'QED by the induction hypothesis

Lemma 8.22 : H-1 boundary checking

. IfI—H stat 7 vH and o™ 4<; o' then stat 7 oM b le
A Ul <y o'

o If, dyn 7 o™ : 7 and v 1<y v then one of the following
holds:
- dyn 7 oM —7 BndryErr
- dynTvH —>1Sle

A v s o
Proof:

By the following two lemmas: H-1 stat checking and
H-1 dyn checking.
O
Lemma 8.23 : H-1 stat checking
If i, stat 7 oM
Aot < !
then stat 7 0" —
A vf' s !
Proof:
By induction on the structure of 7.
CASE 7 = Nat:
1. stat ¢ oM >H-p U
by definition >-p
2. QED
CASE 7 = Int:
1. stat 7 oM >y-p U
by definition >p.p
2. QED
CASE T = X1y
1. oM = (vg',vf')
by H inversion and canonical forms
2.0 = (v(},v])
A U(';' S UO
A le < v
by n<
3. stat 7 oM >yp (stat 7 Uo ,stat 7y v;
by definition >p.p
4. k, stat 7 vg'
Ak stat i vr
by H static preservation and H inversion
5. stat 79 vg' —1b UI(;!
A vgf S va
Hr ot

1 1-D
1

A vl, HS1 v
by the induction hypothesis (2,4)
6. stat 7 oM —>HD(v H
A <Z}0,, 1/> HN1 01
by (5)
7. QED
CASE T =1=7T,:

H

U1

%
1-D

H

H

H

Astat ;v

0
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1. stat 7 oM >H-p mon oM

2. mont o y<; !
by ot <y 0!
3. QED
O
Lemma 8.24 : H-1 dyn checking
Ift, dyntot i ¢
Aot <y 0!
then one of the following holds:

e dyn r oM —7.g BndryErr
e dyn 7 oM —>1SvH
At <y o]

Proof:
By induction on the structure of 7.
cASE 7 = Nat:

r ot ep:
1. dynt Mopso
by definition >yy_s
2. QED
ELsE ot ¢ §:
1. dyn 7 oM >y4.5 BndryErr
2. QED
CASE 7 = Int:
F o eZ:
1. dyn 7 oM >pg oM
by definition >p.g
2. QED
ELSE 01 ¢ Z:
1. dyn 7 o™ >y.5 BndryErr
2. QED
CASE 7 = [pX1y :
F ot = (vg',le) :
L o' = (y},v 1)
A vg' ns vo
A oM H<

1 ~

by h<
2. dyn t oM >y (dyn o off, dyn 7 o!)

by definition >p.g

H .
3. jydyn vy 1
Ay dynt v;* 1T
by H static preservation and H inversion
H H
4. dyn Ty U, —>1 b €
A e0 s Uo

— H
Aeyl = vl orell = BndryErr

H

1 1)1

H H
/\dynrlv —1p €
1,H _ H

Aell y<qvfet = ol) orel! = BndryErr
by the induction hypothesis (2, 4)
5. dyn 7 oM —.s BndryErr

v dyn r oM s (U(])_!, v;ﬂ') and (v(';,', U;J,') s

z)1

by (5)
6. QED
ELsE o' ¢ (v,0):
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1. dyn 7 oM >y.5 BndryErr
2. QED
CASE T =Tg=7T;:
IF o = Ax. €M
1. dyn TUH >H.s Mon v
2. mont oM H<1 V!

H

by ot < o
3. QED
F oM = mon 1 vg' :

1. dynt oM s mon T oM

2. monz ot y<; 0!
by oM 4<; 0!
3. QED
ELsE vt eivol e (v,0):
1. dyn 7 o™ >y.5 BndryErr
2. QED
U

Lemma 8.25 : H-1 hole substitution

Ben Greenman and Matthias Felleisen

1. Eff u<h E)

2. QED by the induction hypothesis
case dyn 7o Ef' <y dyn EJ

1. Eff u<h E)

2. QED by the induction hypothesis
CASE dyn 7o (stat 7 EN') n<q EJ -

1. Ef! u<h E)

2. QED by the induction hypothesis
CASE stat 79 Ef' y <y stat 1o EJ

1. B! u<h E)

2. QED by the induction hypothesis
CASE stat 7o El y<y stat E] -

1. B! u<h E)

2. QED by the induction hypothesis
cAsE stat 7o (dyn 7 Eg’) HS1 Ey

1. B! u<h E)

2. QED by the induction hypothesis

IfEY y<Sy E! Lemma 8.26 : H-1 substitution

H 1
Net St e Ife' 1<; e'and oM 1<g o' then et [x M) < el [x 2]
then EM[eM] 4<; E'[e'] Proof -

Proof . H . By induction on the structure of the e |;<; e judgment.
By induction on the structure of the E" y<; E' judg- casE e H<1 chk K, e :

)
ment. 1 eH H<1 el
casE [JnSi[]: v
1. EM[ H]N_ H 2. eMx oM HST e&[x(—zﬂ]
2’ B[ 61] - ¢ by the induction hypothesis
nelel=e 3. chk Ky el[x —v'] = chk Ky e} [x 0]
3. QED 4 QED 0 0
case EM HN1 chk K E} : CA’SE Err <, ¢
1. E" y<i E) ~

2. QED by the induction hypothesis
case Ejf e1 nSt Ej e

1. EO |—|N1 E1

2. QED by the induction hypothesis
CASE vo EM y<i v E]

1. M y<y B}

2. QED by the induction hypothesis
CASE (E(';',ef') nSt (B e))

1. EM w<i E)

2. QED by the induction hypothesis
CASE (v(';',EH) Hst (vg, EY

1. M y<y B

2. QED by the 1nduction hypothesis
CASE op1 E u<i op' E)

1. Ef u<y E‘

2. QED by the 1nduction hypothesis
CASE op2 El el yS1op? Eje]

1 Ef usy E1

2. QED by the induction hypothesis
CASE op’ vg' EY u<h op vy E]

1. EM y<y B

2. QED by the induction hypothesis
case dyn o El' Sy dyn o Ej
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1. Err[x <] = Err
2. QED Err y<y el[x o]
case dyn el 1<y dyn e :
1. eg' s eg)
2. g [x —o" ySy ef[x o]
by the induction hypothesis
3. dyn 1 eé'[x(—vH] =dyn 1 eS'[x(—vH]
4. dyn 1y ej[x —v'] = dyn 19 ¢)[x — ']
5. QED
casge dyn 1y e(')4 HS1 dyneg
1. eg' S eo
2. efl[x ="y el[x 0]
by the induction hypothesis
3. dyn 19 eg'[vaH] =dyn 19 eg'[x<—vH]
4. dyn gj[x —v'] = dyn ¢j[x ']
5. QED
casE dyn 1 (stat 7
LoelnSie!
2. eg'[x<—vH] Sy el[x—o']
by the induction hypothesis
3. dyn 1 (stat 7y e Nx o] =
oM'])
4. QED
CASE stat 79 el 1<y stat 7 e -

H 1
€ ) F1:51 €

dyn 7y (stat 7 eg' [x
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H 1
L e HSt €

2. efl[x o™y el[x —0']
by the induction hypothesis
3. stat eg'[x<—vH] = stat 7 eg'[x<—vH]
4. QED
CASE stat 7, eg' HSt stat ey
LoelnSieg
2. efl[x o™y el[x 0]
by the induction hypothesis
3. stat eOH[x<—vH] = stat 7 eOH[x%vH]
4. stat ¢)[x —ov'] = stat gj[x —v']
5. QED
caSE stat 79 (dyn oy eg') st e

1el i el

1.

0 ~
2. efl[x 0" pSy el [x —o']

by the induction hypothesis
3. stat 7y (dyn g e(';')[x<—vH]
o))
4. QED
case ¢ et Sy e
LelnSie)
A elH s e}
2. efl[x =" p<y el[x 0]
Aelifr o]y elx o]
by the induction hypothesis
3. eg' e?[x<—vH] = e(}f[x<—vH] eT[x<—vH]
4. e el[x—v'] =¢j[x—v'] e][x —2]
5. QED
case (el ety u<i (ef el -
1. eg' 1Sy e&
Aet i<y e]
2. g [x —o" ySy ef[x —0']
Aelfx o]y elx o]
by the induction hypothesis
3. (efj,ef')[m—v”] = (e(')*[x<—vH],e'1*[x<—vH])
4. (e, e)[x —v'] = (gj[x —0'], e][x —0'])
5. QED
case op'efl u<iople):
Loel nSieg

2. efl[x 0"y el [x —0']

by the induction hypothesis
3. op' i [x — "] = op! el[x —0M]
4. op' ej[x —v'] = op' gj[x —0']
5. QED
case opf efl el <y opP el el
LoelnSieg
A elH < e;
2. efl[x o p<y el[x 0]
A el o] 1<y el fx o]
by the induction hypothesis
3. op? eg* elH[x<—vH] = op? eS'[x(—'uH] eIH
4. op? ey el[x —0'] = op? gj[x —v'] e][x — 0]

[x<—v

= stat 7 (dyn eg' [x

"
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5. QED
CASE Xo <1 Xp :
IF X =X:

1. QED xo[x —oM] = oM
A xo[x —v'] =o'
ELSE Xo # X :
1. QED xy[x — o] = xp
Axo[x—v'] = x
CASE ip<qi:
1. QED i[x —o"] =i
Ni[x—v'] =i
CASE Axg. el 1<i Axo. €] :
1.IF xp=x:
a. QED Ax. e} [x —0v"] = Axp. €/
A Axo. e&[x(—z)]] = Axg. €]
2. ELSE Xo # X :
a. e ulie)
b. eS'[x(—vH] HST eg[x ']
by the induction hypothesis
C. Axo.e(')"[x<—vH] = Axo. eg'[x<—vH]
A Axg. eg[x —0'] = Axg. ) [x 0]
d. QED
CASE A(xo:79). el 11 Alxo:70). €] -
1.IF xo=x:
a. QED A(xg:79). e}l [x — o] = A(xo:10). €
A Mxo:70). ey[x —0'] = A(x0:70)- €,
2. ELSE X9 # x:
a. e 11 e
b. ell[x — oM 1<y ef[x ']
by the induction hypothesis
c. Mxg:19). eg' [x — "] = Axg : 7). eg' [x «
oM
A Mxo : 70). eg[x «— '] = Alxo : 70). e [x
v']
d. QED
CASE mon 1 vg* s v& :
Lof uSi o)
2. vl [x ="y vl [x =o'
by the induction hypothesis
3. mon v(';' [x —o"] = monro
4. QED
caseE Err y<; Err:
1. QED Err[x <] = Err

"]

H

HlxeoH]

Lemma 8.27 : chk inversion

IfT K chkKe' :KandT Fe: 7~ chkKe' thenK = [7].
Proof:

By case analysis on ~~.

Thep:tg=1.~e¢ Iregitg~e |re]=K

CASE

T'+egen: 1~ chk K (e e;)

1. QED
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casg | TFe:moxm ~e |5 =K
T+ fste: 1y~ chk K (fste’)

1. QED

casg | Tre:toxm~e |[n]=K
I'tsnde: 1 ~ chk K (snde’)

1. QED
O
Lemma 8.28 : H-1 §-preservation
o If oM <y o' and §(op', vM) is defined then &(op?, o) y<4
&(op',v")
o If i <1 vy and o} 4<q ©] and §(op?, v, oY) is defined
then &(op?, vg', le) H<t 8(op?, v&, ‘UD
Proof:
CASE op' = fst :
1. oM = (vg{,le)
by &(fst, v') is defined
2.0 = (v(},v})
Avgt uSt vy and of 4<g ©]
by 1<
3. 8(fst, o) = v('f
A S(fst,0") = v,
4. QED (2)
CASE op! =snd:
1. oM = (vg',le>
by 8(snd, v') is defined
2. v' = (v, v])
A 'ug' HS1 v, and le HST 0]
by HST
3. 8(snd, o) = le
A é(snd, ") = v]
4. QED (2)
CASE op? = sum:
1. vg‘ ez
A le ez
by 8(op?, vg', o!!) is defined
2.yl =]
A le = v}
by 1<s
3. QED
CASE op? = quotient :
1. vy Sy
A le ez
by 8(op?, vy, vl!) is defined
2. vgl = 'u(]
Aol = 0!
by 1<
3. QED
O
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