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2 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

6 TECHNICAL DEVELOPMENT
6.1 Surface Language, Types, and Ownership

Surface Syntax

e =xli|n|{ee)|Ax.e|[Alx:1).e|app{T/u}ee| unop{"/yu}e | binop{T/u}ee |
dynbe|statbe

T = Int|Nat| =71 | X
fu =r7|U

r = | (x: )T

b = (f<‘[<€)

4 = countable set of names

unop = fst|snd

binop = sum | quotient
i =7
n =N
‘A : unopxr—m"
| if unop, = fstand 7y = 11 X1,
Alunopy, 70) = { T if unop, = snd and 7y = 71 X1

‘A : binop Xt X1 — T‘

Nat if binop, = sum and 7y = Nat and 7; = Nat
, Nat if binop, = quotient and 7y = Nat and 7; = Nat
A(binopy. 70, 71) = Int if binop, = sum and 7y = Int and 7; = Int
Int if binop, = quotient and 7y = Int and 7; = Int
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Typed-Untyped Interactions: A Comparative Analysis (Supplementary Material) 3

(XO : T()) € r() (X() : To), r() Fey): 11
ToFx0:10 Io + ng : Nat Iop +ip:Int rol-/l(xOlTo).eoZToﬂTl
ToFep: 1 Thore 7 Tore:m A(unop, Tl) <7
Ty + {eg, €1) : To X1y I + unop{ro} ey : 70

Iore : 71y Iore 1 A(binop, 7.'1,7.'2) <' T

I+ binOp{To} eye1 - 7o

Ihre =1 Tore :my o ' 7 Torey:U

Io+ app{To} €y e1: 7Ty Io+ dyn (f()< To 51) € - To

Tore:my 71 < T

TorFey: 1

(X()Zu)ero (Xol‘z,l),r()'-eolﬂ Tol—eoz‘ll Fol—elz‘ll
TokFxo:U Torip: U r()l-/lX().e()lﬂ Fol-(eo,el):‘ll
r0|—€01u Fol—eo:‘ll Fol—el:‘ll FoFEOZu Fol—el:‘ll
Lo + unop{U} ey : U Iy + binop{U} ey e; : U Io - app{Uteye; : U
Tore: 1

Iy + stat (€0< 70451) e : ‘U

TT
Ty S' T T ' T3 Ty ' T Ty ST T3
Nat <! Int ToXT) <' Ty XT3 TI=T S Tr=>1T3 Ty < T
b<b
Ty <' 71
(Lostoaty) <t (Loatyaty)
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Ben Greenman, Christos Dimoulas, and Matthias Felleisen

‘ Ownership Syntax ‘

e

¢
L

dynb ()’ | stat b (e)’ | (e)’
countable set
N (x:0), L

(60)50 s wi iff €y I+ (eo)f" and + (60)50 )
(o) : UwFiff €5 I (e)’ and F (e)® : U

additional rules for the ownership syntax

ToFeo:1o

Torey:U

x|iln]|(ee)|Ax.e|Alx:r).elapp{T/u}ee]| unop{"/u}e| binop{*/u}ee |

T+ (e0)™ : 1o

additional rules for the ownership syntax

F0|—€01u

r0|-€0:T0

I + dyn (bo<7o+ 1) (e0)™ : 70

Iy + (60)&) U

Lo; €y I+ € (xo : 50) € L
Lo b 1 (e9)™ Lo; b I+ xo Lo; o I g
(x0 : €o), Lo; €0 I+ €g Lo; o I+ e Lo; o I+ eq

Lo; o = Alxo : 70). € Lo; €y I+ {eo, e1)

Lo €y I eg Lo by I+ e Lo € I eg Lo €y I+ e

Lo; €y I+ binop{T/q;} eo €1 Lo; o - app{T/e1} o €1

Lo;ly ke
Ly; g I+ stat (504 T 51) €0

T + stat (6g« o+ 1) (€0)® : U

(XO : Zo), Lo;f() I- e
Lo; €0 - Axg. €

Los €y - e
Lo; Lo I+ unop{%/e1} eo

Lyl I eg

Loy IF dyn (€0< Tp< 51) €o
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6.2 Three Evaluation Languages

‘ Common Evaluation Syntax ‘

v = i|n|{v,v)|Ax.e| AMx:7).e|Gbv|Thov
Err = InvariantErr | TagErr | BoundaryErr (B, v) | DivErr

B =b|b|b*

*

(Sl

q «»

= ordered sequence of boundaries (b)

= set of boundaries (b)

= Int | Nat | Pair | Fun

= [11app{"/u} E e | app{*/u} v E | (E,€) | (v, E) | unop{*/ui} E | binop{*/u} Ev |

binop{/y} vE | dyn b E | stat b E | THE

Nat if 7o = Nat

Int if ip = Int
ol =4 of

Pair if g € TX1

Fun frper=r

‘ shape-match : sxv —

B

shape-match (s, vg) =

‘5:unova—>v‘

S(unop, (un, 1) = | ¥

‘5 : binopxvXv — v‘

True

if so = Natandvy €n

orsg =Intand vy € i

or so = Pair and vy € (v,0) U (G (£« (rX71)«{) v)

orsyp = Funand vy € (Ax.e) U(A(x : 7). e) U (G ((« (1= 1)) v)
shape-match (so, v1)

if Vo = T bo U1
False
otherwise

if unop = fst{%¢;}

1 if unop = snd{%/¢;}

ip + i1
if binop = sum{%/¢;}
DivErr

5(bznop, io, 11) =

if binop = quotient{%/¢;} and i; = 0

Lio/i1]
if binop = quotient{%/¢;} and i; # 0

[fstioxr — 7]

fst (o X11) = 19
‘snd TXT — T‘
snd (toX1) = 1

‘dom TST — T‘
dom(rp=11) = 19
‘cod TST—T
cod(rp=11) =19
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6 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

LEMMA 6.1 (UNIQUE DECOMPOSITION). For all ey one of the following holds:

e¢yexUo

eo = Eo[Err]

eo = Eolapp{"/u} vo v1]
= Eo[unop{"/ui} vo]

eo = Eo[binop{/z1} vo 1]
eo = Eo[dyn by vo]

€y = Eo[Stat bo U()]

e 6 o o o o
Q
(=)

Proor SKETCH. By induction on the structure of e;. O

LEMMA 6.2 (0 COMPATIBILITY).
o If A(unop,,79) = 7y and + vy : 79 and §(unop,, vg) = vy thent+ vy : 1.
o If A(binop,, 19, 71) = T2 and + vy : 7 and F vy : 7y and 6(binop,, v, v1) = v, then 't vy : 7.

Proor SKETCH. By case analysis of §. O

Ownership Evaluation Syntax ‘
v=1i|n|{vo)|Ax.e|Mx:7).e|Gbv|Thov| (v)
E =[]l app{"/u} E e | app{*/u} v E | (E,e) | (v, E) | unop{*/ui} E | binop{*/u} Ev |
binop{7/y} vE | dyn b E | stat b E | (E)°
(L1710 Lo) if By = (€o« o+ t1)
rev(By) =4 rev(b,)---rev(by) if By = by -+ by
{rev(bo) | bo € bé} lfB() = bé

revil —
rev(€y---€n) ="y

‘ senders: B —> L‘

1 if By = (€o<10+¢1)
senders(By) = 4 senders(by) - - - senders(by,) if By=by---b,
{senders(by) | by € by} if By = by

‘OWTIEVS:UHE‘

Loowners(vy)  if vy = (v1)%
owners(vg) = owners(v))  ifvg = Thyv;
. otherwise

()" O=e; = e =(-(e)n-- .)‘)l
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Typed-Untyped Interactions: A Comparative Analysis (Supplementary Material) 7

6.2.1 Higher-Order Language, Path-Based Ownership Consistency.
‘ Higher-Order Evaluation Syntax ‘
e = x|iln|{ee)|Ax.c|Ax:1).e|app{Taee | unop(Tur}e | binop(Tus) ee |
dynbe|statbe | tracebe | Err
v =iln|(@v)|Ax.e|Ax:1).e|G(lar=10) 0| G ({larxT<l) V| Tho
Err = InvariantErr | TagErr | BoundaryErr (b,v) | DivErr

(x0:70) € To (x0:70),To F1 €02 7
r() F1 X0 : 7o r() F1 1 : Nat r() b1 dp: Int r() F1 A(X() : T()). € To=T11
ToF1e: 1 Iorie1: 1y Torie: 1y A(unop, T]) <E T
r() F1 <€0,€1> LT X Ty ro F1 unop{ro} [AREN)
r() k1€ : 71 F() F1€e1: 17 A(blnop, T1,T2) <7

To F1 binop{ro} €y e : T

ro F1e :7T1=>17y ro F1e1:171 Ty ' T 1"0|-1 eO:‘U
Io -1 app{7o}eo 1 : 7o I k1 dyn (£o«t0<£1) €0 = o
ToF1e: 1 71 <7 Toriv: U
r() F1 € : 7Ty r() k1 G(€0< To< [1) Vo : To 1"0 F1 Err: T0
(inu)Ero (xO:‘ll),Fol—1e0:‘Zl Fol—leo:‘ll Fol—lel:‘ll
ToF1x0:U Tor1io: U To F1 AXO.EO U To H1 <€0,€1> U
IoF1e: U Torie:U Iorie:U Torie:U Torie:U
Io k1 unop{U} ey : U Iy k1 binop{ U} eyer : U To k1 app{U} ey e; : U
IoFi1e: 1 To ki vy 19 Tok1v:U
Iy +q stat (f()< T 51) e : U Io H G(f()< T 51) vy U Io H1 Tl;() vy U
TorFre:U
Iy +1 trace E() e : ‘U Io+1 Err: U
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8 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

‘ Higher-Order Evaluation Syntax, with Ownership ‘
e =xl|i|n|{ee)y|Ax.e|Ax:7).e|app{Fu}ee| unop{/y}e | binop{*/y}ee |
dynb (e)[ | stat b (e)€ | trace be | (e)e | Err
v=1i|n|{(wv)|Ax.e|Mx:1).e|Gb @) |Tho| ()

Lo; bo - eo (x0 : o) € Lo (x0 : €0), Lo €o IF €9
Lo; €y I+ (eg)’ Lo o - xo Lo; o I+ ig Lo; € - Axg. eg
(30 = €o), Lo; €o I+ g Lo € I eg Lo;ly - eq Lo; b1 Ik vy
Lo; o = Alxo : 70). €0 Lo; €y I+ {eo, e1) Lo; b = G (Lo« o+ L1) Vo
Lo; € I+ eg Lo by I eg Lo by I+ e Los € I eg Lo 6y I+ e
Lo; € = unop{*/zi} eo Lo; € = binop{T/a1} e €1 Lo; by I+ app{T/a} e €1
Loty - e Lo; €1 - ey Ly; €y I+ vy
Loy IF dyn ([04 T0<€1) €o Ly; g I+ stat ([04 T0<£1) €o Loy - TI;() Vo
Lo; 6o I+ ey
Lo; € I trace l;o € Lo; 6o - Err

Lo €y -5 €o (.X'() : 50) € Ly (X() : f()),Lo;&) 5 €o
Lo € -5 (60)[0 Lo € IFp Xo Lo € IFp ip Lo € -5 Axg. €9

(XO : fo),Lo;fo I=p €o Lo o -5 €o Lo €y -y €1 Lot IFp Do
Lo; by Ikp Alxo 2 70)- €9 Lo; €y +p {eo, 1) Lo; by +p G (Loto=£1) ()"

Lo; Lo +p €9 Lo; o +p € Lo; lo +p e Lo; lo +p € Lo; by +p e
Lo; €y Iy unop{/a} e Lo; €y I+p binop{¥/a1} e e Lo; €y 5 app{T/ai} € €1

L();fl ”_P €p [.();fl "_P €o
Lo; by Ikp dyn (€o« 7o+ £1) (e0)" Lo; €y +p stat (Co<1o< 1) (e0)"

bo = (€p+79 1)+ (Cpr= Tnr< ) Lo; n Fp vg
Loj o 1y (T By (w0) )"

bo = (Co=T0+€1) *+* (Cn1+ Tu—1+Ln) Lo; by rp €9
Loz o 1y (trace By (e0) )" Loj by 1y Err
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Typed-Untyped Interactions: A Comparative Analysis (Supplementary Material) 9

LEMMA 6.3 (HIGHER-ORDER INITIALIZATION).
o If (o)’ : 7o wf then - k1 (e0)" : 79 and -3 €o I (e0)° and - €, 5 (€0)’.
o If (e0)? : U wf then - +1 (e0)” : U and -y I+ (e)" and -; &, 5 (€0)’.

ProOOF SKETCH. By lemma 6.4. O
LEMMA 6.4.
o If Lo;6 IF (.eo)f0 and T + (eo)f" 17 then I +q (eo)f0 2 79 and Ly; € I+ (eo)fo and Ly; €y p
(e0)".
o If Loty IF (eo)€0 and T + (eo)[‘) : U then T, +q (eo)[" : U and Ly €6y + (eo)[" and Ly; €y +p
(e0)".
Proor SKkETcH. By induction on the surface typing and surface ownership judgments. O

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: November 2022.
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10 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

6.2.2  First-Order Language.
‘ First-Order Evaluation Syntax ‘

e =x|i|n|Ax.e|Mx:1).e]| e e)|app{Fu}ee | unop{*/u}e | binop{%/e}ee |
dynbe|statbe|p | check{*/¢y}ep | Err

v =iln|p
w = Ax.e| AMx:7).e]| (v,0)
p = countable set of heap locations

Err = InvariantErr | TagErr | BoundaryErr (b*,v) | DivErr
H = P((p— w))
B = P((pr b))
| (p:s) T

‘-(-):}[xv—>va‘

Hy(vy) = {

X}
[

wo if vy € pand (vg — wo) € Hy

vy ifvyégp
\ (1) : Bxv —> b*
_ | by ifvy € pand (vy = by) € By
Bo(vo) = { 0 otherwise

‘[ - ] BXoxb* — b*
{vo = by} U (By \ (vg > b))

Bylvo = byl = ifvy € pand (vy - by) € By
By otherwise

‘-[- U-]: Bxoxb* — b* ‘
Bo[vo U byl = By[ve = by U By(vo)]

“T;FI—S e;ﬂ;@:s‘

To;To ks €0 = So %"s%
To; To ks €05 Ho; By = so

‘T;I‘I—se;}[;ﬁ:‘u‘

To:Torseo: U Tyrs Hy
To; To Fs eo; Ho; Bo - U

Y (po > vo) € Ho. ¥ (po > s0) € Ty Tos - ks Vo : So
Do +s Ho

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: November 2022.
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(po : 50) € Ty (x0 : 1) € I

To; To Fs po o To;To Fs X0 : |70

To; (0 = U), Ty ks e = U

%;(XO : To), ro Fs €0 : So

%;ro Fs ip : Int %;ro ks No : Nat

To;To Fs €0 : So To;To ks €1 : 51

To; Ty ks Axg. € : Fun

%;ro Fs €9 : Fun ‘16;1“0 ks €18

To; To ks Alxg : 70). €g : Fun

To;To ks app{7o} eo €1 : L70]

To;To Fs €0 = 5o To;To ks eo = 81

To; To +s {eg, €1) : Pair

To; Ty +s € : Pair
To; To +s unop{zo} e : [ 70]

A(binop, sy, s1) = 11 7 <7

To; T +s binop{ro} eg €1 : [ 0]

%;r() Fey: U
To;To F dyn (bo<7o< 1) € = [70]

To;To Fs € : S0

To;To Fs €0 : 81

To;To ks eg: U
To; Ty ks check{zy} eg po : [ 70]

$1 <S8

To; Ty ks check{zo} eo po : [ 70]

(po : 50) € Ty (xo:U) €T,

To;To +s o : So

To;To +s Err: s

To;To ks eg : U To;To ks e 1 U

%QFOFS POI‘U %;rostOlu

To; (o0 = U), Ty ks e = U

%;r() f—s io U

%;(Xo : T()), Ih Fs ep @ so

To;To s (e, e1) = U

To;To ks e : U To;To ks er - U

‘25;1"0 ks Axg. €9 : U

Tp;To ks eo: U
To; Ty +s unop{U} ey : U

To;To ks €0 : [ 70]
(ZE);FO ks stat (£0< T0<€1) e : ‘U

To;To +s g : So
To; Ty +s check{U} eg po : U

Nat <: Int

%;r() ks A(Xo : 7.'0). e : ‘U

To;To +s app{U} ey e; : U

%;Fol—seoz‘ll %;Fol—sel:‘ll

To; Ty +s binop{U} ey e1 : U

To;To ks eo: U
To; To +s check{U} eo po : U

To; Ty +s Err: U

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: November 2022.
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12 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

LEMMA 6.5 (FIRST-ORDER INITIALIZATION).
o If (e0)" : 7o wf then - kg (e)" : |10) and 1€y I (e0)™; 0; 0.
o If (eo)f‘) : U wf then - g (eo)f‘) :Uand € - (eo)f";((); 0.

ProoF SKETCH. By lemma 6.6. m|

LEMMA 6.6.
o If Loy - (eo)f" and I + (eo)f‘) 1 To then T Fg (eo)(}0 2 7o and Ly € - (eo)f".
o If Lo;lo - (eo)[" and I + (eo)fo : U thenT, +g (eo)ZO : U and Lo € - (eo)fﬁ;(l); 0.

Proor SKETCH. By induction on the surface typing and surface ownership judgments. O
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6.2.3 Erased Language.
‘ Erased Evaluation Syntax ‘

e =x|iln[(ee)|Ax.e|Alx:7).e|app{"/u}ee]| unop{/u}e | binop{*/u}ee |

dynbe |statbe | Err
v =i|n|{v,v)|Ax.e| AMx:7T).e
Err = InvariantErr | TagErr | BoundaryErr (b*,v) | DivErr

(%0 : T/er) € T (0 : 70),To o €9 : U (oo : U), Ty ro eg: U
Iy ko xo: U Toroio: U I ko A(X() : T()).eo U To ko Axg. e : U
Toroeo: U Toroer: U Toroeo: U Toroeo: U Toroer: U

Iy o {eg,e1) : U Ty o unop{U}ey: U Iy ko binop{U} epe; : U
Tol—on:‘U rol—oeliu rol—oeolu rof—oeolu
To Fo app{‘ll} eper: U Io ko dyl"l (€0< T0<[1) e : U Ty ko stat (504 T0<£1) e : ‘U
Io +o Err: U

‘ Erased Evaluation Syntax, with Ownership ‘

e = x|iln|(ee)|Ax.e|Alx:7).elapp{/u}ee]| unop{/u}e | binop{*/u}ee |

dynb (e)¢ | stat b (e)’ | ()’ | Err
v =iln|{vo)y|Ax.e|Ax:1).e]| (v)

Lo; o I+ € (x0 : €y) € Ly
Lo b 1 (e9)™ Lo; b I+ xo Lo; bo I io
(x0 : €o), Lo; €0 I+ €g Lo; b - ey Lo; b - eq
Lo; o - Alxo : 70). €o Lo; €y I+ {eo, e1)
Lo €y I eg Losby I+ e Lo € I eg Lo €y I+ e
Lo; € I+ binop{%/q;} eo €1 Lo; €y + app{¥/u} eo €1
Lo;l1 ke

Lo; € I+ stat (504 To 51) €o

(0 : €o), Los Lo I+ g
Lo;fo I+ AXO. €o

Loty I+ eg
Lo; Lo I+ unop{%/e1} eo

Ly €y I eg
Loy IF dyn (€0< Tp< 51) €o

Lo €y - Err
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LEMMA 6.7 (ERASED INITIALIZATION). If (eo)&) : Ty wi then - kg (eo)f0 : Uand -6y I+ (eo)[".
ProoF SKETCH. By lemma 6.8. m|
LEMMA 6.8. If Lo; 4 IF (€0)? and Ty F (€)% : Tfq; then Ty +o (o) : U and Ly; Ly - (e9).

Proor SKETCH. By induction on the surface typing and surface ownership judgments. O
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6.3 Properties of Interest
DEFINITION 6.9 (F-TYPE SOUNDNESS). A semantics X satisfies TS(F) (for F € {1,s,0}) if for all
eo : T/qy wf one of the following holds:
e ¢y = vy and rr vy : F(*/q)
® ¢ —>;‘( {TagErr, DivErr} U BoundaryErr (b, v)
o eodiverges

1(%/a) ="
‘ s:Tg—suU ‘
u if /g =1U
) = { ol it
0:%y— U
0("/u) = U
DEFINITION 6.10 (COMPLETE MONITORING). A semantics X satisfies CM if for all (o) : Ty wi
and all e; such that e, —>;‘( e1, the contractum is single-owner consistent: £ I~ e.

DEFINITION 6.11 (PATH-BASED BLAME SOUNDNESS AND BLAME COMPLETENESS). For all well-formed
ey such that e —>; BoundaryErr (b}, vg):

o X satisfies BS iff senders(by)  owners(vy)
o X satisfies BC iff senders(by) 2 owners(vg)

DEFINITION 6.12 (ERROR PREORDER). X < Y iff eg — Err implies eq —; Err for all well-formed
expressions ey.

DEFINITION 6.13 (ERROR EQUIVALENCE). X =~ Y iff X S YandY < X.

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: November 2022.



736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755
756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784

16 Ben Greenman, Christos Dimoulas, and Matthias Felleisen
6.4 Common Higher-Order Notions of Reduction

This section is intentionally left blank. The common notions of reduction are inlined into the
definitions that require them.
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6.5 Natural and its Properties

6.5.1 Semantics, Type Soundness.

eDNe

unop{r} vy > InvariantErr
if 8(unop, vy) is undefined

unop{ry} vy >, S(unop,vo)
if 8(unop, vy) is defined

binop{ro} vo v >, InvariantErr
if 8(binop, vy, v1) is undefined

binop{ro} vo v >y O(binop, vy, v1)
if §(binop, vy, v1) is defined

app{zo} vo v1 > InvariantErr
ifvg ¢ (A(x:7).e)U(Gbo)

app{o} (A(xo : 71)- €) Vo >y €olxo < o]

app{7o} (G (bo«m1<{1) vo) v1 By dyn by (app{ U} vy (stat by v1))
where by = (o« cod(11)<{1) and by = ({1« dom (1)< £y)

dyn (£« (to=11)< (1) Vo by G (o< (o=11)+l1) vy
if shape-match (| 7o = 11], vo)

dyn (€y« 1o« €1) (vo, v1) >y {dyn by vo, dyn by v1)
if shape-match (| 79|, (v, v1)) and by = (Lo« fst(rg)« 1) and by = (Co« snd (79)«{1)
dyn ([04 T 51) iy |>N i

if shape-match (| o], io)
dyn (€y« < {1) g >, BoundaryErr (o<1 {1), v0)
if =shape-match (| 70|, vo)
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e»Ne

unop{ U} vy >, TagErr
if 5(unop, vy) is undefined
unop{ U} vy >, S(unop,vy)
if 8(unop, vy) is defined
binop{ U} vo v >, TagErr
if §(binop, vy, v1) is undefined
binop{ U} vy v > d(binop, vy, v1)
if §(binop, vy, v1) is defined
app{U} vo v >, TagErr
ifvg ¢ (Ax.e) U (G b o)
app{ U} (Axo. €o) vo >, €ol[xo o]
app{U} (G (bo«o+ 1) vo) v1 Wy stat by (app{cod (o)} vo (dyn by vy))
where by = (£y« cod (19)<{1) and by = ({1« dom (rg)<£y)
stat (£o«(to = 71)<{1) Vo > Gl(=11)<l1) vy
if shape-match (| 79=11],v9) and vy € (A(x : 7). e) U (G b v)
stat (£o«19<{1) vy, v1) >, (stat by vy, stat by v;)
if shape-match (| 79|, (v, v1)) and by = (Lo« fst(rg)« 1) and by = (€< snd (7o)« 1)
stat (£o«19<{1) g >, o
if shape-match (| o], io)
stat (£o«19<£1) Vg >, InvariantErr

if —shape-match (|19, vo)

e —>L e | is the transitive, reflexive, compatible (with respect to evaluation contexts E, section 6.2)
closure of the relation U{m>, »}

holds for expressions that contain no subterms of the form (T b v), (trace b e), or
(G 7 v) where 7 is not a function type.

N(eo) N(ep)
N(xo) N(lo) N(Err) N(/le. 60) N(A(XO : To). 60)
N(eo) N(eo) N(eo) N(eo)
N(G (bo«(ro=11)<{1) e9) N(unop{"/z} o) N(dyn b eo) N(stat by ey)
N(eo) N(er) N(eo) N(ey)
N(app{%/u} eo e1) N(binop{*/a1} e €1)
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THEOREM 6.14 (NATURAL TYPE SOUNDNESS). Natural satisfies TS(1)

Proor. By lemma 6.15, progress (lemma 6.16), and preservation (lemma 6.17). O
LEMMA 6.15. If ey : /¢y wf then N(ep).

Proor. Wrappers and trace expressions are not part of the surface language. O

LEMMA 6.16 (NATURAL TYPE PROGRESS). If - +1 Egleg] : %/q; and N(Eo[eo]) then one of the following
holds:
e ¢y cvUErr
® T/ € T and Jey. e >y e
® T/qr € Uand Je;y. eg »y €1
PRrooF SKETCH. By unique decomposition (lemma 6.1) and case analysis. More details in appen-
dix: lemma A.1. O

LEMMA 6.17 (NATURAL TYPE PRESERVATION).
If - +1 Eoleo] : T/ and N(Eoleo]) and eq(>y, U » )er then - k1 Eqgler] : T/gs and N(Eoe]).

Proor SKETCH. By case analysis of each reduction relation. More details in appendix: lemma A.2.

O
LEMMA 6.18.
e If N(Eo[eo]) then N(eo)
e If N(Eo[eo]) and N(e;) then N(Eo[e1])
Proor SKETCH. By induction on the structure of Ej. O
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6.5.2 Lifted Semantics, Complete Monitoring, Blame.

(e)¢ Do ()¢ | lifted version of >y

P
(unop{ro} (o)%) D (InvariantErr)%
if v ¢ (v) and S§(unop, vy) is undefined
- ¢ -
(unop{zo} (v0)™) " b (8(unop, vg)) "
if 8(unop, vy) is defined
- - €0
(binop{zo} (o)’ (v1)") - (InvariantErr)%

ifvg ¢ (v) and vy ¢ (v)! and d(binop, vy, v1) is undefined

(binop{zo} (vo)™ (v1)""
if 8(binop, vy, v1) is defined

o . £
) > (8(binop, vy, v1))"

(app{mn} ((Uo))zo 01)60 Do (InvariantErr)®
ifvg ¢ (v) U (Ax.e) U(Gbo)
Zobo
)

(@pp{m} (A 7). o)™ v1) ¢ Ceolxo = (@)™ ®@))

- l3
(app{no} (G (boemietr) (20)%) * 1) B

- 6 fg@
(dyn bo (app{ U} vy (stat by (v1)"" ) ")
where by = ({y< cod(t1)«{1) and by = (£1<dom (11)<£y)

(@yn (e =m)+6) @)™ oy (Ol (=m0 (@))
if shape-match (| 7o = 11],v9) and vy € (Ax.e) U (G b v)

(dyn (bo=zo= (1) (00, 01))" e (dyn by (o). dyn by (@)™

v

)
)

if shape-match (| 7o), (vo,v1)) and by = (Lo« fst(19)«€1) and by = (€p« snd(7p)«{1)

(dyn (Co 1o+ £2) (i0)™)
if shape-match (|70, ip)

(dyn (fgm+ 1) (w0) ) . (BoundaryErr (fo= o). (20) ™)
if —shape-match (|79, vo)

A
D>
N (io)
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(e) > (e)’ |lifted version of w

(unop{11} (o))" > (Tagkm)"
ifvy ¢ (v)’ and S(unop, vp) is undefined

(unop(} (o))" < (8(unop, )
if §(unop, vy) is defined

(binop{ U} (00" (o)™ " > (TagEm)"

ifvy ¢ (v)’ and vy ¢ (v)¢ and d(binop, vy, v1) is undefined

(binop{ T} (vo)™ (v1)"
if §(binop, vy, vy) is defined

(app{ U} (@) o) > (TagEm)"
ifvy ¢ (v)' U(Ax.e) U (Gb o)

(app{ U} (. e0) v1) "
- I
(app{ U} (G (bo0+61) (@0)) * v1) >

- 4 Zols
(stat by (app{r1} vo (dyn by (v1)@))) )

)f" > (8(binop, v, 0y))"

v

where by = (€y« cod (1)« £1) and by = (€1« dom (7)< {y) and 7; = cod (1)
(stat (G (=) 6) @) v (O lox (= 1)6) (@)

if shape-match (| 7o = 11],vp) and vy € (Ax.e) U (G b v)

(stat (Gp= 1o £r) (00,007 > (dyn by (o), dyn by (1))
if shape-match ({vy, v1), 70) and by = (o« fst(19)«£1) and by = (€o« snd(z)<£1)

(stat (6o<0+01) (i0)™)""

if shape-match (i, 7o)

= £
(stat (€o« 1o+ £1) (v0)?) ’ > (InvariantErr)®

if =shape-match (v, 79)

A
>N (10)

(el ()"

21
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THEOREM 6.19 (NATURAL COMPLETE MONITORING). Natural satisfies CM

Proor SKETCH. By preservation of single-owner consistency (i) for > and > More details in
appendix: theorem A.3. O

LEMMA 6.20 (NATURAL BLAME SOUNDNESS AND COMPLETENESS). If ey is well-formed and e =
BoundaryErr (bo, o), then senders(by) = owners(vy) and furthermore by contains exactly one bound-
ary specification.

Proor. By complete monitoring (theorem 6.19) and the definition of —,- There is only one rule
that produces a boundary error. It blames a single boundary, and complete monitoring guarantees
that the component names (senders) and labels (owners) match. O

COROLLARY 6.21. Natural satisfies BS and BC
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6.6 Co-Natural and its Properties
6.6.1 Semantics, Type Soundness.

eDCe

unop{zo} vo > InvariantErr

if vy ¢ (G (€« (rx1)<{) v) and d(unop, vy) is undefined
unop{ry} vy > 6(unop,vo)

if 8(unop, vy) is defined

fst{zo} (G (€o«71+£1) Vo) b dynbo (fst{U} vy)
where 7, = fst(r1) and by = ({y« 24 41)

snd{7o} (G (Lo« 1< £1) vy > dyn by (snd{U} vy)
where 7, = snd () and by = (€y« 12 {1)

binop{to} vo v b InvariantErr
if 8(binop, vy, v1) is undefined

binop{ty} vo v; > 6(binop, vy, v1)
if 8(binop, vy, v1) is defined

app{ro} vo v > InvariantErr
ifog ¢ (A(x:7).e)U(Gbo)

app{ro} (A(xo : 71). €0) Vo B €olxo o]

app{ro} (G ((o«71<1) vo) v1 B> dyn by (app{ U} vy (stat by v1))
where by = (£« cod(t1)<£1) and by = (€1« dom (r1)«{y)

dyn ([04 T0<€1) Vo |>C G(€0<T0<€1) Vo

if shape-match (| 7o), vo) and vy € (v, v) U (Ax.e) U (G b v)
dyn (504 To 51) io DC io

if shape-match (|70, ip)
dyn (€o« 79 €1) v > BoundaryErr ((£o« 10+ (1), v0)

if =shape-match (| 70|, vo)

23
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€>C€

unop{ U} vy ». TagErr

if vy ¢ (G (€« (rx1)<{) v) and S(unop, vy) is undefined
unop{ U} vy > S(unop,vy)

if 8(unop, vy) is defined
fst{U} (G (Lo« o< {1) vy) > stat by (fst{r;} vp)

where 7; = fst(7g) and by = (fy< 1<)
snd{U} (G (Ly«T9<£1) Vg > stat by (snd{z1} v)
where 71 = snd(1p) and by = ({y<11<{1)

binop{ U} vy v ». TagErr
if 5(binop, vy, v1) is undefined

binop{ U} vy v > &(binop, vy, v1)
if 8(binop, vy, v1) is defined

app{U} vy v; ». TagErr
ifvg ¢ (Ax.e) U(G b v)

app{U} (Axo. €9) vo > eo[xo o]

app{ U} (G (o« 7o+ €1) vo) v1 P stat by (app{cod (7o)} vo (dyn by v1))
where by = (o« cod(19)«£1) and by = (€1« dom (1)« {y)

stat (£g«19<£1) Vg > G (Ly«1o<t1) Vg

if shape-match (| 7o), vo) and vy € (v, v) U (A(x : 7). ) U(G b v)
stat (€o«1o<{1) g > o

if shape-match (| o], io)
stat (€g« 1< 1) vy ». InvariantErr

if =shape-match (| 7o, vo)

e —>’é e | is the transitive, reflexive, compatible (with respect to evaluation contexts E, section 6.2)
closure of the relation U{>, ».}

holds for expressions that contain no subterms of the form (T bv), (tracebe), or

(G 7 v) where 7 is not a pair or function type.
C(eo) C(eo) C(eo)
C(xo) C(io) C(Err) C(Axo. €9) C(A(xo : 70)- €0) C(G (bo«(ro=11) (1) eo)

C(eo) C(eo) C(eo) C(eo)
C(G (Lo« (moxT1)<£1) €9) C(unop{™/a1} €o) C(dyn by ) C(stat by ey)
C(eo) C(er) C(eo) Cer)
C(app{"/a1} eo €1) C(binop{™/a1} e €1)
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THEOREM 6.22 (CO-NATURAL TYPE SOUNDNESS). Co-Natural satisfies TS (1)

Proor. By lemma 6.23, progress (lemma 6.24), and preservation (lemma 6.25). O
LEMMA 6.23. If ey : T/qy wf then C(ep).
Proor. Wrappers and trace expressions are not part of the surface language. O

LEMMA 6.24 (CO-NATURAL TYPE PROGRESS).
If - +1 Eoleo] : %/q1 and C(Ey[eg]) then one of the following holds:
e ¢y cvUErr
o Y/yyetand dey. eg > e

C
® T/eqy€ Uand Jey. e . e
Proor SKETCH. By unique decomposition (lemma 6.1) and case analysis. More details in appen-
dix: lemma A.4. O

LEmMMA 6.25. [Co-Natural type preservation]
If - k1 Eoleo] : T/ and C(Eo[eo]) and eg(>. U . )er then - by Eoler] : T/qy and C(Eo[e1]).

ProorF SKETCH. By case analysis of each reduction relation. More details in appendix: lemma A.5.

O
LEMMA 6.26.
e If C(Eo[eo]) then C(eo)
e If C(Eo[eo]) and C(e1) then C(Eo[e1])
Proor SKETCH. By induction on the structure of Ej. O
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1226 6.6.2 Lifted Semantics, Complete Monitoring, Blame.

22 ()t Do ()¢ | lifted version of De

1228
. 7 b
1229 (ynop{ry} (v0)") Do (InvariantErr)®
Ej? if vy ¢ (V)7 U (G (£«(rx1)<¢) v) and d(unop, vy) is undefined

- ¢ -
w2 (unop{zo} (v0)™) " b= (8(unop, vy))*
1233 if 8(unop, vy) is defined
1234 Zo ls 2053
s (fst{zo} (G (bo+m1+ 1) (v0)?) ") > (dyn by (fst{U} (v0)))
1236 where 1, = fst(ry) and by = (£p« 124 ¢1)
1237 7, 0 7t
13 (snd{ro} (G (L=< 1) (v9) ) ") P= (dyn by (snd{ U} (v9)))
1239 where 7, = snd(ry) and by = (€y« 12 {1)
1240 . 7 7. £o . ;
a1 (binop{ro} (vo)** (v1)"") Do (InvariantErr)®®
1242 ifvy ¢ (v)’ and vy ¢ (v)¢ and d(binop, vy, v1) is undefined

- - fO
o (binop{m} (w0)” (@) >e (8(binop,vg, v1)"
Lots if §(binop, vy, vy) is defined

- &

1246 (app{ro} (vo)® 1) Do (InvariantErr)®
1247 ifogp ¢ () UA(x:7).e)U(Gbo)
o iz to Lorev(Ty) Toto
1249 (app{zo} (A(xo : 71)- €)™ o) P= (eo[x0 — (wo)™™" 1))
1250

- 03
s (@p{R} (G (Goemiey) @)) " v1) o

1252 trevToyn & Tols
1253 ((dyn b() (app{ﬂ} Yo (Stat bl ((Ul)) ’ ! )) ))
1254 where by = (£« cod(11)<£1) and by = (€1« dom (11)<{y)

: N 7\
1255 (dyn (€o«mo<£1) (o)) DE (G (€g<10<£1) (v0)™°)

1236 if shape-match (| 7], vo) and vy € (v,v) U (Ax.e) U (G b v)
1257

s (Ayn (@eme ) (@)™ e (i)

1259 if shape-match (| o], io)

1260 7 2 7 2
e (dyn (boeto< ) (00)™) > (BoundaryErr ((fo+ 70+ 1), (v0)™))
1262 if ~shape-match (| 70, vo)

1263

1264

1265

1266

1267

1268

1269

1270

1271

1272

1273

1274
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() > (¢)" |lifted version of b,

(unop{11} (o))" > (TagEm)"
if vy ¢ (v) U (G (£« (rx7)<¢) v) and S(unop, vp) is undefined
- fo -
(unop{U} (o)) > (8(unop, v))"0 %
if §(unop, vy) is defined

= {3 =,
(UL (G (Coro£) @))) w (stat by (fst{ri} (@0)) """

where 7; = fst(7g) and by = (fy< 1<)

= {3 -
(snd{U} (G (boro=£2) (0)*)")  w (stat by (snd{ri} (00)) "

where 7; = snd(7y) and by = (€y«11<¢1)

(binop{ T} (00)" (v1)" >~ (TagErr)”
if vy ¢ (v)’ and v; ¢ (v)¢ and d(binop, vy, v1) is undefined

(binop{ U} (o)™ (v1)"
if 8(binop, vy, v1) is defined
(app{ U} (20)" 01)” > (TagEm)"
ifvg ¢ (Ax.e) U (G b )
(app{U} (Axp. e0) 1) = (eolxo — (1) ™)
- 03
(app{ U} (G (by=70+61) (@0)) * v1) >

= ¢, bobs
(stat by (app(r1} o (dyn by (01)"" @)

where by = (€« cod (19)«£1) and by = (€1« dom (7)< {y) and 7; = cod (1)
(stat (fg= 1o+ £1) (o)) b (G (L) (o))

if shape-match (| 7], vo) and vy € (v,v) U (A(x : 7).e) U(G b v)
(stat (£« 70+£1) (i)™

if shape-match (| o], io)
(stat (Ly< o< ty) ((UO))F2)€Z > (InvariantErr)®

if ~shape-match (|79, vo)

o
)

& . (4
) >~ (8(binop, vy, v1))"

Zolo

v

) . (i)

27
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28 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

THEOREM 6.27 (CO-NATURAL COMPLETE MONITORING). Co-Natural satisfies CM

Proor SKETCH. By preservation of single-owner consistency (i) for Do and > More details in
appendix: lemma A.6. O
LEMMA 6.28 (CO-NATURAL BLAME SOUNDNESS AND COMPLETENESS). If € is well-formed and

€ —> BoundaryErr (bo, o), then senders (b) = owners () and furthermore by contains exactly one
boundary specification.

Proor. By complete monitoring (theorem 6.27) and the definition of —>*C. There is one rule that
produces a boundary error; it blames a single boundary. Complete monitoring guarantees that the
component names and labels match. O

COROLLARY 6.29. Co-Natural satisfies BS and BC
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6.6.3 Relation to Natural.

v U
Vo S U2 U1 S U3 vy < G st (bo) v v1 $ G snd (o) vs
iy < o (vg, v1) < V2, v3) (vo, v1) S G by (v, v3)
e S e e S e Vg S U1
/1X(). ey < /1)(0. €1 A(XO : To). ey < A(XO : To). €1 G bo v S G bo U1
ese
e < € e1ses e < e e1ses
Xo S Xo (0, €1) < (€2, €3) app{’/u}t eo €1 < app{¥/u} ez €3
e S e € S e er s es e S e
unop{/u} ey < unop{%/i} e1 binop{/u} ey e1 < binop{™/u} e; es dyn by ey < dynb; e
e < e
stat by eg < stat b; e; InvariantErr < InvariantErr TagErr < TagErr
DivErr < DivErr BoundaryErr (by, vp) < e
E<E
Ey S E; er S es Vg S U2 E, < Es Ey S Ep er s es
(1] (Ey, e1) < (Ez,e3) (vo, E1) < (v2, E3) app{"/u} Eo e1 < app{"/u} E; es
() E S Es Ey < Eq
app{"/u} vo E1 < app{"/u} vz Es unop{?/u} Eo < unop{7/a;} E1
Ey S Ep e; S e vy S Uy E| S Es
binop{*/ui} Eo e1 < binop{*/a;} E; €3 binop{*/z1} vo E1 < binop{*/as} vz E3
b() <8 bl Ey < Eq b() <t b] Ey < Eq bO <8 b2 bl <8 b3 Ey < trace 54 E,
dyn by Ey < dyn by E; stat by Ey < stat by E; stat by (dyn by Ey) < trace bybsby E;

fst (Co<(moXT1)<€1) * + + (Cn< (T X Ty41)« Cni1)) = (bo< 04 €1) - - (Cn+ Tn)<Lns1)
snd:b—b
snd ((50‘ (TOXTl)‘ fl) T (Zn‘ (TnXTn+1)‘ €n+1)) = (50‘ Tl‘fl) < (CneTne1) < lns1)
G’ - :ibxv—v

ifog €

? _] Y
G by vo = { G by vy otherwise
G+b0"'bn’()0=’01 — Ulszo("'(Gbnvo)"')
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30 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

1422 THEOREM 6.30 (NATURAL CO-NATURAL ERROR PREORDER). N < C

1423 -

Lo ProoF. By lemma 6.32 and that ey < BoundaryErr (bq,v;) implies g € BoundaryErr (b,v). O
1425 THEOREM 6.31. C £ N

1426

. Proor. Let ¢, import an untyped pair into a typed context.

148 ep = dyn (€o«NatxNat«£;) (-2, 2)

1420 Natural raises a boundary error and Co-Natural computes a natural number. O
1430 LEMMmA 6.32.

1431

. o If ey < eyandeg -y € then Jes, ey such that e; —>’;\‘ es and e —>z eq and e3 < ey.

L3 o If eg < ez and e; — e3 then ey, eq such that es —% eq and ey —>L e;ande; S ey

1434 Proor SKETCH. For the most part, both move in lock-step. Natural takes additional steps when

1435 a pair reaches a boundary and Co-Natural simply creates a wrapper. Co-Natural takes additional
1436 steps (to catch up) when eliminating a wrapped pair. The < relation shows how unwrapped pairs

1437 match wrapped pairs in a controlled way. More details in appendix: lemma A.7. O
1438

1439
1440
1441
1442
1443
1444
1445
1446
1447
1448
1449
1450
1451
1452
1453
1454
1455
1456
1457
1458
1459
1460
1461
1462
1463
1464
1465
1466
1467
1468
1469
1470
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471 6.7 Forgetful and its Properties

1472 Unlike the paper, this forgetful semantics uses trace wrappers in the same way as the Amnesic
1473 semantics to satisfy (path-based) blame completeness.
1474

w75 6.7.1 Semantics, Type Soundness.

1476 |€Pp €

1477 unop{to} vo > InvariantErr

1478 if vy ¢ (G (€« (rXx1)<¢) v) and §(unop, vy) is undefined
1479 unop{to} vy > 8(unop, vo)

1480 if §(unop, vy) is defined

e fst{n} (G (brmial)ve) >y dynby (St{T} vp)
s where 1, = fst(r;) and by = (£p« 124 ¢1)

1484 snd{r} (G (€o« 11 1) vy > dyn by (snd{ U} vo)
1485 where 7, = snd (1) and by = ({y« 12« (1)

1486 binop{ro} vo v1 > InvariantErr

1487 if §(binop, vy, v1) is undefined

1488 binop{ro} vy v > 8(binop, vy, v1)

1489 if §(binop, vy, vy) is defined

1490 app{zo} vo v1 > InvariantErr

1491 ifvg & (A(x:7).e) UG ({l<«(t=1)<0)v)

EZj app{ro} (A(xo : 71). €0) Vo Pe eo[xo < vo]

wwos  app{to} (G (bo<t1<{1) vo) v1 B dyn by (app{U} vy (stat by vy))
1495 where by = (o« cod(11)<{1) and by = ({1« dom (11)<{£y)

1406 dyn (€y<10+ 1) Vo b G (b<t0l1) vo

1497 if shape-match (|.7o], vo)

1498 and vy € (T2 b (A(x : 7). €)) U (T2 b (v, 0)) U (T2 b (G (L« 7€) v))
1499 dyn (oo« 1) (T2 b o) B do

F
1500 if shape-match (| 7o, io)
1501

dyn (€o« < £1) g > BoundaryErr ((£o« 7o £1)bo, vo)

0 if =shape-match (| 70|, vo) and by = get-trace (vp)

1503
1504
1505
1506
1507
1508
1509
1510
1511
1512
1513
1514
1515
1516
1517
1518
1519
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32 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

e»Fe

unop{ U} vy ». TagErr
if v; = rem-trace(vy) and vy ¢ (G (£« (rx7)<{) v) and d(unop, v1) is undefined
unop{ U} vy ». add-trace(get-trace(vy), 6(unop, v1))

if v; = rem-trace(vy) and 8(unop, v;) is defined
fst{U} (T by (G (bp+79< 1) ) » traceby (stat by (fst{r;} vy))
where 7; = fst(7p) and by = (fy< 1<)
snd{ U} (T2 by (G (Co+To+ 1) vy))  » trace by (stat by (snd{r1} vp))
where 7; = snd () and by = (€y«11<¢1)
binop{ U} vy v ». TagErr
if v; = rem-trace(vy) and vs = rem-trace(v;) and 8(binop, vz, vs) is undefined

binop{ U} vo v, > S(binop, vz, v3)

if vy = rem-trace(vy) and v3 = rem-trace(v;) and §(binop, v,, v3) is defined
app{U} vy v4 > TagErr

ifvg & (Tob(Ax.e)) U (T> b (G (L« (t=>1)<f) v))
app{ U} (T2 by (Axo. €9)) vo > trace by (eo[xo —v1])

where v, = add-trace (rev (50), )

app{ U} (T by (G (Lo« 1o+ 1) Vo)) 01 > trace bo (stat by (app{r1} vo (dyn by v2)))
where 71 = cod(7p) and by = (£« 71« t1) and by = (£1«dom (1)« {p)
and v, = add-trace(rev(by), v1)

stat (€0< 7.'0<€1) Vo >F G(€0< 7.'0451) Vo
if shape-match (| 79|, vg) and vy € (A(x : 7). €) U (v, v)
stat by (G by (T by vy)) > trace (boybibo) vo

if by = (Lo« 19+ 1) and shape-match (| 1o], vo)

and vy € (Ax.e) U (0,0) U(Gb (AMx :7).e)) U(GD (v,v))
stat (504 Tp< 51) i >F i

if shape-match (|70, ip)

stat (£g«19<£1) Vg ». InvariantErr
if ~shape-match (|79, vo)
trace b_o Vo > U

where v; = add-trace (l;o, o)

e —>’; e | is the transitive, reflexive, compatible (with respect to evaluation contexts E, section 6.2)
closure of the relation J{>, ». }

holds for typed expressions with at most two guard wrappers and for untyped expressions
with at most one guard wrapper. More precisely:
True if - F1 €9 : 79 and - Frs €y : T
F(eg) =4 True if-+1ey: Uand - +pp ey : U
False otherwise
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Trpse:tT

(x0:10),To Frs eo : Ty

To Frs xo : T Iy Frs ng : Nat Io FFs ip @ Int Iy Frs A(X() : To).e() CTy=>T11
| N O ) Ihrrser:my Ih Frs e : 11 Ihrrs ey 1y Ihrrs e : 1
Io Frs (e, €1) : ToXTy Iy +rs unop{ro} ey : 7 T +rs binop{mo} e er : 7o
1"0 Frs €y : T4 =T ro Frs e1 1 1q FO FFD €9 : u
FO FFs app{ro} ey e1: T FO FFs dyn (504 T fl) [
Io Frs €o : Ty 71 <! 1 Lo krp (vo, v1) = U
Io krs e : 7o Io brs G (€o< (o X11)< 1) (00, 1) : ToXTy

ro FED AXO.CO U

Io Frs G (b« (o= 11)< 1) (Axp. €9) : 9= 11

Ty Frs (o, v1) : T2 XT3
ro FFs G(£04(T0XT1)< fl) (G (£2<(T2XT3)< €3) <U(),’U]>) T X1

ro FFs /1()(() : ‘L'4). €y :Tr =13
Io Frs G (bo<(t0=>11)< 1) (G (Lo« (12 = 13) l3) (A(X0 : 14). €0)) : (0 =>11) Io Frs Err: 1

(Xo:ﬂ),ro Frp €y @ U Torrpeg: U Torrp e : U

Iobrp x0: U ToFepip: U Iy FED AXO.CO U Io FrD <€0,€1> U
r()l-Fpe():‘Zl FOI-FDeO:‘Zl FOI-FDelz‘U
Iy Frp unop{U} ey : U Iy Frp binop{U}eye; : U
ro FFD € : u ro Fep et U FO FFrs €y : Ty
ro FED app{‘ll} €y €1 : u r() Frp stat (504 T0<€1) €p : u
Io Frs <‘()0,Z)1> LT X1y Io Frs A(XO : Tg).eo 1Ty =T
Iy Frp G (bo+(r0X11)< L) (v, v1) = U Lo +rp G (bo< (0= 11) 1) (Alxo @ 72). €0) = U

Io Fep vy = U Torrpeg: U

Io FFD Tl;ovos u To FFD tracel;oeoz u Io +pp Err: U
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34 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

THEOREM 6.33 (FORGETFUL TYPE SOUNDNESS). Forgetful satisfies TS(1)

Proor. By lemma 6.34, progress (lemma 6.35), and preservation (lemma 6.36). o
LEMMA 6.34. If ey : */qy Wi then F(e).

ProOF. Wrappers are not part of the surface language. O

LEMMA 6.35 (FORGETFUL TYPE PROGRESS). If - k1 Eoleo] : %/q; and F(Ey[ey]) then one of the
following holds:
e ¢y cvUErr
® T/qy€tand ey e > e
® "/qr€ Uand Je;. e . €
ProoF SKETCH. By unique decomposition (lemma 6.1) and case analysis. More details in appen-
dix: lemma A.14. O

LEMMA 6.36 (FORGETFUL TYPE PRESERVATION).
If - +1 Eoleo] : T/as and F(Eoeo]) and eo(>. U »)e; then - 1 Eqler] : T/qy and F(Eo[e:]).

ProOF SKETCH. By case analysis of each reduction relation. An interesting case is the »_ rule
that removes a guard wrapper; the rule preserves soundness because it unwraps an untyped value
in an untyped context. More details in appendix: lemma A.15. O

LEMMA 6.37.
e If F(Eo[eo]) then F(eo)
e If F(Eoleo]) and F(e1) then F(Eo[e;])

Proor SKETCH. By induction on the structure of Ey. O
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6.7.2 Lifted Semantics, Complete Monitoring, Blame.

(e)¢ D ()¢ |lifted version of D

P
(unop{ro} (o)%) > (InvariantErr)%
if vy ¢ (V)7 U (G (£«(rx1)<¢) v) and d(unop, vy) is undefined

AN
(unop{ro} (vo)™)
if 8(unop, vy) is defined

P
(fst{ro} (G (bo=ri£2) (0)*)") b (dyn by (Fst{U} (20)")
where 1, = fst(ry) and by = (£p« 124 ¢1)

P
(snd{zo} (G (bo<m1<£1) (00)2)") B (dyn by (snd{U} (v0)))
where 7, = snd(ry) and by = (€y« 12 £1)
(binop{ro} (v0)% (1)) > (InvariantErr)
ifvy ¢ (v)’ and vy ¢ (v)¢ and d(binop, vy, v1) is undefined

(binop{zo} (v0)™ (v1)"
if §(binop, vy, vy) is defined

> (8(unop, vp))*"

Tols

Tols

&
) > (8(binop, vy, o)’

(app{ro} ((vo))FO vl)fo > (InvariantErr)%
ifoo ¢ (@) UA(x:7).e)U(Gbo)
. Zo b Lorev(Zy) Toto
(app{zo} (A(xo : 71)- €)™ vo) DF (eo[x0 (o)) )

- 03
(app{m} (G (loi+61) (@0)*) " 1) o

- £ Zb£§
(dyn by (app{ U} vy (stat by (01)™ ) ")
where by = (£« cod(11)<£1) and by = (€1« dom (11)<{y)

(dyn (fg=m+ 1) (o)) oo (G G0+ r) (20))
if shape-match (| 7o), vo)
and vy € (T2 b (A(x : 7). €)) U (T2 b (0, 0)) U (T2 b (G (b« (1 = 1) £) v))
-7 &
(dyn (Lo= o< £1) (T2 bo @) > (i0)"
if shape-match (| o], io)

(dyn (€= 1) (20) ) > (BoundaryErr (o o+ ()P0, (20) ")

if =shape-match (| 79|, vo) and by = get-trace (vy)

35
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36 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

1716 | ()¢ > (e)” |lifted version of »,
1717

I (unop{U) (20)"

£ p
) > (TagErr)™

e if vy ¢ (v) U (G (£« (rx7)<¢) v) and S(unop, vy) is undefined
1720
£
1791 (unop{U} vy)™ >
1722 (add-trace (get-trace (vy), 5(unop, o))’
1723 if v; = rem-trace(vy) and 8(unop, v1) is defined
1724 _ Z 7 s _ 7, Zuls
25 (Fst{ U} (T2 by (G (Lo< 10+ £1) (o)) ") ) > (trace by ((stat by (fst{r1} v9)?) )
1726 where 7; = fst (1) and by = (€o«11<¢1)

1727

= 74 ts = Culs
5 (ond( ) (T2 (G (o< ) ))) ) v (trace B (stat by (snd{m} o))

1729 where 71 = snd(1y) and by = ({y«11<£1)

1730 - — ¢

v (binop{2} (@) (@) > (TagEr)"

1732 if v; = rem-trace(vy) and vs = rem-trace(v;) and 8(binop, vz, v3) is undefined
33 - = ¢

7 (binop{) (@) ()™ > 8(binop, vy, vs)

1735 if v; = rem-trace(vy) and vs = rem-trace(v;) and 8(binop, vz, vs) is defined

PN

T (app{ U} (20) " w1) > (TagErn)®

o if vy ¢ (T2 b (Ax. €)) U (T2 5 (G (€« (1 = 7)< €) v))

1739 - 70 & = 7.8

T (app () (T By (Ao e)) ' o0) > (tracel (eulxo — o))

1741 where v; = add-trace (rev(by), (vo)) 27" ((Vrev(t0))

1742 _ o7, 7, G

a3 (@pp{U} (T2 bo (G (Lo 70+ C1) (v0)™?) ) 1) >

1744 - o Ts Tyls

1745 (trace by ((stat by (app{z1} vo (dyn b1 v2))*) ")

1746 where 7; = cod(1p) and by = (<11« €1) and by = (€1« dom (7)< {y)

1747 and v, = add-trace (rev(by), (v1)**"¢" B

1748 (stat (£ox o= 1) v0)" > (G (lon<tr) )"

o if shape-match(| 0], vo) and vy € (A(x : 7). e) U ({0, )7

17;31 = 2.0 e - 7, b

L, (statby (G by (T2bav0) ™) ) > (trace (bobibz) (v0) 1%

1753 if by = (3«19« {4) and shape-match (| 1o], vo)

and vy € (Ax. e)’ U ((0,0))7 U (G b (A(x : 7). €))7 U (G b (v, )7

> L
TR (stat (forme ) (0)) > (00)"
s if shape-match (|70, ip)
1758 (stat (Lo« o< t1) ((vo))zz)f3 > (InvariantErr)®
1759 if ~shape-match (|70, vo)
1760 _ & p
1761 (trace by vp) > (v1)™°
1762 where v; = add-trace (by, vo)
1763
1764
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1765
1766
1767
1768
1769
1770
1771
1772
1773
1774
1775
1776
1777
1778
1779
1780
1781
1782
1783
1784
1785
1786
1787
1788
1789
1790
1791
1792
1793
1794
1795
1796
1797
1798
1799
1800
1801
1802
1803
1804
1805
1806
1807
1808
1809
1810
1811
1812
1813
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THEOREM 6.38 (FORGETFUL INCOMPLETE MONITORING). Forgetful does not satisfy CM

Proor. The stat rule that removes an outer guard breaks single-owner consistency. One way to
exercise this rule is to send an untyped function into typed code and back out again; on the way
out, the function loses a wrapper and gains an owner. O

THEOREM 6.39 (FORGETFUL BLAME SOUNDNESS AND COMPLETENESS). Forgetful satisfies BS and BC

ProorF SKETCH. By preservation of path-owner consistency (i) for > and > More details in
appendix: lemma A.16. O
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1814  6.7.3 Relation to Co-Natural.
1815 v

1816
1817 Uy S Uz V1 S U3 €o

A

€1

1818 io < T by io (vg, v1) < (v, v3) Axo. €9 S Axg. €1

A
s

iy
1819

A

1820 e < e by < by by < b vy S U1

Alxp : 19). €9 S Alxo : 19). €1 G by (G by vg) < T bybs vy

1821
1822
1823

a4 by < by by <t b3 vy S Thyvy by < by vy S U1

1825 G b (G b, UO) < T bzb354 U1 Gbyvy <Gb; vy

1826

1827
1828 e S e e S e3 e S e e S es
1829

550 X0 S Xo (eo e1) < (ea, e3) app{“/u} eo €1 < app{*/ui} ez €3
1831 .
e < € e < € er S es by <t by e < e
1832
533 unop{T/au} eo < unop{¥/y} e binop{%/¢;} eo e1 < binop{¥/ui} e2 €3 dyn by eg < dyn by e

1834 _
1835 by <: by e < e by < by by < b ey S traceby eq

1836 stat by ey < stat by e; stat by (dyn by e) < trace bybsby e
1837
1838

183 InvariantErr < InvariantErr TagErr < TagErr DivErr < DivErr

1840

1841 BoundaryErr (by, vo) < €
1842

1843
184 Ey S E; er S es Uy S U2 Ei < Es Ey S E, e1 < es

1845
[ (Eo, e1) S (Ez,e3) (vo, E1) < (va, E3) app{“/u} Eo e1 < app{"/u} E: e3

A

1846 []
1847

1848 v SV,  EiSEs Ey S Eq

1849 app{"/u} vo E1 < app{"/u} vz Es unop{"/a1} Eo < unop{"/y1} Ey
1850

1851 Ey S Ep e1 5 e3 U S V2 Ei S E3

1852 binop{T/¢;} Eo e1 < binop{T/q;} Ez e3 binop{™/¢;} vy E1 < binop{T/q;} v2 E3

1853

A

A

185 by < by Ey < Eq by <t by Ey < Eq by < by by < bs Ey < trace 1;4 Eq
1855

1556 dynbg Eg < dyn by Ey stat by Ey < stat by E; stat by (dyn by Ey) < trace bybsby E;

1857

1858
1859
1860
1861
1862
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1863 THEOREM 6.40 (CO-NATURAL FORGETFUL ERROR PREORDER). C < F
1864

L5 ProOF. By lemma 6.42 and that ey < BoundaryErr (b1,v1) implies ey € BoundaryErr (b,v). O

1866 THEOREM 6.41. F £ C

1867
568 Proor. If an untyped value travels to typed code and back again, Forgetful unwraps it but
1560 Co-Natural continues to enforce the type.

1870 Let:

L eo = stat by (dyn (€o«(Nat= Nat)«£;) (Axp. x0))

1872 e; = app{U} e (2,8)

1873 Then e; —>:_ (2,8) and ¢; —>’& BoundaryErr (.. .). O
17 LEMMA 6.42.

1875

76 e If e) < ez and eg — ey then Jes, eq such that e, —>’(‘: e3 and e, —>’; eqand e3 < ey.

- o Ifey Seyande €3 then Jeq, e4 such that e —>’; eq and e —>*C e;ande; < ey

1878 Proor SKETCH. Co-Natural may take extra steps at elimination forms, to unwrap several layers.

1879 Forgetful takes extra steps to combine boundaries in a trace wrapper. Otherwise, the two are
1880 in sync modulo extra guard wrappers on the Co-Natural side of the < relation More details in
1881 appendix: lemma A.17. O
1882
1883
1884
1885
1886
1887
1888
1889
1890
1891
1892
1893
1894
1895
1896
1897
1898
1899
1900
1901
1902
1903
1904
1905
1906
1907
1908
1909
1910
1911
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12 6.8 Transient and its Properties

913 6.8.1 Semantics, Type Soundness.

U e B >oe; ;B

1915

w16 Wos Ho; By > po; ({po > Wot U FHp); ({po > 0} U By)
1917 where p fresh in #, and B,

1918 (unop{to} vo); Ho; Bo > InvariantErr; #Hy; By

1919 if 5(unop, Hy(vy)) is undefined

920 (unop{ U} vo); Hy; By > TagErr; Ho; By

1921 if 8(unop, Hy(vy)) is undefined

" (unop{Tu) po): Ho: By vy (check{T/u} 8(unop. Ho(po)) po); Ho: Bo
o if 8(unop, Hy(po)) is defined

1025 (binop{ro} vov1); Ho; By ~ B InvariantErr; Ho; By
if 8(binop, vy, v1) is undefined

1926
1027 (binop{U} vy v1); Ho; By > TagErr; Ho; By

1928 if §(binop, vy, v1) is undefined

1920 (binop{T/q1} io ia); Ho; By >y S(binop, io, i1); Hos By
1930 if 8(binop, iy, i1) is defined

1931 (app{ro} vo v1); Ho; By > InvariantErr; Ho; By

1932 if Hy(vg) & (Ax.e) U (A(x: 7). e)

1932 (app{ U} vo v1); Ho; Bo > TagErr; Hy; By
T i (v € (Ax. ) U(Ax 7). 0)

105 (@pp{T/aut po vo); Hos By By (check{%/a} eo[xo «—vo] po); Ho; By

1037 if Hy(po) = A(xo : 70). €0 and shape-match (| 7o), Ho(vy))

1038 and B, = By[vy U rev(By(po))]

30 (@pp{¥/a} po vo); Hos By By BoundaryErr (By(vo) U rev(By(po)), vo); Hos By
1940 if Hy(po) = A(xo : 70). €9 and —shape-match (| 7], Ho(vo))

1941 where By = By[vy U rev(By(po))]

w2 (app{zo} po vo); Ho; By B (check{zo} eo[xo < o] po); Ho; By
1943 if %(po) = /13(0. €0

1944 and B; = By[vy U rev(By(po))]

1945 (app{U} po vo); Ho; Bo B (eolx0 vol); Ho; By

1946 if %(po) = /1)('0. €o

P (dyn (Loxto €1) o) Hos By By o3 Hos (Bolwo U {(Lo« o+ €1)}])

1945 if shape-match (|70, Ho(vo))

o (dyn (€o« o+ 1) vo); Ho; By > BoundaryErr ({(£o« 70« 1)}, v0); Hos Bo
. if =shape-match (| 7o), Ho(vp))

w52 (stat (Cosmo<€r) vo); Ho; By B vo; Hos (Bo[ve U {(Cot0+L1)}])

1953 if shape-match (|7 ], Ho(vo))

1954 (stat (€o« o< 1) vo); Ho; By > InvariantErr; Hy; By

1955 if =shape-match (| 7o), Hy(vo))

1956

1950

1957
1958
1959
1960
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1961
1962
1963
1964
1965
1966
1967
1968
1969
1970
1971
1972
1973
1974
1975
1976
1977
1978
1979
1980
1981
1982
1983
1984
1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997
1998
1999
2000
2001
2002
2003
2004
2005
2006
2007
2008
2009
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(check{U} vg po); Ho; By B vo; Ho; By
(check{zo} v po); Ho; Bo > vo; Hos (Bolvo U Bo(po)])
if shape-match (|79, Ho(vo))
(check{ro} v po); Ho; By > BoundaryErr (By(vg) U By(po), vo); Ho; By
if =shape-match (|7, Ho(vp))
‘ e;H, B —teH;B ‘is the compatible closure of the relation b. More precisely:
it e H; By By e Hh By
then Eleo]; Ho; By —71 Eler]; Hi; By

‘ e;H;B —ﬁ e;H;B ‘ is the transitive, reflexive closure of the relation —t
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2010
2011
2012
2013
2014
2015
2016
2017
2018
2019
2020
2021
2022
2023
2024
2025
2026
2027
2028
2029
2030
2031
2032
2033
2034
2035
2036
2037
2038
2039
2040
2041
2042
2043
2044
2045
2046
2047
2048
2049
2050
2051
2052
2053
2054
2055
2056
2057
2058
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THEOREM 6.43 (TRANSIENT UNSOUNDNESS). Transient does not satisfy TS(1)

Proor. Let ¢y = dyn ({p«(Nat= Nat)«{y) (Axp. —4).

e I ¢y : Nat= Nat in the surface language, but
® ¢y;0;0 —>_*r po; Ho; By, where Hy(po) = (Axg. —4)
and ¥ (Axg. —4) : Nat = Nat. ]

THEOREM 6.44 (TRANSIENT SHAPE SOUNDNESS). Transient satisfies TS(s)
Proor. By progress (lemma 6.45) and preservation (lemma 6.46). o

LEMMA 6.45 (TRANSIENT TYPE PROGRESS).
If To; - +s Eoleol; Ho; By : s U U then one of the following holds:
e ¢y cvUErr

o Jei, 1, Br. eo; Ho; By >y er; Ha; By

ProoF SKETCH. By unique decomposition (lemma 6.1) and case analysis. More details in appen-
dix: lemma A.24. O

LEMMA 6.46 (TRANSIENT TYPE PRESERVATION).
If To; - +s eo; Hos By = Tag and eo; Hos By > er; Hy; By then 371 Ty € Ty and Ty; - v eq; Hys By = Ty

Proor SKETCH. By case analysis of the reduction relation. The new heap typing 7; gains an
entry only when the value heap does; if #; = {py — wo} U Hy then T3 = {(po : s0)} U Ty, where s
is the shape of the pre-value (lemma 6.47). More details in appendix: lemma A.25. O

LEMMA 6.47 (TRANSIENT SHAPE INFERENCE).
If To; - +s Wos Ho; By : /gy then Fsg. To; - s Wos Ho; By : So.

Proor. By induction on the structure of the closed pre-value wy. Note that lambdas are a base
case, thus the induction does not need to consider type environments (T'). O
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2059 6.8.2 Lifted Semantics, Complete Monitoring, Blame.
2000 )t H; B, ODT(e)[; H;,B;0

2061
2062 (o)™ Hoy By O > (po)™; #3; By; Oy
2063 where pg fresh in #, and B, and O,
2064 and #H; = {po — wWo} U Hy and B; = {pg — 0} U By and O; = ({po - {€o}} U Op)
2065 = £
2066 (unop{zo} ((UO))ZO) 0; Hy; By; Oy > (InvariantErr)fﬂ; Ho; By; Oy
2067 if vy ¢ (v)’ and S(unop, Hy(vp)) is undefined

= L
22(22 (unop{ U} (v0)") s Ho: Bo: Oy Pz (TagErr)®; Hy; By; O
2070 if vy ¢ (v)’ and S(unop, Hy(vp)) is undefined

= L

I (unop{Tha} (o)) s Hos Bo: Oy >
2072 - £ _
2073 (check{7/z} (8(unop, Ho(po)))" po) + Ho: Bo: Colpo U To]

2074 if 8(unop, Hy(po)) is defined

- - g{]
7 (binop{ro} ()" (0)") s o Bos Oy > (InvariantErr)"; 26; By; Oy
2077 ifv ¢ (v) and vy ¢ (v)¢ and d(binop, vy, v1) is undefined

95 (binop(T) (o) (00)™)"s Hos B Oy v (TagEer)s 73 By O

ot if vy ¢ (v) and v; ¢ (v)" and §(binop, vy, vy) is undefined
- = £
2081 (binop{T/ru} ((io))&’ ((l-l))fl) s Hy; By; O l>T (5(binop, ip, il))KO; Hy; By; Oy
2082 if 5(binop, iy, i1) is defined
2083 7 14
wsa (@pp{mo} (vo)™ v1) s Ho: Bo; o Pz (InvariantErr)“; Ho; By; Op
2085 if vy ¢ (v)° and Hy(vo) ¢ (Ax.e) U (A(x : 7). €)
2086 Z b
o (app{U} (@) 1) s Hos By; Oy P (TagErn)’; Hy; By; O

2088 if vy ¢ ('U)Z and Hy(vo) ¢ (Ax.e) U (A(x : 7). e)
0 (app(Tar) (po) (@0)™) s H B; Oy

2090 _ I
(check{T/az} (eolxo — (o) @) o) - 6: By 0,

2092 if Hy(po) = A(xp : 79)- €9 and shape-match (| 1o, %(vg)) _ _
2093 where B; = By[vg U rev(By(po))] and O; = Oy[po U £olo][ve U £106(po) U Lorev(£y)]
2094 - - 0

ws (app{Tar) (po) (@0)™)"s #6: %; Oy

(BoundaryErr (By(06) U rev(Bo(po)). (o) -0 @) 34 3. 0,

2077 if Hy(po) = Alxo : o). €0 and vy ¢ (v)g and —shape-match (| 7], Ho(vo))
2098 - - -
yo00 where B; = By[vg U rev(By(po))] and Oy = Oy[po Y olol[vo U Op(po) U £1€orev({y)]

200 Gappim) (po) @)™ " 765 B 0y o

2101 _ )
(check{m} (eolixo — (@) @) py) s 75: s 0y
2103 if Ho(po) = Axo. e and vy ¢ (v)°

2104 where B; = By[vg U rev(Bo(po))]

2105 and O; = Oy[po Y Zofo][vo U O(po) Uflforev(zo)]

2106

2107
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2108
2109
2110
2111
2112
2113
2114
2115
2116
2117
2118
2119
2120
2121
2122
2123
2124
2125
2126
2127
2128
2129
2130
2131
2132
2133
2134
2135
2136
2137
2138
2139
2140
2141
2142
2143
2144
2145
2146
2147
2148
2149
2150
2151
2152
2153
2154
2155
2156
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Zo Zl 60 Zlé’grev({-”o) ZO
(app{U} (po)™ (wo)™*) ;s Ho; Bo; 0o > (eo[xo (o) 1)
if Ho(po) = Axo. €g _and vy & (v)g _ _
and Oy = Oy[po Y €otol[ve Y Op(po) U L1torev(€y)]
= 0 -
(dyn (Co=7o+£1) (©0)") 5 Hos Bos Oy B (v0)"% o3 By; O,
if shape-match (| 7o), Ho(vo))
where B, = By[vg U {(€o+10+£1)}] and O; = Oy[vy U Lol
= 0
(dyn (€o« 7o+ £1) (©0)™) "5 Ho; Bo; O Do

(BoundaryErr ({(£o« 1o« 1)}, ((vo))%))gz; Ho; Bo; O
if vy ¢ (v)! and —shape-match (| 7o), Ho(vo))

- [2 -
(stat (oo« £1) (©0)™) 5 Ho; Bo; O Do (00)"%; Hoy By; Oy
if shape-match (| o], Ho(vo))
where B; = By[vy U {(€o«10<£1)}] and Oy = Op[vg U Cols]
(stat (£« 19<t1) ((vo))F")fz; Hy; By; Oy P (InvariantErr)2; H; By; O,
if vy ¢ (v)¢ and —~shape-match (|10, Ho(vy))
(check{ T} vy py)“*; Hy; By; Oy P (o) Hos By; Op

> L -
(check{ro} (o) po) ; Ho; Bo; Oo > (vo)"*"; Hoy By; O
if vy ¢ (v)¢ and shape-match (| 7], Ho(vy)) ~
where B; = By[vy U By(po)] and O; = Oy[ve U Op(po) U €olo]

(CheCk{T()} ((’UO))FO po)go; %; $0; O() DT

(BoundaryErr (By(vn) U Bu(po). (0)7) s s B; O,
if vy ¢ (v)¢ and —shape-match (|10, Hy(vy))
where O; = Oy[vy U Op(po)]

o
s Ho; Bo; Or
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2157
2158
2159
2160
2161
2162
2163
2164
2165
2166
2167
2168
2169
2170
2171
2172
2173
2174
2175
2176
2177
2178
2179
2180
2181
2182
2183
2184
2185
2186
2187
2188
2189
2190
2191
2192
2193
2194
2195
2196
2197
2198
2199
2200
2201
2202
2203
2204
2205
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THEOREM 6.48 (TRANSIENT INCOMPLETE MONITORING). Transient does not satisfy CM

Proor. Whenever a pair or function crosses a boundary, Transient lets it across without adding
a guard wrapper. Thus, the value gains an additional ownership label. O

THEOREM 6.49 (TRANSIENT BLAME UNSOUNDNESS). Transient does not satisfy BS

Proor. Let component £, define a function f; and export it to components ¢; and ¢,. If component
¢, triggers a type mismatch, then component ¢; gets blamed even though there is no direct channel
from ¢; to €.

The following term expresses the scenario above, using a let-expression to abbreviate untyped
function application:

(let fo = (Axo. (x50, Xp)) in
let fi = (stat ({o«(Int=Int)«£1) (dyn (€1« (Int=Int)<£y) (fo)f")[]) in
stat (£p« Int<£;) (app{Int} (dyn (€2« (Int= Int)«{y) (ﬁ))fﬂ) 5)(}2)[0; 0;0;0
Reduction ends in a boundary error that blames all three components. O

THEOREM 6.50 (TRANSIENT BLAME INCOMPLETENESS). Transient does not satisfy BC.

Proor. The rule for untyped function application does not update the blame map. The following
term illustrates the problem by using an untyped identity function f; to coerce the type of another
function (f). After the coercion, an application leads to type mismatch.

(let fo = stat (£p« 19« €1) (dyn (€1« 19+ L2) (Axg. x0)) in
let fi = stat (£o« (g =11)<{3) (dyn (€3« (19 = 11)< €y) (Ax1.x7)) in
stat (£o«(IntxInt)«{s)
(app{IntxInt} (dyn ((s+i<£o) (app{ U} fi f0)™) 42)') 50500
Reduction ends in a boundary error that does not report the crucial labels £5 and ¢;. O
6.8.3 Relation to Forgetful.

THEOREM 6.51. F < T.

Proor. Indirectly, via T = A (theorem 6.59) and F < A (theorem 6.61). Both appear in the next
section. m]
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2206 6.9 Amnesic and its Properties

207 6.9.1 Semantics, Type Soundness.

2208
e Di\ e
2209

2910 unop{r} vy >, InvariantErr

_— ifvg ¢ (G (€« (rx1)<{) v) and d(unop, vy) is undefined
2912 unop{ry} vy > d(unop, vy)

2213 if 8(unop, vy) is defined

214 fst{ro} (G (Lo« 71+ (1) Vo) >, dyn by (fst{U} vy)
2215 where by = (£y«19<{1)

2216 snd{ro} (G (€o«11<¢1) Vg >, dyn by (snd{U} vo)
2217 where b() = (504 To< 51)

121218 binop{to} vo v >, InvariantErr

Z;z if 8(binop, vy, v1) is undefined

- binop{ty} vy v1 >, 8(binop, vy, v1)

- if 8(binop, vy, v1) is defined

9293 app{ro} vo v1 >, InvariantErr

2224 ifvg ¢ (Ax:7).e)U(G({<«(t=1)<0)v)

2225 app{ro} (A(xo : 71). €9) Vo B>, eo[x0 o]

2226 app{7o} (G (bo+ 71+ €1) vo) v1 >, dyn by (app{U} vy (stat by v1))
2227 where by = (£y«19<f1) and by = (£1«dom(11){y)
2228 dyn (€o« o< {1) g > G (Lo« o< {1) vy

zzz9 if shape-match (| o], vo)

Z;‘j and vy € (To b (A(x : 7). €)) U (T2 b (v, 0)) U (T2 b (G (<7< £) v))
s dyn (Lo<to<ty) (T2 by ip) >y o

2933 if shape-match (|70, ip)

2234 dyn (£y« 1o 1) v >, BoundaryErr ((€g+ 7o+ fl)l;o,vo)
2235 if =shape-match (| 79|, vo) and by = get-trace (vy)
2236

2237

2238

2239

2240

2241

2242

2243

2244

2245

2246

2247

2248

2249

2250

2251

2252

2253

2254
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2255
2256
2257
2258
2259
2260
2261
2262
2263
2264
2265
2266
2267
2268
2269
2270
2271
2272
2273
2274
2275
2276
2277
2278
2279
2280
2281
2282
2283
2284
2285
2286
2287
2288
2289
2290
2291
2292
2293
2294
2295
2296
2297
2298
2299
2300
2301
2302
2303
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unop{ U} vy >, Tagkrr
if v; = rem-trace(vy) and v ¢ G (€« (rX71)«{) v and d(unop, vy) is undefined
unop{ U} vy », add-trace(get-trace(vo), 6(unop,v1))
if v; = rem-trace(vy) and 8(unop, v;) is defined
fst{ U} (T by (G (bp+7o<t1) )  », traceby (stat by (fst{r;} vp))
where 7; = fst(7p) and by = (fy« 1<)
snd{ U} (T2 by (G (LoTo+€1) vy))  ®, traceby (stat by (snd{r1} vy))
where 7; = snd () and by = (€y«11<¢1)
binop{ U} vy v >, Tagkrr
if v; = rem-trace(vy) and vs = rem-trace(v;) and 8(binop, vz, vs) is undefined

binop{ U} vo v, >, O(binop, vz, v3)

if vy = rem-trace(vy) and v3 = rem-trace(v;) and §(binop, vy, v3) is defined
app{U} vy v4 >, TagErr

ifvg & (Tob(Ax.e)) U (T> b (G (L« (t=>1)<f) v))
app{ U} (T2 by (Axo. €9)) vo >, trace b (eo[xo —v1])

where v, = add-trace (rev (50), )

app{U} (T> bo (G (o= 7o« 1) Vo)) 01 », trace by (stat by (app{z2} vo (dyn by v2)))
where 7, = cod(7p) and by = (£« 72« t1) and by = (£1«dom (1)« {p)
and v, = add-trace(rev(by), v1)

stat (€0< 7.'()4{1) Vo >A G([(r T0<€1) Vo
if shape-match (| 79|, vg) and vy € (A(x : 7). €) U (v, v)
stat by (G by (T by vy)) >, trace (bobibo) v

if by = (Lo« 19+ 1) and shape-match (| 1o], vo)
and vy € (Ax.e) U (0,0) U(Gb (AMx :7).e)) U(GD (v,v))

stat (o« 19« {1) io > o
if shape-match (| 7o), i) and by = (£o« 9« {1)

stat (£g«19<£1) Vg », InvariantErr
if ~shape-match (|79, vo)

trace b_o Vo > U1

where v; = add-trace (l;o, o)

e —>’/: e | is the transitive, reflexive, compatible (with respect to evaluation contexts E, section 6.2)
closure of the relation U{>,,», }

- o
holds for typed expressions with at most two guard wrappers and for untyped expressions
with at most one guard wrapper.
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THEOREM 6.52 (AMNESIC TYPE SOUNDNESS). Amnesic satisfies TS(1)

Proor. By lemma 6.53, progress (lemma 6.54), and preservation (lemma 6.55). o
LEMMA 6.53. If ey : /¢y wf then A(ep).

ProOF. Wrappers are not part of the surface language. O

LEMMA 6.54 (AMNESIC TYPE PROGRESS). If - 1 Eoleo] : T/q; and A(Ey[eg]) then one of the following
holds:
e ¢y cvUErr
o T/qy€ T and ey e >, €
® "/qy € Uand Je;. e9 », €
ProoF SKETCH. By unique decomposition (lemma 6.1) and case analysis. More details in appen-
dix: lemma A.26. O

LEMMA 6.55 (AMNESIC TYPE PRESERVATION).
If - +1 Eoleo] : T/a and A(Eo[eo]) and eo(>, U », )es then - +1 Eoler] : T/a and A(Eo[e1]).

Proor SKETCH. By case analysis of each reduction relation. More details in appendix: lemma A.27.

O
LEMMA 6.56.
o If ABoleo]) then Aleo)
e If A(Eo[eo]) and A(e) then A(Eo[e1])
ProOOF SKETCH. By lemma 6.37. O
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6.9.2 Lifted Semantics, Complete Monitoring, Blame.

(e)¢ D ()’ | lifted version of >

(unop(} (e0)™)" b (InvariantErr)®
if vy ¢ (V)7 U (G (£«(rx1)<¢) v) and d(unop, vy) is undefined
(unop(xo} (o))" b (8(unop, 00))

if 8(unop, vy) is defined

- [3
(fst{ro} (G (Lo« 11<£1) (00)2)") B (dyn by (fst{T1} (v0)™))
where by = (£y«19<{1)

P

(snd{zo} (G (bo<m1<£1) (00)2)") >~ (dyn by (snd{U} (v0)))
where b() = (504 To< 51)

(binop{ro} (v0)% (1)) > (InvariantErr)""
ifvy ¢ (v)’ and vy ¢ (v)¢ and d(binop, vy, v1) is undefined

(binop{zo} (v0)™ (v1)"
if §(binop, vy, vy) is defined

Tols

Tots

)f" D (8(binop, vy, 1))

(@pp{no} (@) )" b (InvariantErn)
ifoo ¢ (@) UA(x:7).e)U(Gbo)
. 7 b Lorev(Zo) lto
(app{mo} (A(xo : 71). 0)™® vp) DK (eo[x0 < (v0) 1))

- 03
(app{m} (G (Lo ri+61) (@0)*) " 01) o

- £ Zb£§
(dyn by (app{U} vy (stat by (v1)" ) ")
where by = (€y« 19« 1) and by = ({1« dom (t1)<{y)

(dyn (fgm+ 1) (o)) o (G (Gt ) () )
if shape-match (| 7o), vo)
and vy € (T2 b (A(x : 7). €)) U (T2 b (0, 0)) U (T2 b (G (b« (1 = 1) £) v))
-7 &
(dyn (Lo= o< £1) (T2 bo @) b (i0)
if shape-match (| o], io)

(dyn (6= 1) () ) b (BoundaryErr (6o« £ (20)™)

if ~shape-match (| 79|, vo) and by = get-trace (vy)

49
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24021 (e)” w (e)" |lifted version of »,
2403 A

50 (unmop{U) (20)"

£ P
) > (TagErr)™

2403 if vy ¢ (v) U (G (£« (rx7)<¢) v) and S(unop, vy) is undefined
2406
¢
0407 (unop{U} vy)™ >
2408 (add-trace (get-trace (vy), 5(unop, o))’
2409 if v; = rem-trace(vy) and 8(unop, v1) is defined
2410 _ Z 7, & _ 7, 7.ts
2 (Ft{UY (T2 bo (G (Lo=To+£1) (v)?) ") ) > (trace bo (stat by (fst{r:} v0)™) *)
2412 where 7; = fst (1) and by = (€o«11<¢1)
2413

= 74 s = lyls
i (ond( ) (T2 (G (e mae ) ))) ) v (e (stat by (snd{er) o)) )

2415 where 71 = snd(1p) and by = (Lo« 11<£1)

2416 _ _ .
sr (binop{ U} (20)™ (@)™ > (TagErn)"
2418 if v; = rem-trace(vy) and vs = rem-trace(v;) and 8(binop, vz, v3) is undefined
7 = ¢
o (binop{a1) (@) (@) v S(binop,vs, )
21 if v; = rem-trace(vy) and vs = rem-trace(v;) and 8(binop, vz, vs) is defined
. PN
2 (app{U) (v0)” v1) | > (TagErm)"
» if vy & (T2 b (Ax. €)) U (T2 b (G (€«(r=1)<£) v))
2425 - 70 & = 7. Dtz
. (app{ U} (T2 bo (Axo- €0)™) o) > (trace by (eo[xo —v1])™)
9497 where v; = add-trace(rev (Eo), ((vo))fzre"(fl)re"([‘)))
2428 _ B 7, G
2a20 @pp{UY (T2 bo (G (Lo 10+ L1) (v0)?*) ) v1) >
2430 - o Ts Tyls
ba31 (trace by (stat by (app{r1} v (dyn by v2))*%) )
2432 where 7; = cod(1p) and by = (<11« €1) and by = (€1« dom (7)< {y)
2433 and v, = add-trace (rev(by), (v1) 7" )
234 (stat (€g«To€1) V9)™ >~ (G (o<« 1) )"
o if shape-match (| 7o, vo) and vy € (A(x : 7). €)7 U (0, 0))’
24:57 - 7, 0 e - 77 0.0
e (Statbo (G by (T2b2v0) ") ) > (trace (bobibz) (o))
2439 if by = (3«19« {4) and shape-match (| 1o], vo)

and vy € (Ax. e)’ U ((0,0))7 U (G b (A(x : 7). €))7 U (G b (v, )7

. > L

M (stat (forme ) (0)) > ()"

pats if shape-match (|70, ip)

2444 (stat (Lo« o< t1) ((vo))zz)f3 > (InvariantErr)®
2445 if ~shape-match (|70, vo)

2446 _ & P

e (trace by vp) > (v1)*°

2448 where v; = add-trace (by, vo)

2449

2450
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THEOREM 6.57 (AMNESIC INCOMPLETE MONITORING). Amnesic does not satisfy CM

Proor. When an untyped function crosses two boundaries, it loses a guard wrapper at the
second boundary and gains a second ownership label.
PR
(stat (Lp«(ro=>71) 1) (dyn (€1+(to=>11)<L2) (Axo. x0)?) ") ¢
¢, to
=, (stat (Lo« (9 =11)< 1) (G (L1 (9 = 11)+ 62) (A%0. %0)?) ')

A
[2Y4%4)

-, (trace (lo« (ro= 1)« L1)(L1+ (10 = 11) £2) (Axo. x0)™)

m}
THEOREM 6.58 (AMNESIC BLAME SOUNDNESS AND COMPLETENESS). Amnesic satisfies BS and BC

ProoF SKETCH. By preservation of path-owner consistency (i) for Do and > More details in
appendix: lemma A.28. O
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6.9.3 Relation to Transient.

vy = v1; Hy; By vo = Ho(po); Ho; By
trace by vy = v1; Ho; By vy = po; Ho; By io = io; Ho; Bo T by ig = io; Ho; Bo

Uy ~ Uz;%; By (% e 03;%; By Uy ~ Uz;%; By (% 03;%; By

T, [;0 (vo, v1) = (v2, v3); Hy; By T, 50 (G by (T 51 (vo,v1))) = (2, v3); Ho; By

vy = vg; Ho; Bo v1 = v3; Hy; Bo eo = e1; Ho; By
G by (T2 by (G by (v, v1))) = (va, v3); Ho; By Ty by (Axo. €9) = Axo. e1; Ho: By
eo ~ e1; Hy; By eo ~ e1; Hy; By
G by (T» by (Axo- €9)) = Axo. e1; Ho; By T2 bo (A(xo : 70). €0) = A(xo : 70)- e1; Ho; By
€ ~ 61;%;%

T2 bo (G by (A(xo : 70). €0)) = Alxo : 7). €15 Ho; By

eo ~ eq; Hy; By

G by (T2 by (G by (A(xo = 70)- €))) = Axo : 70)- €15 Hos By xo =~ xo; Ho; By
eo ~ e; Hy; By e ~ es; Hy; By eo ~ eg; Hy; By er ~ es; Hy; By
(eg, e1) = ez, e3); Ho; By app{%/ai} eo e1 = app{7/a} ez es; Ho; By
eo ~ e1; Ho; By eo = ez; Ho; By e1 = es; Hy; By
unop{*/e1} eo = unop{*/ui} e1; Ho; Bo binop{*/¢1} eo e1 = binop{¥/q;} ez es; Ho; By
eo ~ e1; Hy; By eo ~ ey; Hy; By
dyn by ey = dyn by e1; Hy; By stat by ey = stat by e;; Hy; By
eo ~ ey; Hy; By eo ~ e1; Hy; By
dyn (€y«10<£€1) €9 = check{z} e1 po; Ho; Bo stat (€« 10« €1) €9 = check{U} e; po; Ho; By
T <1 eo =~ e1; Ho; By

dyn (€y« 19« £€y) (stat (€2«11<83) €g) = check{ro} €1 po; Ho; Bo

eo ~ ey; Hy; By
check{%/¢;} ey ® = check{%/¢;} €1 po; Ho; Bo InvariantErr = InvariantErr; Hy; By

TagErr = TagErr; Hy; By DivErr = DivErr; Hy; By

vy = vy; Hy; By
BoundaryErr (by, vy) = BoundaryErr (by, v1); Ho; By

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: November 2022.



2549
2550
2551
2552
2553
2554
2555
2556
2557
2558
2559
2560
2561
2562
2563
2564
2565
2566
2567
2568
2569
2570
2571
2572
2573
2574
2575
2576
2577
2578
2579
2580
2581
2582
2583
2584
2585
2586
2587
2588
2589
2590
2591
2592
2593
2594
2595
2596
2597

Typed-Untyped Interactions: A Comparative Analysis (Supplementary Material) 53

E=<E H;B

Ey = E1; Hy; By Ey = Ez; Ho; By e1 ~ es; Ho; By
trace by Eg = Eq; Hy; By [1~[];Ho; By (Eo, e1) = (Ez, e3); Ho; By
vy = vg; Ho; Bo E\ = Es; Hy; By Ey = Eg; Hy; By e1 =~ es; Ho; By
(vo, E1) = (va, Es); Ho; By app{%/a1} Eo e1 = app{*/u} Ez es; Ho; By
vy = Uy; Hy; By Ey = Es; Hy; By Eq = Ey; Hy; By
app{"/u} vo Ex = app{"/u} v2 E3; Ho; By unop{*/qi} Eo = unop{"/¢;} E1; Ho; By
Eq = Ey; Hy; By ey ~ es; Hy; By v ~ vy Hos By Ey = Es; Hy: By
binop{"/¢1} Eo ey = binop{7/¢1} Ez e3; Ho; By binop{7/q;} vo Ex = binop{"/qi} v E3; Ho; By
Ey = E1; Hy; By Ey = Ey; Hy; By
dyn by Ey = dyn by Eq; Ho; By stat by E, = stat by E1; Hy; By
Ey¢statbE  Ey = Ey; Hy; By Ey = Ey; Ho; By
dyn (€0< To< 51) E() ~ CheCk{To}El p(); %; % stat (€0< To< 51) E() ~ check{‘ll} E1 p(); %; $0

71 ' 1) Ey = E1§%§ By
dyn (£o« o< €1) (stat (€2« 71+ L3) Eg) = check{zo} E1 po; Ho; Bo

Ey = Ey; %; By
check{7/¢} Eq ® = check{"/21} E1 po; Ho; By
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THEOREM 6.59 (TRANSIENT AMNESIC ERROR EQUIVALENCE). T =~ A
Proor. By lemma 6.60. o

LEMMA 6.60. If ey ~ 61;%; %0 then:

e if ey —, ez thene; —>: es and eq; Hy; By —>f‘r eq; Hy; By and es = ey; Hy; By

o if er; Ho; By > €33 Hi3 By then eg —) ey and e; = es; Hy; By

PROOF SKETCH. Amnesic may take extra steps at an elimination form and to combine traces into
one wrapper. Transient takes extra steps to place pre-values on the heap and to conservatively
check the result of elimination forms. The extra checks in Transient are problematic, however,
because they may appear alongside any expression on the Amnesic side. A direct simulation would
be messy; thus the = relations above assume a variant of Amnesic that inserts check expressions
after the application of an unwrapped function. Type preservation guarantees that such checks
never fail. More details in appendix: lemma A.29. O
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6.9.4 Relation to Forgetful.

v U
() e < e e < e
iy S ip (vo,v1) < (v3,03) Axo. €9 S Axo. €1 Alxo = 70). €9 S A(xo 2 70). €1
b() b1 V9 S U1 b() < bl Vo S U1 b() <t b] Tbo Vo < Tbl (%1
GboUoSGb]Ul Tb()vo Tbl’l)l Tbobovo Tbb101
ese
e < e er S e e < e er < e
Xo S Xo (eo €1) < (ea, e3) app{“/u} eo €1 < app{*/ui} ez e
e < e e S e ey ses by <t by e < e
unop{%/y} eo S unop{a;} e1 binop{*/;} e e1 S binop{*/ui} ez e3 dyn by ey < dyn by e
by <t by e S eq by <t by e S e by < by trace by ey < traceb; e
stat by ey < stat by e; trace by ey < trace by e; trace boby €y < trace byb; e
TagErr < TagErr DivErr < DivErr BoundaryErr (by, vo) < e;
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2696 E

2697
2698 Ey S Ep e; S es vy S Uy E; S E3

2699 [1<5T] (Eo, e1) < (Ea,e3) (vo, E1) < (v2, E3)
2700

2701 Ey S E, e1 S e vy S Vo E, < Es3
2702

app{%/u} Eo e1 < app{"/u1} Ez e3 app{%/u} vo E1 < app{"/u} vz Es

A
t

2703

2704
Ey < Ey Ey S E,y e1 S e3
2705

2706 unop{/u} Ey < unop{%/qi} E1 binop{%/ui} Eo e1 < binop{%/¢1} Ez e3
2707
2708 Uy S Vg E; S E3 by <t by Ey < Ey by <t by Ey S E;

2709 binop{%/¢1} vo E1 < binop{¥/¢} vz E3 dyn by Ey < dyn by E; stat by Ey < stat by Eq

2710

27 by < by Ey < E4 by < by trace by Ey < traceb; E;
2712

1 trace by Ey < trace by E; trace boby Ey < trace byb; E;

2714
2715
2716
2717
2718
2719
2720
2721
2722
2723
2724
2725
2726
2727
2728
2729
2730
2731
2732
2733
2734
2735
2736
2737
2738
2739
2740
2741
2742
2743
2744
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THEOREM 6.61 (FORGETFUL AMNESIC ERROR PREORDER). F < A

Proor SKETCH. By showing that e < e is a lock-step bisimulation. More details in appen-
dix: lemma A.36. m}

THEOREM 6.62. A £ F

Proor. Forgetful checks the types that come from boundaries, but Amnesic checks local annota-
tions. The annotations may be supertypes of the boundary types.

eo = fst{Int} (dyn ({o«(NatxNat)«{;) (—4,4))
Since —4 is an integer, Amnesic reduces to a value. Forgetful detects an error. O
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2794 6.10 Erasure and its Properties
219 6.10.1 Semantics, Type Soundness.
2796
e e
2708 unop{r} vy > BoundaryErr (0, v)
if 5(unop, vy) is undefined

2799
2800 unop{ U} vy > TagErr

2801 if 8(unop, vy) is undefined

2802 unop{%/y} vo > &(unop,vg)

2803 if 8(unop, vy) is defined

2804 binop{to} vo v; > BoundaryErr (0, v)
2805 if 8(binop, vy, v1) is undefined and v, ¢ i

12806 binop{to} vo v > BoundaryErr(0,v;)
j:gz if 8(binop, vy, v1) is undefined and vy € i and v; ¢ i
2500 binop{ U} vo v, > TagErr

2510 if 8(binop, vy, v1) is undefined

2811 binop{*/a1} vo v1 > (binop, vo, v1)

2812 if 8(binop, vy, v1) is defined

2813 app{ro} vo v1 > BoundaryErr (0, v)
2814 ifog ¢ (Ax.e)U(A(x: 7). e

815 app{U} vy vy > TagErr

2816 ifvg ¢ (Ax.e)U(A(x: 7). e

S app{Ta} (o < ). e) 00 B eolxo o]

2819 app{%/a} (Axo. €0) vo B €o [x0 < o]

2820 dyn (£o< 9« €1) vo B Vo

2821 stat (f()< To< 51) Vo I>E Vo

ozl —)’é e | is the transitive, reflexive, compatible (with respect to evaluation contexts E, section 6.2)
2823 closure of the relation >,

2824

2825

2826

2827

2828

2829

2830

2831

2832

2833

2834

2835

2836

2837

2838

2839

2840

2841

2842
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THEOREM 6.63 (ERASURE UNSOUNDNESS). Erasure satisfies neither TS(1) nor TS(s)

Proor. Dynamic-to-static boundaries are unsound. A function, for example, can enter a typed
context that expects an integer:

dyn(€o<lnt<€1)(lxo.42) DE (AXO.42)

THEOREM 6.64 (ERASURE DYN SOUNDNESS). Erasure satisfies TS(0)
Proor. By progress (lemma 6.65) and preservation (lemma 6.66). O

LEMMA 6.65 (ERASURE TYPE PROGRESS). If - ko Eoleo] : U then one of the following holds:
e ¢y cvUErr
e deq. g B e

ProoF SKETCH. By unique decomposition (lemma 6.1) and case analysis. More details in appen-
dix: lemma A.43. O

LEMMA 6.66 (ERASURE TYPE PRESERVATION).
If “roep: Uande > € then - ¢ e : U.

ProoF SKETCH. By case analysis of the reduction relation. More details in appendix: lemma A.44.
m]
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6.10.2  Lifted Semantics, Complete Monitoring, Blame.

¢ ¢y .
(e) I>E(e) lifted version of >

- [0 7 [0
(unop{z} (o)) > (BoundaryErr (0, (20)™)
if v ¢ (v) and S§(unop, vy) is undefined
= £
(unop{ U} (v0)") " > (TagErn)
ifvy ¢ (v)° and S(unop, vy) is undefined
= £ -
(unop{*/us} (o)) b= (8(unop, vp)) 0
if 8(unop, vy) is defined

(binop{ro} (o) (1)) b (BoundaryErr (0, v))"

if vy ¢ (v)’ and v; ¢ (v)" and d(binop, vy, v1) is undefined and vy ¢ i

- = £
(binop{zo} (v0)" (v1)") b (BoundaryErr (0,0))"
if vy ¢ (v)¢ and v; ¢ (v)¢ and d(binop, vy, v1) is undefined and vy € i and vy ¢ i
- = £
(binop{U} (vo)" (v1)") > (TagErr)“®
if v ¢ (v) and v; ¢ (v) and d(binop, vy, v1) is undefined

(binop{T/ar} (o)™ (01)"
if §(binop, vy, vy) is defined

o . £
)" e (8(binop, v, 1)

(app o} (@) )" > (BoundaryErr (0, (00)")
ifog ¢ (v) U (Ax.e) U (AM(x : 7). e)

(app{ ) ()" 0" - (TagErm)®
ifvy ¢ () U(Ax.e) U (A(x : 7). €)

T . AN Corev(Zy) o
(app{"/u} (Axo : 7). €0)™* vo) -~ = ((eolxo = (wo) ]))_
@b (T} G- ) 00)" by (el (o) @
(dyn (£o« o< 1) Vo)™ > ()"

(stat (Co 7o+ £1) )™ P ()"
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THEOREM 6.67 (ERASURE INCOMPLETE MONITORING). Erasure does not satisfy CM
Proor. The evaluation of a boundary term adds a new owner, breaking single-owner consistency.
¢
For example, (dyn (£o«(Int= Nat)« ;) (Axo. x0)1)" DE((/lxo. x)“0. O
THEOREM 6.68 (ERASURE BLAME SOUNDNESS). Erasure satisfies BS

Proor. By inspection, the only Erasure rules that raise a boundary error blame the empty set.
An empty set is trivially blame sound. O

THEOREM 6.69 (ERASURE BLAME INCOMPLETENESS). Erasure does not satisfy BC

Proor. The empty set is trivially incomplete, because every value has at least one label for its
context. O
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2990  6.10.3 Relation to Amnesic.
2991 vV
2992

2993 Vg S U2 e < e e S e

0
2994 iy S i (vo,v1) < (v3,03) Axo. €9 S Axg. e Axo = 10). €0 S Axg : 10). €1

2995

2996 Vo < U1 o < U1

2997 =
2008 G by vy < 1 Tbyvy < v1

A
(Y

2999 €
3000

< < < <
3001 € S € 1563 € S € €15 63

3002 Xo S Xo (eg, e1) < (e, e3) app{“/u} eo e1 < app{“/u} ez €3
3003

3004 e S e € S e er s e3 e S e

305 yunop{T/as} eo < unop{%y} e binop{¥/q;} ey e1 < binop{Ty} e; e3 dyn by ey < dynby e
3006

3007

e S e e S e e < e e S e

A

3008

3009 stat by ey < stat by e; dynby ey < g stat by eg < e trace by ey < €1

3010

o1 TagErr < TagErr DivErr < DivErr BoundaryErr (by, vp) < €
3012

3013

3014 TagErr < BoundaryErr (by, vp)

305 |E<E
3016
3017 Ey S E; e; s e3 Uy S U2 Ei < Es Ey S E, er Ses

018 [15(] (Eo, e1) S (Ea,e3) (vo, E1) < (v2, E3) app{“/u} Eo e1 < app{"/u} E: e3
3019

3020 V) S Uy E1 < E3 EO El
3021

app{™/u} vo E1 < app{%/u} v2 Es unop{%/a1} Eo < unop{/q;} E

N

3022
3023
3024 EO < EZ e; Ses Vo S U2 E1 < E3

3025 binop{*/u} Eo e1 < binop{%/¢;} Ez e3 binop{%/i} vo E1 S binop{%/¢;} vz E3
3026

A

A

3027 Ey < E; Ey < E; Ey S E;

<E
3028 dyn b() Eo < dyn b() E1 stat b() E() < stat b() E1 trace l;() E() < E1

3029

3030
3031
3032
3033
3034
3035
3036
3037
3038
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3039 THEOREM 6.70 (AMNESIC ERASURE ERROR PREORDER). A < E
3040

“ou1 ProoF. By lemma 6.72 and that ey < BoundaryErr (b1,v1) implies ey € BoundaryErr (b,v). O

3042 THEOREM 6.71. E £ A

3043 ) : .
sou Proor. Because Amnesic enforces types at boundaries. For example, dyn (£« Nat<{;) —1 raises
s @ boundary error in Amnesic and computes a negative number in Erasure. O
3046 LEMMA 6.72.

3047 There is a stuttering simulation between Amnesic and Erasure. More precisely, the following two results
3048 hold:

3049 o If ¢

3050 ° lf‘eo
3051

3052 Proor SKETCH. Amnesic takes extra steps to unwrap at elimination forms and to combine traces
3053 into a single wrapper. More details in appendix: lemma A.45. O

e, and ey —, e; then Jes, eq such that e; —* ez and ey —_ ey and e3 < ey.

<
~ A A E
< ey and ey - 6 then Je; and e, —>j; e;ande; < ey

3054
3055
3056
3057
3058
3059
3060
3061
3062
3063
3064
3065
3066
3067
3068
3069
3070
3071
3072
3073
3074
3075
3076
3077
3078
3079
3080
3081
3082
3083
3084
3085
3086
3087
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308 A PROOFS
308 A1 Natural

jzz(l) LEMMA A.1 (NATURAL TYPE PROGRESS). If - 1 Eg[eg] : P/¢; and N(Eo[eo]) then one of the following
2000 holds:

3093 e ¢y cvUErr

3094 o Ty € Tand ey e >y €

3095 ® T/ey€ Uand Jey. eg »y 1

3096

2007 ProorF. By unique decomposition (lemma 6.1) and case analysis:
3098 Case: - ¢ ng : Nat

3099 Immediate.

3100 Case: - +1 iy : Int

3101 Immediate.

3102 Case: -+ A(xp 1 1p). €1 1 To=11

3103 Immediate.

3104 Case: - 1 (v, V1) : ToXTq

3105 Immediate.

3106 Case: -+ unop{zo} vo : 7o

3107 - By S8(unop,vy) if defined

3108 - > Errotherwise

3109 Case: - 1 binop{ro} vov1 : 9

3110 - By 6(binop, vy, vy ) if defined

3111 - >y Err otherwise

3112 Case: - 1 app{7o} vy v1 : Tp

3113 - By efxo 0]

3114 if vg = A1y @ x0). €1

3115 - Dy dyn (bo«1+ 1) (app{ U} v; (stat (1114 4y) 1))
3116 if vy = G (Co«(r1=10)< 1) U2

3117 - > Err otherwise

3118 Case: -+ dyn (£o«19< 1) vg : To

3119 - I>N G(€0<T0<€1) Vo

3120 if 70 € 7= 7 and shape-match (| 7], vo)
3121 - Dy {(dyn (bo«1<£1) v1), (dyn (bo« T2« £1) v2))
3122 if g = 7y X1 and vy = (v, V)

3123 - By Yo

3124 ifvy € iand 1y € Int

3125 - Dy W

3126 if vg € nand 75 € Nat

3127 - >, Err otherwise

3128 Case: -+ G (f()< (Tl = T0)< 51) Vo Tp

3129 Immediate.

3130 Case: -+ Err: 7

3131 Immediate.

3132 Case: -+ i:U

3133 Immediate.

3134 Case: -+ Axg. e : U

3135 Immediate.

3136
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3158
3159
3160
3161
3162
3163
3164
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3167
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3170
3171
3172
3173
3174
3175
3176
3177
3178
3179
3180
3181
3182
3183
3184
3185
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Case: -+ (vy,v1) : U
Immediate.
Case: -+ unop{U} vy : U
>, §(unop,vy) if defined
- » Errotherwise
Case: - +q binop{U}vyv; : U
- d(binop, vy, vy) if defined
>, Err otherwise
Case: -+ app{U}vpv1 : U
LN e1[xo 1]
if Vo = /1)6'(). €1
- »y stat (€o« 7o+ €1) (app{zo} v2 (dyn ((1+71<6y) 1))
ifvg = G (fo« (11 = 10)< 1) 02
-y Err otherwise
Case: - +q stat (€o<19< 1) vy : U
- PN G (f()< To< 51) Vo
if 70 € =1 and shape-match (| 1], vo)
-y ((stat (bo« i< €y) 1), (stat (b 124 1) v2))
if 7y = 11Xy and vy = (v1,Vs)
- P}q Vo
if vy € iand 7y € Int
- ’}4 Vo
if vg € nand 75 € Nat
- » Err otherwise
Case: -+ G (Ly<«(t1=19) 1) vy : U
Immediate.
Case: -+ Err: U
Immediate.
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LEMMA A.2 (NATURAL TYPE PRESERVATION).
If - +1 Eoleo] : T/ and N(Eoleo]) and eq(>y, U » )er then - k1 Eqler] : T/qy and N(Eoe]).

ProOOF. By case analysis of each reduction relation:

Case: unop{ro} vy > InvariantErr
Immediate.
Case: unop{ro} vy > 6(unop, vy)
By lemma 6.2.
Case: binop{ro} vo v; >y InvariantErr
Immediate.
Case: binop{r} vy v1 By 6(binop, vy, v1)
By lemma 6.2.
Case: app{r} vo v1 >, InvariantErr
Immediate.
Case: app{zo} (A(xo : 71)- €0) Vo By €o[x0 «—vo]
By substitution lemmas for typed functions and for N(-).
Case: app{7o} (G ({o« (11 = 12)« (1) o) v1 By dyn (Lo« 124 1) (app{ U} vy (stat (£1<716p) V1))
(1) kv U
By F; on the redex
(2) kU1
By F; on the redex
(3) - k1 stat (514 T4 f()) v U
By (2)
(4) - F1 app{U} vy (stat ((r71bo) v1) : U
By (1) and (3)
(5) Ty ' T
By 1 on the redex
(6) - k1 dyn (bo« 2+ 1) (app{ U} vy (stat (L1114 o) V1)) & T
By (4) and (5)
(7) N(dyn (6o« 2= (1) (app{TL} 0o (stat (€1« 71 (o) 01)
By similar reasoning
Case: dyn ({o«(t0=>11)<l1) vo By G (bo< (o= 11)<61) Vo
(l) kv U
By 1 on the redex
(2) - +1 G (bo<(p=11)<l) vy : o=y
By (1)
Case: dyn (€0< (T()XT])< 51) <U(),Ul> >N (dyn (504 To 51) Vo, dyn (504 T1<€1) ’01>
(1) kv U
By 1 on the redex
(2) k101 u
By F; on the redex
(3) c k1 (dyn (&)4 Tp< 51) Vo, dyn (504 T1<€1) Ul> L ToXTy
By (1) and (2)
Case: dyn ({o«Int<{1) o By o
Immediate.
Case: dyn ({o«Nat«{1) ng by no
Immediate.
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3235 Case: dyn ({o« 70+ {1) vy By BoundaryErr ((€o« 79+ (1), vo)
3236 Immediate.

3237 Case: unop{U} vy » TagErr

3238 Immediate.

3239 Case: unop{U} vy »y 6(unop,vy)

3240 Immediate.

3241 Case: binop{U} vy v; »y TagErr

3242 Immediate.

3243 Case: binop{ U} vy vy » (binop, vy, v1)

3244 Immediate.

3245 Case: app{U} v v; & Tagkrr

3246 Immediate.

3247 Case: app{U} (Axo. €9) vy Py €o[x0 o]

3248 By substitution lemmas for untyped functions and for N(-).
3249 Case: app{U} (G ({o« (11> 12)« (1) Vo) v1 By stat (Lo« 12« 1) (app{T2} vo (dyn (L1114 6p) V1))
3250 1) -FHy: =0

3251 By 1 on the redex

3252 2) -rov U

3253 By 1 on the redex

3254 (3) - Frdyn (b1« lp) v1 1 1y

3255 By (2)

3256 (4) - +1 app{m2} vy (dyn ({111« &p) v1) : 12

3257 By (1) and (3)

s (5) - ra stat (Goe < ) (app{ea} 0o (dyn (Gami« L) 01) : U
3259 By (4)

3260 Case: stat ((o«(r0=11)« (1) vy Py G (b« (To= 1)< 1) Vo
3261 1) - Fy:g=1

3262 By +; on the redex

3263 (2) -+ Gy« (rg=>11)l1) vy : U

3264 By (1)

3265 Case: stat (€o« (79X 11)< 1) (vo, v1) Py (stat (Co« 70 {1) Vo, stat (Lo« 114 £1) v1)
3266 (1) -+ vy : 79

3267 By 1 on the redex

3268 (2) ko7

3269 By 1 on the redex

3270 (3) - k1 (stat (€y« 19« L) vy, stat (Co<11<C1) v1) = U

3271 By (1) and (2)

3272 Case: stat ((o«Int<£y) ip Py o

3273 Immediate.

3274 Case: stat ({o«Nat<{y) ng > no

3275 Immediate.

3276 Case: stat (€o+ 79+ (1) vo »y InvariantErr

3277 Immediate.

3278 O
3279

3280

3281

3282

3283
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THEOREM A.3 (NATURAL COMPLETE MONITORING). Natural satisfies CM

ProoF. By preservation of single-owner consistency () for D and >

Case: (unop{z} ((vo))f")fo D (InvariantErr)®
Immediate: £o; - I (TagErr)f0
Case: (unop{z} (20))" b (8(unop, o))"
(1) vo = (v1,v2) and 6(unop, vy) € {v1, va}
By definition
(2) €o;- I+ vg
By I on the redex
(3) lo;- I+ U1 and Co; - - U
By (2)
(4) €o; - I+ S(unop,vy)
By (1) and (3)
Case: (binop{r} (vo)™ ((vl))fl)[" Do (InvariantErr)®
Immediate. _ _,
Case: (binop(my} (v0)™ (02)) " o (8(binop, vy, v,))"
(1) 8(binop,vy,v1) € i
By definition of §
(2) €o; - I+ 8(binop, vy, v1)
By (1) ,
Case: (app{n} (vo)" v1) ’ D (InvariantErr)®
Immediate. -
Case: (a : 7o) Corev(Ty) 1y 00
: (appizo} (Alxo = 71)- €)™ v1) - > (eoxo (1) )
(1) fb;'IF A(Xb ZT]).EO
By I on the redex
(2) os- kv
By I on the redex
(3) Lo+ I (o) )
By (1) and (2)
(4) £o; - I+ xo for each occurrence of x; in ey

By I on the redex

(5) Co:- 1 (eolxo — (1) 0@ )™
By (3) and (4)

- A
Case: (app{ro} (G (fo=ri=r) (w0)*)* ©1) b

- Tt
(dyn (to- cod (1)« 1) (app{T} v (stat (¢y«dom (1)« o) (01) @)y
(l) 52;‘|F Vo
By I on the redex
(2) t3;- vy
By I on the redex
(3) 35+ (01) 7"
By (2) and I on the redex
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(4) €3+ F stat (61« dom (1)« Lo) (01) @)

3334 By (3) and I on the redex _
3335 7 y bols
3336 (5) 35+ I+ (dyn (o« cod (1)« £1) (app{ U} vo (stat (1« dom (1)< L) ((Ul))fsm(&))))[ )
1337 By (1) and (4) _, _ .

3338 Case: (dyn (£o«(rp=11)<{1) (vo)") : S (G (Lo« (rg=11) 1) (o)) ’

3339 Immediate. _

P Caser (dyn (G £r) ({00, 00))") g

((dyn (Go= st (r0)« &) (@), dyn (bp=snd (7o) () (1))

3343 (1) £33+ 1+ (0)™ and £33+ I+ (vy)"

3344 By I on the redex _ _

@) bk dyn (G ()< 6) (o) dyn (G snd ()< ) ()

By (1) and I on the redex

3347 INANC .
3348 Case: (dyn (fo<70+ 1) (i0)™) PS (i)™
3349 Immediate. ., _
w0 Caser (dyn (foato (1) (00)™) b (BoundaryErr ((Coxzo+ 1), (v0)™)
3351 Immediate. _y,
3352 Case: (unop{U} (vo)") o (TagErr)%
3353 . N

Immediate. .
3354 7 7
e Caser (unop{T) (w0)") ' g (8(unop,vg)) "
3356 (1) vo = (v1,v2) and d(unop, vy) € {v1, v}
3357 By definition
3358 (2) €o;- I+ vy
3350 By I on the redex
3360 (3) €o;- + vy and £o; - - vy
3361 By (2)
3362 (4) €o; - I+ S(unop,vy)
3363 By (1) and (3) .
3364 Case: (binop{U} (vo)” (v1)") > (TagErr)%
3365 Immediate.
3366 . Z 7l : ¢
. Case: (binop{T1} (20)” (0)™)" » (5(binop,vo. v1))"
o (1) 8(binop, vo, v1) € i
160 By definition of §
3370 (2) Co;- IF 5(binop, Vo, Ul)
3371 By (1)
) AN f
3372 Case: (app{U} (vo)™ v1) >3 (TagErr)™
3373 Immediate. _

= 4 = lol
Wi Caser (app{U} (Axo- €)™ v1)  w (eolxo = (01) 0 @]
3375
(1) lo;- IF AX(). €0

7 By I on the redex
3377
N (2) Co; - I+ vy
78 By I on the redex
3379
3380
3381
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®) Goi- - (00) @
By (1) and (2)
(4) €o; - = xo for each occurrence of xp in e

By I on the redex _
(5) Co: - - (eolxo (1)@ )"
By (3) and (4)

- A
Case: (app{ U} (G (£y«o< 1) (o)’ ))eo v1) >

- Zols
(stat (€= cod (r0)« &) (app{cod (0)} o (dyn (£1+dom ()= fo) (02) " @)

(1) €25+ - vg

By I on the redex
(2) t35- kv

By I on the redex
(3) b5 I ()"

By (2) and I on the redex
(@) G5+ 1 dyn (6« dom (1)< o) (01) ™

By (3) and I on the redex

- ; Tots
(5) €35+ I+ (stat (€o+ cod (z1)« 1) (app{cod(z9)} vo (dyn (€1« dom (1)« £o) ((Ul))€3rev(€°)))f )
By (1) and (4)
= 0, I
Case: (stat ((p« (9= 11)< 1) (v0)%) >S (G (bo< (= 11)t1) (v0) "
Immediate.
Case: (stat (£y«10+ 1) ({vo, Ul)))z])[z >3

(stat (Con fot (r)« 1) (00) ™, stat (fp= snd ()« 1) (1))
(1) €15+ - (vo)™ and €15+ - (01)"
By I on the redex _ _
(2) €25+ (stat (o= fst (o)< 1) (o)™, stat (€o= snd (o)« £1) (v1)™)
By (1) and I on the redex
Case: (stat (o« 1o<ty) ((io))zz)f3 > (i0)"
Immediate. .
Case: (stat (€o«70+ (1) (0)%?) ’ > (InvariantErr)®
Immediate.

2
)

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: November 2022.



Typed-Untyped Interactions: A Comparative Analysis (Supplementary Material) 71

3431 A.2 Co-Natural

3432 LEMMA A.4 (CO-NATURAL TYPE PROGRESS).

3353 If - 1 Eoleo] : T/q and C(Eo[eo]) then one of the following holds:

e e ¢ cvUErr

49 o T/yyetand ey e Be €1

:z: ® T/qy€ Uand Jey. eo . €

3438 Proor. By unique decomposition (lemma 6.1) and case analysis:
3439 Case: - +q ng : Nat

3440 Immediate.

3441 Case: - +1 ip : Int

3442 Immediate.

3443 Case: -+ A(xg: 7p). 1 : =11

3444 Immediate.

3445 Case: - +q (vg,v1) : ToXTy

3446 Immediate.

3447 Case: -+ unop{ry} vy : 10

3448 - b dyn (bo<mi<by) (fst{ U} v1)

3449 if unop = fst and vy = G (Lo« (11X 12)< 1) v
3450 - b dyn (612 €y) (snd{U} v1)

3451 if unop = snd and vy = G (£y« (11X 12)« £1) V1
3452 - B 6(unop, vy) if defined

3453 - b Err otherwise

3454 Case: - +q binop{ro} vov1 : 10

3455 - b 8(binop, vy, vy ) if defined

3456 - > Errotherwise

3457 Case: - 1 app{7o} vo v1 : Tp

3458 - B eilxo ]

3459 if vg = A1y @ xp). €1

3460 - b dyn (o< 11<£1) (app{ U} vz (stat (111 6y) v1))
3461 if vy = G (Co<« (11 =10)< 1) U2

3462 - > Errotherwise

3463 Case: -+ dyn (£o«19<£1) vg : To

3464 - [>C G (504 To< 51) Vo

3465 if tp € T=1 U r X1 and shape-match (| 7], vo)
3466 - DoV

3467 if vy € iand 1y € Int

3468 - D o

3469 if vy € nand 75 € Nat

3470 - b Err otherwise

3471 Case: -+ G (Ly«(rg=11)< 1) vy : Tg

3472 Immediate.

3473 Case: -+ G (Lo« (toX1)<€1) vy : Tg

3474 Immediate.

3475 Case: -+ Err: 7

3476 Immediate.

3477 Case: -+ i:U

3478 Immediate.

3479
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3480 Case: -+ Axg. e : U

3481 Immediate.

3482 Case: - +; (vy,v1) : U

3483 Immediate.

3484 Case: - +q unop{U} vy : U

3485 - » stat (bperi<£y) (fst{r1} v1)

3486 if unop = fst and vy = G (€« (11X 1)< 1) v
3487 - » stat (bo«12<£1) (snd{z2} v)

3488 if unop = snd and vy = G (€« (11 X12)< 1) V1
3489 - ». 8(unop,vy) if defined

3490 - ». Err otherwise

3491 Case: - +q binop{U}vyv; : U

3492 - ». 8(binop, vy, vy) if defined

3493 - »c Err otherwise

3494 Case: - 1 app{U}tvo v; : U

3495 - » erlxo o]

3496 if vy = Axy. e;

3497 - » stat (bo« 1o« £1) (app{7o} vz (dyn (€1« 714 6p) v1))
3498 ifvg = G (€o< (1= 10) 1) V7

3499 - »c Err otherwise

3500 Case: - +q stat (Co<19< 1) vy : U

3501 - ». G(bo<mo<tr) vo

3502 if 7o € t= 7 U X7 and shape-match (| 7y], vo)
3503 - P Vo

3504 if vy € iand 7y € Int

3505 - P

3506 if vy € nand 7y € Nat

3507 - » Err otherwise

3508 Case: -+ G (G« (1 =10)< 1) vo : U

3509 Immediate.

3510 Case: -+ G (Lo« (t1X10)<t1) v : U

3511 Immediate.

3512 Case: -+ Err: U

3513 Immediate.

3514 [m}
3515

3516

3517

3518

3519

3520

3521

3522

3523

3524

3525

3526

3527

3528
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3544
3545
3546
3547
3548
3549
3550
3551
3552
3553
3554
3555
3556
3557
3558
3559
3560
3561
3562
3563
3564
3565
3566
3567
3568
3569
3570
3571
3572
3573
3574
3575
3576
3577
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LEMMA A.5 (CO-NATURAL TYPE PRESERVATION).
If - +1 Eoleo] : T/a and C(Eo[eo]) and eo(>. U . )er then - b1 Eqler] : P/q and C(Eole]).

ProOOF. By case analysis of each reduction relation.

Case: unop{ro} v >, InvariantErr
Immediate.
Case: unop{r} v > d(unop,vy)
By lemma 6.2.
Case: fst{zo} (G (Lo« (71X 72)« 1) Vo) B dyn (bo«7y< 1) (fst{ U} vo)
(1) kv U
By 1 on the redex
(2) c k1 fst{‘ll} vy : ‘U
By (1)
B) <1
By F; on the redex
(4) - +q dyn (boamy<ty) (fst{U} vo) : 70
By (2) and (3)
(5) Cldyn (€y<r1= 1) (Fst{TL} vy))
By similar reasoning
Case: snd{7} (G ({o+(71X72)<{1) vo B dyn (o« 72« €1) (snd{U} vy)
(1) kv U
By 1 on the redex
(2) - Fysnd{U} vy : U
By (1)
(3) Ty < T
By F; on the redex
(4) - +q dyn (Lo a<ty) (snd{U} vy) : 7o
By (2) and (3)
Case: binop{ro} vov; B InvariantErr

Immediate.

Case: binop{r} vo v1 b 8(binop, vy, v1)
By lemma 6.2.

Case: app{ro} v v; B InvariantErr
Immediate.

Case: app{ro} (A(xo : 71). €0) Vo B eo[x0 < vo]
By substitution lemmas for typed functions and for C(-).
Case: app{7o} (G ({o«11+{1) vo) v1 B dyn (bo« 2+ 1) (app{ U} vy (stat (L1714 6p) V1))
(1) kv U
By 1 on the redex
(2) roviin
By F; on the redex
(3) - b1 stat (51< T1<f()) v U
By (2)
(4) - +1 app{U} vy (stat ({1«11<o) v1) : U
By (1) and (3)
(5) Ty < T
By F; on the redex
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3578 (6) - k1 dyn (bo+72<1) (app{ U} vy (stat ((1471o) v1)) = To
3579 By (4) and (5)

3580 (7) C(dyn (Lo« 12+ £1) (app{ U} vy (stat (L1« 11<£p) ©1)))

3581 By similar reasoning

3582 Case: dyn ({o<70+{1) vo B G (bo< o< l1) Vo

3583 Immediate.

3584 Case: dyn ({10 (1) Bo > o

3585 Immediate.

3586 Case: dyn ({o«79+ (1) vy b BoundaryErr ((£o« 70+ (1), vo)
3587 Immediate.

3588 Case: unop{U} vy » Tagkrr

3589 Immediate.

3590 Case: unop{U} vy ¥ 5(unop, vo)

3591 Immediate.

3592 Case: fst{U} (G ({o«(11X12)<{1) vo) P stat (€o«71+ 1) (fst{r1} vp)
3593 (1) - F1 vy : TIXTy

3594 By 1 on the redex

3595 (2) -k fst{r1} vy : 1y

3596 By (1)

3597 (3) - kq stat (Lg<1y<Ly) (fst{r1} vy) : U

3598 By (2)

3599 Case: snd{U} (G (Lo« (r1X72)< (1) vo P stat ((o« 12« 1) (snd{r2} vy)
3600 (1) - F v : T1XTy

3601 By +1 on the redex

3602 (2) - k1 snd{r2} vy : 1o

3603 By (1)

3604 (3) - k¢ stat (504 To< 51) (Snd{‘[g} U()) U

3605 By (2)

3606 Case: binop{U} vy vy ». TagErr

3607 Immediate.

3608 Case: binop{ U} vy v; ». 6(binop, vy, v1)

3609 Immediate.

3610 Case: app{U} vy vy ». TagErr

3611 Immediate.

3612 Case: app{U} (Axo. €9) vo P €o[x0 Vo]

3613 By substitution lemmas for untyped functions and for C(-).
3614 Case: app{U} (G (£« (11 = 12){1) vo) v1 B stat (Lo« 12+ €1) (app{r2} vo (dyn (1< 71+ 6y) v1))
3615 1) -FHy:1=>n0

3616 By +; on the redex

3617 2)-rov:U

3618 By 1 on the redex

3619 (3B) -Fidyn(b1ami<by) v i1 =10

3620 By (2)

3621 (4) - 1 app{m2} vy (dyn ({111« &p) v1) : T2

3622 By (1) and (3)

3623 (5) - k1 stat (Co« o< 1) (app{r2} vo (dyn ({1114 6p) v1)) : U
3624 By (4)

3625

3626
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3648
3649
3650
3651
3652
3653
3654
3655
3656
3657
3658
3659
3660
3661
3662
3663
3664
3665
3666
3667
3668
3669
3670
3671
3672
3673
3674
3675
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Case: stat ((o« 79+ (1) vo P G (bo+70+(1) Vo
Immediate.

Case: stat ({o« 79« (1) ip P o
Immediate.

Case: stat (€o« 79+ (1) vo P InvariantErr
Immediate.
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THEOREM A.6 (CO-NATURAL COMPLETE MONITORING). Co-Natural satisfies CM

Proor. By preservation of single-owner consistency (i) for D and >

= £
Case: (unop{r} (vo)") ’ Do (InvariantErr)®
Immediate: £o; - I (InvariantErr)®
- ¢ -
Case: (unop{ro} (vo)™) "’ b= (8(unop, )00
(1) vo = (v1,v2) and 6(unop, vo) € {v1, va}
By definition
(2) fb;'|F Vo
By I on the redex
(3) €o; - I+ vy and £y; - - vy

By (2)
(4) €o; - I+ S(unop,vy)
By (1) and (3)

= {3 -
Case: (fst{n} (G (Co=mi+(r) (0)*) ") o (dyn (Goe () ) (st{ U} (o))"

(1) L35+ 1 ()™
By I on the redex
(2) 15 I fst{ U} (vy)*
By (1) _
(3) L3+ I (dyn (bo= fit (r1)« &1) (Fst{ U} (w)*)) "
By (1) and I on the redex
= {3
Case: (snd{r} (G (lo<ri+61) (20)*) ") B (dyn (Cosnd (r1)« ) (snd{ T} (20)))

(1) 15+ (v0)™
By I on the redex
(2) €15+ - snd{U} (vy)™
By (1)
(3) €33+ I (dyn (Lo snd(z)« 1) (snd{ U} (0) )
By (1) and I on the redex
Case: (binop{zo} (vo)7 (01)7)" b (InvariantErn)s
Immediate. _ .,
Case: (binop{ro} (v0)" (v1)™) > (8(binop, vy, o))"
(1) 8(binop, vy, v1) € i
By definition of §
(2) €o;- I+ 8(binop, vy, v1)
By (1) .
Case: (app{r} (vo)® v1) ’ > (InvariantErr)®
Immediate. _
Case: (app{m} (A(xo : 7). )™ ) " b (ealx (o) 0" @)
: PP1%0 X0 :T1). € Vo ol €o[Xo Vo
(1) €05 - Alxp : 71). €9
By I on the redex
(2) €o;- I+ vg
By I on the redex

Tots

Tols
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(3) o3~ I (o)
By (1) and (2)
(4) €o; - = xo for each occurrence of xp in e
By I on the redex
(5) o3 - (eolxo — (o) @)
By (3) and (4)

- A
Case: (app{n} (G (Lo« 11<¢1) (Uo)fz))go 1) P

- Zots
(dyn (€= cod (r1)+ 1) (app{ U} i (stat €1+ dom ()« o) (01) " @)

(1) €25+ - vg

By I on the redex
(2) €35+ Ik vy

By I on the redex
(3) €+ (o))

By (2) and I on the redex
(4) 25+ ¥ stat (€1 dom (1))« o) (01) 7"

By (3) and I on the redex

- Zols
(5) 55+ - (dyn (€= cod (r1)+ 1) (app{ U} i (stat €1+ dom (1)« o) (01) " @)
By (1) and (4)
Case: (dyn (fy<70+1) (20)) b= (G (b0 (1) (@)™
Immediate. _,
Case: (dyn (b« ro+61) (i0)") o (io)"
Immediate. . -
Case: (dyn (fy+70+61) (20)™) o (BoundaryErr (£« £1). (20)))
Immediate. .,
Case: (unop{U} (vo)™) ’ > (TagErr)F0
Immediate. ., _
Case: (unop{U} (v0)™)" v (8(unop, vy))**
(1) vy = (v1,v2) and 8(unop, vo) € {v1, vz}
By definition
(2) €o;- IF vy
By I on the redex
(3) €o;- I+ v1 and £y; - IF vz
By (2)
(4) €o;- I+ S(unop, vy)
By (1) and (3)
- fs
Case: (fSt{TU} (G (Co=to=£r) (0)*) ") o (stat (Co= fot ()« ) (Fst{fst (70)} (v0)2))
(1) £1;- 1 (0)
By I on the redex
(2) €1;- W fst{ U} (vo)"
By (1)

(3) 35+ I (dyn (Lo« fst (o)< £1) (Fst{ U} (v9)?))
By (1) and I on the redex

Tols

Tots
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Case: (snd{TUH (G (lo<rg~ ) (00))™) o (st Gy« snd )« £ (sm{rs (o))
(1) €15+ I (v0)*
By I on the redex
(2) €15+ - snd{U} (vy)"
By (1)
(3) €53+ (dyn (Lo« snd (1)< r) (snd{ U} (v)))
By (1) and I on the redex
Case: (binop(€} (00)” (01)7)" »_ (TagErm)®
Immediate. p
Case: (binop{U} (v0)" (1)) > (8(binop, v, o))"
(1) 8(binop,vy,v1) € i
By definition of §
(2) €o;- I+ 8(binop, vy, v1)
By (1)
Case: (app{(T} (en)” 01)" »_ (TagErm)®
Immediate.

Tols

Case: 7o bo Lorev(o) holay
ase: (app{U} (Axo. €)™ v1) > (eo[x0 < (v1)) 1))
(1) Co; - I+ Axg. €

By I on the redex
(2) o5~ F vy

By I on the redex
(3) o3~ I (o)

By (1) and (2)
(4) £o; - I+ xo for each occurrence of x in ey

By I on the redex

(5) Co:- I (eolxo — (wp) 0@y
By (3) and (4)

- 4
Case: (app{U} (G (o«1o<t1) (Uo)fz))go v1) >

— ¢, Tols
(stat (Cg= cod (r)+ (1) (app{cod (7)) v (dyn (¢1+dom (ro)« o) (o) @) ")

(1) €25+ I+ vy

By I on the redex
(2) t3;- - vy

By I on the redex
(3) b5 b (0) )

By (2) and I on the redex
(@) €25+ - dyn (6« dom (1)< o) (01) ™

By (3) and I on the redex

- 3 Zols
(5) £5:- I (stat (6o« cod (1)« £1) (app{cod (z0)} v (dyn (€1« dom (z1)= €o) (01 ) @)™)
By (1) and (4)
7 fz 7 €2
Case: (stat (£o«79<£1) (v0)") > (G (Lo 1o+ 1) (v0)%)

Immediate.
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_—
Case: (stat (£o«79+ (1) (i0)™) > (i0)"

Immediate.

= L
Case: (stat (Co«0+ (1) (o)) ’ > (InvariantErr)’

Immediate.
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LEmma A7 (N <5 O).
e If ey <exande -y €1 then Jes, ey such that e; =" e3 and e,y —% ey and es < ey.
e Ifey Seyande —c €3 then Jey, e4 such that es —% e4 and ey —>L erande; < ey

Proor. By lemma A.8 and lemma A.9.

holds for well-formed residuals of a common term; that is, pairs such that there

exists an e, where e, : 7/¢; wf and e, —>T\l eo and e, —>*é e1

LEmmA A.8.
If wirnc(eo, e2) and ey < ey and ey —
es3 < eq.

S

e; then Jdes, eq such that e; -\ *

N

Proor. By lemma A.10, lemma A.13, and case analysis of >y Uy

Case: unop{r} vy > InvariantErr
Impossible, by type soundness
Case: unop{ro} vy > d(unop, vo)
(1) e; = unop{ry} v1 and vy < v;
By < on the redex
(2) If vy € (v, v) then §(unop, v;) is defined and §(unop, vy) < d(unop, vy)
(3) Otherwise v; € Gb v and ¢; —>2‘: vy where d(unop, vy) < v,
Case: binop{ro} vo v1 >y InvariantErr
Impossible, by type soundness
Case: binop{r} vy v1 By 6(binop, vy, v1)
(1) e1 = binop{ro} vz v3 and vy < vy and vy < v
By < on the redex
(2) 8(binop, v, vs) is defined
By (1)
(3) d(binop, vy, v1) S 8(binop, v, v3)
By ¢
Case: app{ro} v v; By InvariantErr
Impossible, by type soundness
Case: app{ro} (A(xo : 71). €0) Vo B €o[x0 < Vo]
(1) e1 = app{ro} v1 vz and (A(xp : 71). €4) S v1 and vy < vy
By < on the redex
(2) v = /1()(,'0 : Tl). €5
By (1)
(3) ea[xo o] < es[xp 2]
Case: app{ro} (G (€o«71+ (1) vo) v1 By
dyn (fo« cod(t1)< (1) (app{ U} vy (stat ({1« dom (1)« ) v1))
(1) e1 = app{ro} vz v3 and (G (fo« 71+ 1) Vo) S vz and v; < v3
By < on the redex
(2) v2 =G (by<r1<l1) vy
By (1)
(3) e1 B¢ dyn (o« cod(t1)< 1) (app{ U} vy (stat (1« dom (11)< o) v3))
By (2)
(4) dyn (€o« cod(z1)« 1) (app{ U} vy (stat (61« dom(71)<o) v1)) <
dyn (fo< cod(t1)« 1) (app{ U} vy (stat (€1« dom (11)< (o) v3))
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Case: dyn ({o«(t0=>11)<l1) vo By G (Lo« (o= 11)<41) Vo
(1) e; =dyn (fp«mp<«ly) viand vy S vy and =1 = 1,
By <
(2) e1 > G (byr2lr) vy
By b
(3) G(ly«mo=m1+l1) vy S G (Lo<T2<ly) V1
By (1)
Case: dyn ({o« 79+ l1) (vo, v1) By (dyn (o= fst (t0)« 1) vo, dyn (o snd (o)« £1) v1)
(1) e1 = dyn (bp«T1 X1y« {1) v1 and vy < v and 15 = 171 X1y
By <
(2) e1 > G (by<riXT2l1) V4
By >e
(3) Either ey —>’;‘ BoundaryErr (b, )
or ey =Y (vg,v3) and (vz, v3) < G (Lo« Ty X124 C1) V1
Case: dyn (€0< To< 51) io >N i()
(1) e = dyn (504 To‘fl) i()
By <
(2) io S o
Case: dyn ({o«10+{1) vy By BoundaryErr ((€o« 79+ (1), o)
Immediate
Case: unop{U} vy »y TagErr
(1) e; = unop{U} vy and vy < V4
By < on the redex
(2) 8(unop,vy) is undefined
By (1)
(3) TagErr < TagErr
Case: unop{U} vy »y S(unop, vy)
(1) eg = unop{U}v; and vy < v;
By < on the redex
(2) If v; € (v, v) then §(unop, v,) is defined
By (1)
(3) Otherwise v; € G b v and e; —>*C 2 where d(unop, vy) < vy
Case: binop{U} vy vy »y TagErr
(1) e = binop{U} vy v3 and vy < vy and vy < v3
By < on the redex
(2) 8(binop, vy, v3) is undefined
By (1)
(3) TagErr < TagErr
Case: binop{ U} vy vy »y S(binop, vy, v1)
(1) e; = binop{U} vy v3s and vy < v, and vy < v3
By < on the redex
(2) 8(binop, vy, v3) is defined
By (1)
(3) 8(binop, vy, v1) S 8(binop, vq, v3)
By é
Case: app{U} vy vy by TagErr
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(1) e; = app{U} v, vs and vy < vy and vy < v
By < on the redex
2) v, ¢ Ax.eUGbuo
By (1)
(3) TagErr < TagErr
Case: app{U} (Axo. €9) vy Py €o[x0 < vo]
(1) e; = app{U} v1 v; and (Axp. €4) S vy and vy < vy
By < on the redex
(2) v1 = (Axo. €5)
By (1)
(3) (ealxo —wv1]) < (es[xo «—v2])
Case: app{U} (G ({o«10+{1) vo) v1 By
stat (€= cod (o)« 1) (app{cod (o)} vo (dyn (€1« dom (z0)« ) v1)
(1) e1 = app{U} vz v3 and (G (Cp« o« €1) Vo) S vz and v; < U3
By < on the redex
(2) v2 = (G (bp+1y+t1) vg) and 75 = 1y
By (1)
(3) e1 » stat (£o« cod(r1)« 1) (app{ U} v4 (stat ({1« dom (11)< o) vs))
By (2)
(4) stat (€o« cod (7o)« t1) (app{cod (7o)} vy (dyn (€1« dom (zo)«&y) v1)) <
stat (£o« cod (11)«{1) (app{ U} v4 (stat ({1« dom (1)« o) v3))
Case: stat (f()< (T() = T1)< 51) Vo PN G (€o< (T() $T1)< 51) Vo
(1) e; = stat ({y«p=11<¢1) v1 and vy S v,
By <
(2) e1»-. G (Lo«Tg =114 41) V3
By ».
(3) G (by<ro=11461) vy S G (bp<ro=>11481) V3
By (1)
Case: stat (€o« 79+ (1) (vo, v1) Py (stat (o= fst(to)« 1) vo, stat (€g«snd(zo)« (1) v1)
(1) e1 = dyn (bp«11 X1y« €1) vy and vy < v and 15 = 71 X1y
By <
(2) e PC G(€0< T1XT2<£1) (%1
By ».
(3) Either e —>’;‘ BoundaryErr (b, )
or ey = (v2,v3) and (vz,v3) < G (b« X124 l1) vy
Case: stat (€o«79+{1) io Py do
(1) e; = stat (€0< To< 51) i()
By <
(2) ip S o
Case: stat (£y«19<{1) Vg », InvariantErr
Impossible, by type soundness
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4019 LEmMMmA AL9.
4020 If wirnc(eg, ez) and ey < e; and e; —,

c €3 then Jey, eq such that e; —>*C eq and e —>L ey and
4021 e S ey

ig;j Proor. By lemma A.10, lemma A.13, and case analysis of B U b,
4024 Case: unop{r} vy > InvariantErr

4025 Impossible, by type soundness

4026 Case: unop{r} vo e S(unop, vy)

4027 (1) eo = unop{ry} v1 and v; < vy

4028 By < on the redex

4029 (2) v1 € (v,v) and S(unop, vy) is defined

4030 By (1)

4031 (3) d(unop,v1) S 8(unop, vy)

4032 Case: fst{zo} (G (Co«11+{1) vo) B dyn (€o= fst (r0)« {1) (fst{ U} vo)
4033 (1) eo = fst{zo} vy and v; < vy

4034 By < on the redex

4035 (2) v1 € (v,v) and S(unop, vy) is defined

4036 By (1)

4037 (3) dyn by (fst{U} vy) —>*C Uy

14038 By (2)

4039 (4) d(fst,v1) S vz

4040 Case: snd{r} (G (lo«11+1) vo B dyn ({o«snd(zo)« 1) (snd{U} vy)
4041 (1) eg = snd{ry} v; and v; < vy

4042 By < on the redex

4043 (2) v1 € (v,v) and S(unop, vy) is defined

4044 By (1)

4045 (3) dyn by (snd{U} vy) =7 v

4046 By (2)

4047 (4) 6(snd,v;) S vy

4048 Case: binop{ro} vy v1 > InvariantErr

4049 Impossible, by type soundness

4050 Case: binop{ty} vo 1 e d(binop, vy, v1)

4051 (1) eg = binop{ro} v2vs and v, S vy and v3 < vy

4052 By < on the redex

4053 (2) 8(binop, v, vs) is defined

4054 By (1)

4055 (3) d(binop, vy, v3) S 8(binop, vy, v1)

4056 By ¢

4057 Case: app{ro} v v; B InvariantErr

4058 Impossible, by type soundness

4059 Case: app{ro} (A(xo : 71). €9) Vo > €o[x0 < o]

4060 (1) eg = app{r0} v1 vz and v; < (A(xp : 7). e4) and v, < vy
4061 By < on the redex

4062 (2) v1 = Alxg : 71)- €5

4063 By (1)

4064 (3) €5[X0<—1)2] < €4[X0<—Uo]

4065 Case: app{ro} (G ((o«71+(1) vo) vy D

4066 dyn (£o« cod (1)< 1) (app{U} vy (stat ({1« dom (11)« o) v1))
4067
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(1) e = app{ro} vz v3 and v, < (G (fy«114¢1) vy) and v3 < vy
By < on the redex
(2) vy =G (bp<T1+l1) Vg
By (1)
(3) eo >y dyn (fo= cod(r1)< 1) (app{ U} v4 (stat ({1« dom (1)« ) v3))
By (2)
(4) dyn (€o« cod(z1)« 1) (app{ U} vy (stat ((1«dom(71)< o) v3)) <
dyn (o« cod(t1)< (1) (app{ U} v (stat (£1« dom (11)< o) v1))
Case: dyn ({o«79+(1) vo B G (Lo 10+ L1) Vo
(1) ep = dyn (£o«19<£1) vy and v; S vy
By <
(2) If‘[’o € 7= then €0 DN G(€0< T()<[1) U1
(3) If p € 7X7 then either ey >y BoundaryErr (b,v) or e —>L (vy,v3) where (vy,v3) S
G (bo10+l1) vo
Case: dyn ({10 (1) Bo B o
(1) eo = dyn (lo=10+ 1) i
By <
(2) io S o
Case: dyn ({o«79+{1) vo >, BoundaryErr ((£o« 7o« ¢1), vo)
(1) eo = dyn (£p«19<¢1) v1 and v S vy
By <
(2) eo >, BoundaryErr (b, v1)
Case: unop{U} vy » Tagkrr
(1) eo = unop{U} vy and v; < vy
By < on the redex
(2) 8(unop,v;) is undefined
By (1)
(3) TagErr < TagErr
Case: unop{U} vy ¥ 5(unop, vo)
(1) eg = unop{U} vy and v; < vy
By < on the redex
(2) 8(unop,vy) is defined
By (1)
(3) 8(unop,vy) < §(unop, vy)
Case: fst{U} (G (o«7o«{1) vo) P stat (Lo« fst(to)« 1) (fst{r1} vo)
(1) ey = fst{rp} v; and v; < vy
By < on the redex
(2) v1 € (v,v) and d(unop, vy) is defined
By (1)
(3) stat (€o« fst(zo)« 1) (fst{ U} vo) = vz
By (2)
(4) 6(fst,v1) S vy
Case: snd{U} (G (€o« 7o+ 1) vy P stat (£o«snd(zo)« (1) (snd{z:} vp)
(1) eg = snd{rp} v; and v; < vy
By < on the redex
(2) v1 € (v,v) and 8(unop, vy) is defined
By (1)
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(3) stat (€o« snd(ry)«£1) (snd{U} vy) —>*C Uy
By (2)
(4) 8(snd,v1) < v,
Case: binop{ U} vy v, ». TagkErr
(1) eo = binop{U} vz v3 and v, S vy and v3 < v
By < on the redex
(2) 8(binop, v,, v3) is undefined
By (1)
(3) TagErr < TagErr
Case: binop{ U} vy vy ». 6(binop, vy, v1)
(1) eg = binop{U} vz v3 and v, S vy and v3 < V3
By < on the redex
(2) 8(binop, v, vs) is defined
By (1)
(3) 8(binop, v,,v3) S 8(binop, vy, v1)
By §
Case: app{U} vy vy ». TagErr
(1) eo = app{U} v, v3 and v, < vy and v3 < vy
By < on the redex
2) v ¢ Ax.eUGbuo
By (1)
(3) TagErr < TagErr
Case: app{ U} (Axo. €) vy P eo[x0 < Vo]
(1) eo = app{U}v; vz and v; < (Ax. e4) and v2 < vy
By < on the redex
(2) v1 = (Axo. e5)
By (1)
(3) (es[xo —v2]) < (eafxo 1))
Case: app{U} (G ({o«10+{1) vo) v1 P
stat (€= cod (1)« £1) (app{cod ()} vo (dyn (€= dom ()= p) v1)
(1) eo = app{U} v; v3 and v, < (G (£ 1o« 1) vy) and v3 < v,
By < on the redex
(2) v2 = (G (bp+1y+t1) vg) and 75 = 1y
By (1)
(3) eo »y stat (fo«cod (1)« (1) (app{ U} vy (stat (€1« dom (1)« &o) v3))
By (2)
(4) stat (€o«cod (1)« 1) (app{U} vy (stat (£1«dom(11)< o) v3)) <
stat (€o« cod(10)« 1) (app{cod(70)} vo (dyn (€1« dom (z9)« o) 1))
Case: stat ((o+ 70+ (1) vo P G (bo+ 70+ (1) Vo
(1) eg = stat ({y«19<{1) v; and v; < vy and 17 = 7
By <
(2) f 7o € =1 then e; &y G (bo<o<l1) v
(3) Otherwise 75 € 7 X7 and either ey —>L BoundaryErr (b,v) or e —>L
(v2,v3) < G (bo+10+L1) Vo
By —>L

(vy,v3) where

Case: stat ({o« 79« (1) ip P o

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: November 2022.



4166
4167
4168
4169
4170
4171
4172
4173
4174
4175
4176
4177
4178
4179
4180
4181
4182
4183
4184
4185
4186
4187
4188
4189
4190
4191
4192
4193
4194
4195
4196
4197
4198
4199
4200
4201
4202
4203
4204
4205
4206
4207
4208
4209
4210
4211
4212
4213
4214

86 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

(1) ey = stat (504 To< 61) i()
By <
(2) ip S o
Case: stat (£y«19<{1) vy » InvariantErr
Impossible, by type soundness

LEMMA A.10.

If wirnc(eo, e1) and ey < ey and either ey —,, e, or e —c €3 then the following results hold:

N
e ¢y = Eo[eq]

o ¢y = Eqfes]

o £y S Eq

® ¢4 < es.
Proor. By lemma A.11 and lemma A.12. O

LEMmA A.11.
If wirnc(Eoleo], e1) and Eoleo] < €1 and eO(I>N U » )ez then the following results hold:

o e; = Eq[es]
e Ey S E;
® ¢ < es.

Proor. By induction on Ey[eg] < e;, proceeding by case analysis of Eg[eo]. ]

LEMma A.12.
If wirnc(eo, E1[e1]) and ey < Eilei] and ei(>. U » )es then the following results hold:
® ¢y = Eg[e]
e EySE
® ¢ S eg.

Proor. By induction on ey < Ej[e;], proceeding by case analysis of E;[eq]. ]

LEmMmA A.13.
If Ey < Eq and e; < es then Eglez] < Eq[es].

Proor. By induction on Ey < E;. ]
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4215 A.3 Forgetful

4216 LEMMA A.14 (FORGETFUL TYPE PROGRESS). If - +1 Eoleg] : %/q; and F(Eo[ey]) then one of the

217 following holds:

4218
4219 e ¢y cvUErr
4220 o T/qy€tand Je;. e > e
4221 ® "/eqr € Uand Je;. e b €
4222
4223 Proor. By unique decomposition (lemma 6.1) and case analysis:
4224
Case: - 1 ng : Nat
4225 .
Immediate.
4226 .
Case: - +1 iy : Int
4227 .
Immediate.
4228
Case: -+ A(xp 1 19). €1 : 1o =11
4229 .
Immediate.
4230
Case: -+ (Z}0,1)1> T X1
4231 !
Immediate.
4232
103 Case: -+ unop{zo} vo : 7o
1234 - I>F dyn (504 T1<€1) (fst{ﬂ} Ul)
15 if unop = fst and vy = G (€p« (11X 12)< 1) V3
1936 - l>F dyn (504 Tg< 51) (snd{‘ll} ’01)
if unop = snd and vy = G (€« (11 X12)<£1) V1
4237 ;
1038 - B 8(unop, vy) if defined
) - > Errotherwise
4239 .
1210 Case: - +1 binop{ro} v v1 : 19
1oa1 - b 8(binop, vg, vy) if defined

- > Err otherwise
4242
Case: -+ app{ro} vy v1 : 10
- Boexge—v
4244 .F 1[ 0 l]
if vy = M1yt x0). €1

4243

4245
- b dyn (b1« 1) (app{ U} v; (stat (£1< 71 4p) v1))
4246 .
ifvg = G (fo«(11=10)< 1) 02
4247 5
1oas - > Errotherwise
Case: -+ dyn (€o«19+ 1) v : Tp
4249
- l>F G(€0< T0<€1) Vo
4250 .
. if 1o € t=7 U X7 and shape-match (| 7], vo)
- DY
4252 F 0 -
1253 if vy € Tobgiand 7y € Int
4254 - P Yo _
4255 if vy € T bgn and 75 € Nat
4256 - > Err otherwise
4257 Case: -+ G (€o«(rg=11)<{1) vy : Tp
4258 Immediate.
4259 Case: -+ G (Lo« (toX11)<L1) vy : Tg
4260 Immediate.
4261 Case: -+ Err: 19
4262 Immediate.
4263
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Case: -+ i:U

Immediate.

Case: -+ Axg. e : U
Immediate.

Case: - +q (vg,v1) : U
Immediate.

Case: -+ unop{U} vy : U
- » trace bo (stat (Ly< 11+ 1) (fst{r1} v1))
if unop = fst and vy = T+ bo (G (Lo« (11X T2)<£1) v1)
- > trace bo (stat (£y« 1o« 1) (snd{r:} v1))
if unop = snd and vy = T 50 (G (Lo« (t1X13)<t1) V1)
- ». add-trace(get-trace(vy), S(unop, rem-trace(vy))) if defined
- » Err otherwise
Case: - +q binop{U}vyv; : U
- » &(binop, rem-trace (vy), rem-trace (vy)) if defined
- » Err otherwise
Case: -+ app{U}vyv; : U
- » trace bo (e1[xo «— (add-trace (rev(by), v1)])
if’Uo = T? l;o (AXO. 61)
- » trace by stat (g« 1o« 1) (app{to} vz (dyn (€1« 11« &) add-trace(rev (bo), 1))
if vg = T by (G (Lo (11 = 10) £1) V2)
- » Err otherwise
Case: -+ stat ({y«19<€1) vy : U
- > G(bomo+l1) vo
ifrper=rUrxrand vy € (A(x : 7). e) U (v,v) and shape-match (| o], vo)
- » trace (bobll;o) 1
ifrp e r=rUrxrand vy = G by (T, bo v1) and shape-match (| 7o), vo)
- ’k ()
ifvg € i and 7y € Int
- P% Vo
if vy € nand 7y € Nat
- » Err otherwise
Case: -+ G (o« (11 =>10)<l1) v : U

Immediate.

Case: - ¢ G(fcﬁ (TIXTO)< f]) vy U
Immediate.

Case: -+ TEO vy U
Immediate.

Case: - ¢ trace l;o v U
- add-trace (by, vo)

Case: -+ Err: U
Immediate.
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LEMMA A.15 (FORGETFUL TYPE PRESERVATION).
If - +1 Eoleo] : T/a1 and F(Eoleo]) and eo(>. U »)e; then - 1 Eqleq] : T/qy and F(Eo[e:]).

ProOOF. By case analysis of each reduction relation. An interesting case is the » rule that removes
a guard wrapper; the rule preserves soundness because it unwraps an untyped value in an untyped
context.

Case: unop{ro} vy > InvariantErr
Immediate.
Case: unop{ro} vy > S(unop,vy)
By lemma 6.2.
Case: fSt{T()} (G (504 (Tl XT2)< fl) Z)()) I>F dyn (504 T1 fl) (fst{‘ll} U())
(1) - rrvy:U
By 1 on the redex
(2) k1 fst{‘ll} vy : U
By (1)
B) <1
By 1 on the redex
(4) - k1 dyn (bo+ 71 £y) (Fst{U} vo) : 70
By (2) and (3)
(5) F(dyn (£o<11< 1) (fst{U} vy))
By similar reasoning
Case: snd{r} (G ({o+(71X72)«{1) vo B dyn (Lo 124 £1) (snd{U} vy)
(1) kv U
By +; on the redex
(2) - Fy snd{U} vy : U
By (1)
(3) Ty ' T
By 1 on the redex
(4) - +1 dyn (6o« 72« 1) (snd{U} vy) : 7o
By (2) and (3)
Case: binop{ro} vo v; > InvariantErr

Immediate.

Case: binop{ry} vy v1 b 5(binop, vy, v1)
Immediate.

Case: app{ro} vo v; > InvariantErr
Immediate.

Case: app{zo} (A(xo : 71)- €0) Vo B¢ eo[xo o]
By substitution lemmas for typed functions and for F(-).
Case: app{7o} (G (fo«71+{1) vo) v1 By dyn (£o< 72+ €1) (app{ U} vy (stat ({1« 71<40) V1))
(l) kv U
By 1 on the redex
(2) kU
By F; on the redex
(3) - k1 stat (514 T1<€0) v U
By (2)
(4) - 1 app{U} vy (stat (C1<11<bp) v1) : U
By (1) and (3)
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(5) Ty < 7o
By 1 on the redex
(6) - k1 dyn (€o«12+€1) (app{ U} vy (stat ({1714 6o) V1)) = T
By (4) and (5)
(7) F(dyn (lo« 72+ £1) (app{U} vy (stat ({1471 40) ©1)))
By similar reasoning
Case: dyn ({10 {1) vo B G (Lo 1o+ 1) Vo
Immediate.
Case: dyn (£p« 1<) (T bo i) B do
Immediate.
Case: dyn ({o«70+{1) vy > BoundaryErr ((£p«7o+ fl)l;o, o)
Immediate.
Case: unop{U} vy ». Tagkrr
Immediate.
Case: unop{U} vy ». add-trace(get-trace(vy), 5(unop, vy))
Immediate.
Case: fst{ U} (T; by (G (Lo« (11 XT2)<{1) v9)) Py trace by (stat (Co=71+61) (fst{ri} vo))
(1) - Fp vy : TIXTy
By 1 on the redex
(2) - Fy fst{r1} vy : 11
By (1) _
(3) - k1 trace by (stat (Co« 1y« €1) (fst{71} vy)) : U
By (2) _ _
Case: snd{U} (T2 by (G (o« (71X T2)« 1) vp)) Py trace by (stat (£o« 12« £1) (snd{zz} vy))
(l) k1 Uyt T XTy
By F; on the redex
(2) ckq Snd{Tz}U() Ty
By (1)
(3) - by stat (Ly«a<fy) (snd{m2} vp) : U
By (2)
Case: binop{U} vy vy ». Tagkrr
Immediate.
Case: binop{ U} vy vy . 5(binop, vz, v3)
Immediate.
Case: app{U} v v; ». TagErr
Immediate.
Case: app{U} (T by (Ax0. €)) vy Py trace bo (eg[x0 «—v1])
By substitution lemmas for untyped functions and for F(-).
Case: app{U} (T2 b (G (Lo« (t1=12)<t1) o)) 1 P
trace by (stat (£o« 724 (1) (app{72} vo (dyn (1714 6p) ©2)))
1) -FHy: =0
By F; on the redex
(2) ‘o U
By 1 on the redex
(3) c bk dyn (514 T1<€0) V11T =T
By (2)
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(4) - 1 app{rz} vy (dyn (£1«1< o) v1) : T

By (1) and (3)

(5) - k1 trace by (stat (€p« 72 €1) (app{z2} vo (dyn (C1<71 o) v2))) = U

By (4)

Case: stat (€o« 79+ {1) vo P G (Lo« 70+ l1) o

Immediate.

Case: stat by (G by (T by vo)) ». trace (bob1bo) vo

(1) k1 U u

By +1 on the redex
(2) - k1 trace (b()blb()) vy U

By (1)

Case: stat (£o«79+ (1) io P o

Immediate.

Case: stat ({o«79+{1) vo P InvariantErr

Immediate.

Case: trace by v ». add-trace (I;O, Vp)

Immediate.
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THEOREM A.16 (FORGETFUL BLAME SOUNDNESS AND COMPLETENESS). Forgetful satisfies BS and
BC.

Proor. By preservation of path-owner consistency (I-,) for > and >

Case: (unop{ry} ((vo))g")fo D (InvariantErr)%
Immediate. ., _
Case: (unop{zo} (v0)") > (8(unop, vy))""
(1) vo = (v1,v2) and §(unop, vo) € {v1, vz}

By definition
(2) o5+ Fp vo
By Ik, on the redex
(3) f(); . "_P U1 and f(); . "_P Vo
By (2) and (3)
(4) to;- +p 8(unop, vy)
By (1) and (3)

= 3
Case: (fst{ro} (G (bo<T1<£1) (0)2) ") b (dyn (bo< fst (m)« &y) (fst{ U} (©0)™))
(1) b+ by (20)"
By I, on the redex
(2) €15+ 1y fst{U} (vg)"
By (1)
(3) €33~ I (dyn (Lo« fst (1)« €1) (Fst{ U} (v0)?))
By (1) and I, on the redex
P
Case: (snd{z} (G (G 71+1) (v0)2)") > (dyn (fo<«snd(z1)«&y) (snd{U} (©0)"))
(1) b5+ kp (v9)”
By I, on the redex
(2) ;- p snd{ U} (v9)"
By (1) _
(3) €33 p (dyn (Go=snd(ry)«£1) (snd{ U} (w) )"
By (1) and I, on the redex
Case: (binop{zo} (vo)7 (01)7)" > (InvariantErn)’s
Immediate. _ .,
Case: (binop{ro} (v0)" (v1)") " > (8(binop, vy, o))"
(1) 8(binop, vy, v1) € i
By definition of §
(2) to; - +p 8(binop, vy, v1)
By (1) o,
Case: (app{r} (vo)® v1) ’ > (InvariantErr)%
Immediate.

Zols

Zols

Tots

7 to = Toby
Case: (app{zo} (A(xo : 71). €)"° vo) > (eolxo — (w)loreroly
(1) fb;‘|Fp A(XOZ Tl).€0
By I, on the redex
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(2) o;- IFp Vo
By Ik, on the redex

(3) o3~ Ip (wp) "™
By (1) and (2)

(4) €o; - I+, x for each occurrence of x in e
By Ik, on the redex

(5) Co:- 1p (eolxo (1)o@
By (3) and (4)

- 05
Case: (app{m} (G (lo=r1 1) (@0)*)" v1) >

- [ F()f3
(dyn (€« cod ()« 1) (app{ U} vy (stat (€1« dom ()« Lo) (01) " @) )

(1) €2;- /p Vo

By I, on the redex
(2) fé;'|Fp U1

By I, on the redex
(3) Ls:- trp (02) "

By (2) and I, on the redex
(4) £33+ Iy stat (6« dom (71)« €o) (v1) ™"

By (3) and I, on the redex

= ¢ bobs
(5) €53+ p (dyn (Lo« cod (1)« 1) (app{ U} vy (stat (€1« dom (z1)« L) () @)
By (1) and (4)
= £ = £
Case: (dyn ((o+70+61) (20)") B (G (bo<0+ (1) (00)")

Immediate.

- 62
Case: (dyn (o< 1) (T 5o (0)) ) (o)
Immediate. ., _ .
Case: (dyn (fo«o< (1) ((Uo))fz) 3 P (BoundaryErr (€9« 7o+« £1)bo, ((Uo))fz)) '
Immediate.
Case: (unop{TU} (20)") " ». (TagErr)®
Immediate.
Case: (unop{U} v,)" >

(add-trace (get-trace (vy), 5(unop, rem-trace (vo)))’
(1) vy =T bo (v1,v3) and S(unop, rem-trace(vy)) € {v1, v}
By definition
(2) o;- +p vg and £y; - Iy, rem-trace (vy)
By I, on the redex
(3) tn;- bp vy and Oy - Ikp vy
By (2)
(4) Co; - +p add-trace(get-trace(vy), §(unop, rem-trace (vy)))
By (1) and (3)
_ 7 05
Case: (fst{TU} (T2 bo (G (€70« 1) (v0)?) ") ) >

(trace By (stat (Co« ot (ro)« 1) (Fst st ()} 00)2) )
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(1) £5;- ey T By (G (bo<ro< 1) (00)(2)"
4559 By I, on the redex
e (2) Los+ +p G (bo=To+ 1) (v0)*
4561 By (1)
62 (3) ly;- IFp Vo
4563 By (2)
ot (4) ;- p fst{fst(z)} v
4565 By (3)
(5) Los p stat (Lo fot (ro)« £1) (Fst{fst (7o)} vo)"
o By (4 .
4569 (6) €53+ Irp trace by (stat (bo= fst (o)« t1) (fst{fst(zo)} )2 ))[3
4570 By (1) and (5)
4571 - 03 %5
572 Case: (snd{U} (T2 bo (G (bo<70<l1) (o)) ) ) »
7 lyls
j:;i (trace by (stat by (snd{snd (o)} 00)822)63)
(1) 53~ p T2 5o (G (Goe o+ £y) (00)2) "
4576 By I, on the redex
4577 (2) Co;+ +p G (Lo o+ £1) (o)™
4578 By (1)
4579 (3) €15+ +p o
4580 By (2)
4581 (4) t1;- +p snd{snd (7o)} vo
4582 By (3)
4583 (5) Co; - I-p stat (€g«snd(zo)«£1) (snd{snd (o)} vo)“
4584 By (4) _
8 (6) Cs;- Iy trace by (stat (€« snd (zo)«£1) (snd{snd (0)} vo)* )"
4386 By (1) and (5)
4587 ) 7 7. ‘
s Case: (binop{U} (o) (1)) ». (TagErn)
4589 Immediate. _ .,
4590 Case: (binop{ U} (vo)" (v:1)") > 8(binop, vz, v3)
4591 Immediate. .
92 Case: (app{U) (o) v1) v (TagErn)”
% Immediate.
4594 _ - 7 6
4595 Case: (app{ U} (T> bo (Ax0. €0)™*) o) >
4596 _ _ _ _ 7. Ot
4597 (trace by ((eo[xo < add-trace (rev (by), (vo) 2" T @)™
4598 (1) €25+ 1+p T2 bo (Axo. €0)"
4599 By I, on the redex
4600 (2) Cni- Fp Axg. €
4601 By (1)
4602 (3) l; Fp Vo
4603 By I, on the redex
4604
4605
4606
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(4) €2;- /p Vo
By Ik, on the redex

(5) Lus+ I+p add-trace(rev(by), (vo) 2 (e o)y
By (2) and (4)

(6) n;- Ik, xo for each occurrence of x, in ey
By Ik, on the redex

. - N Lorev(Ty)rev(Zy) 7
(7) €2;- I+ trace by (eo[xo < add-trace (rev(by), (vo)) )

By (5) and (6)
ls

_ 7 7
Case: (app{ U} (T2 By (G (o= 0+ 1) (20)) ") ©1) >

- 7 Uyts
(trace by (stat (£« cod (1o)«£1) (app{cod(z0)} vo E’z)f2 )
where v, = dyn (£1« dom (19)« o) add-trace (rev(by), (v )57 (%))
- Z.
(1) 5;- p T2 bo (G (Co= o< £1) (v9)2)"
By I, on the redex
(2) Co;+ +p G (Loo=£1) (09)2 and 13- Iy vy
By (1)
(3) 55 Ikp vy
By I, on the redex
(4) €o;- p add-trace (rev(by), (v1) 57" (9
By (1) and (3) .
(5) €13+ by dyn (&1« dom(z9)« o) add-trace (rev(by), (v1) 57" 1))
By (4) _
(6) Cs;- Iy trace by (stat (L9« cod (7o)« ¢1) (app{cod (7o)} vy Uz)[z))fi ~
where v, = dyn (£1«dom ()« €o) add-trace (rev(by), (v ) ferev (Gala)y
By (1) and (5)
Case: (stat (€0< To< 51) ’(.)())g2 PF (G (f()< To< 51) ’U())fz

Immediate.
-7 b

-— £y 31 - — £
Case: (stat by (G b1 (T2b2v0) ) ) > (trace (bobyby) (vo )11 2)
(1) by = (L2710 1) and by = (614114 4)
By I, on the redex

- 7.0
(2) b5+ (G by (T2 0200) ")
By I, on the redex and (1)
- iz
(3) Lo +p (T2 by vo)
By I, on the redex and (1)
(4) €o;- Iy, trace (bobibz) (wo) 112
By (2) and (3)
= ¢
Case: (stat ((o«70+1) (1)) ». (i0)"
Immediate. _y,
Case: (stat (£o«79<1) (v0)%?) ’ > (InvariantErr)
Immediate.
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Case: (trace by vo)[o > (add-trace (by, vo))eo
Immediate.
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LEmmaA A.17 (C < F).

e Ifey < exande —c
o If ey < eyande; €3 then Jeq, e4 such that e —>”|; eq and e —>*C e;ande; < ey

e; then Jes, eq such that e, —* e3 and e —' e4 and es < ey.

Proor. By lemma A.18 and lemma A.19.

holds for well-formed residuals of a common term; that is, pairs such that there

exists an e, where e, : T/¢; wf and e, —>’(‘: ep and ey —>’; e

LEMMA A.18.

If wircp(eg, ;) and ey < ez and ey —. €1 then Jes, eq such that e; —% e3 and e; =% ey and e < ey.

c ¢ F
Proor. By lemma A.20, lemma A.23, and case analysis of Do U

Case: unop{ro} vy > InvariantErr
Impossible, by type soundness
Case: unop{ro} vy >. §(unop, vo)
(1) e; = unop{ro} v1 and vy < V4
By < on the redex
(2) 8(unop,vy) is defined
By (1)
(3) 8(unop,vy) S 8(unop,v1)
Case: fst{zo} (G (Lo«11< 1) vo) B dyn (Lo« fst (1)« (1) (fst{ U} vo)
(1) e; =fst{rg} vy and vy < v,
By < on the redex
(2) v1 € G(bymi<ty) Vs
(3) €1 by dyn (o= fst (1) €1) (fst{ U} v1)
and dyn (€o« fst (1)« €1) (fst{ U} vs) < dyn (Co= fst (1)« 1) (fst{ U} v1)
Case: snd{r} (G (lo«11+1) vy B dyn ((o«snd(r1)< 1) (snd{U} vy)
(1) ey =snd{rp} v; and vy < v;
By < on the redex
(2) v1 € G (bo+11L1) Us
(3) e1 > dyn (€o«snd(r1)< 1) (snd{ U} v1)
and dyn (€o«snd(r1)<£1) (snd{U} v5) < dyn (€o« fst(r1)«£y) (fst{ U} v1)
Case: binop{ro} vy v1 > InvariantErr
Impossible, by type soundness
Case: binop{ry} vo vy e S(binop, vy, v1)
(1) e1 = binop{ro} v2vs and vy S v, and v; < vs
By < on the redex
(2) 8(binop, vy, vs) is defined
By (1)
(3) d(binop, vy, v1) S 8(binop, v, v3)
By ¢
Case: app{7o} v v1 B InvariantErr
Impossible, by type soundness
Case: app{ro} (A(xo : 71). €0) Vo > €o[xo < vo]
(1) e; = app{ro} v1 vz and (A(xp : 71). 1) S v1 and vy S vy
By < on the redex
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(2) v = A(.X'() : Tl). €5
By (1)
(3) ea[xo —wvo] < es[xo 2]
Case: app{ro} (G ((o«71+(1) vo) 1 D
dyn (£o< cod(t1)< 1) (app{ U} vy (stat ({1« dom (1)« o) v1))
(1) e; = app{mo} vz v3 and (G ({y« 1< £1) vy) S v2 and vy < v3
By < on the redex
(2) v2 =G (by<r1<l1) vy
(3) €1 by dyn (o« cod(71)< 1) (app{ U} v4 (stat ({1« dom (11)< o) v3))
(4) dyn (€o« cod(1)« 1) (app{ U} vy (stat (€1« dom(11)< o) v1)) <
dyn (£o« cod (t1){1) (app{ U} vy (stat ({1« dom (11)« o) v3))
Case: dyn ({o< 19+ {1) vo B G (Lo« o< €1) Vo
(1) e; = dyn (£p«19<¢1) v1 and vy < vy
By <
(2) e1 b G (bo<mo<tr) vy
By b,
(3) G (bo=1o<£1) vo < G (bo=1o<£1) V4
Case: dyn ({10 (1) ig > o
(1) e = dyn (bp«19« 1) vy and iy S v;
By <
(2) dyn (€g«7o+€1) v1 B> v1 and ip < vy
Case: dyn ({o«79+{1) vo >, BoundaryErr (o« 7o« ¢1), vo)
Immediate
Case: unop{U} v, ». TagkErr
(1) e1 = unop{U}v; and vy < v;
By < on the redex
(2) 8(unop,v) is undefined
By (1)
(3) TagErr < TagErr
Case: unop{U} vy ». 6(unop, vy)
(1) e1 = unop{ro}v; and vy < v
By < on the redex
(2) 8(unop,v,) is defined
By (1)
(3) 8(unop,vy) < S(unop,vy)
Case: fst{U} (G ({o«10+ (1) vo) P stat (Lo« f5t(r0)«C1) (fst{fst(zo)} vo)
(1) e; =fst{rg} v and vy < vy
By < on the redex
(2) If v; € T by v, then either stat (o= fst(ro)<t1) (fst{fst(z0)} vo) —% BoundaryErr (b,v) or
stat (o« fst(19)<£1) (fst{fst (o)} vo) —% v3 and e; —>:; vg and v3 < vy
(3) Otherwise vy € G ({o«79+{1) vs and e; » stat (o« fst (7o)« 1) (fst{fst(zo)} v1)
and stat (€o« fst (rg)«€1) (fst{fst (7))} vs) < stat (€o« fst(r1)<£1) (fst{fst (o)} v1)
Case: snd{U} (G (lo10+{1) vy P stat (£o«snd(zo)« 1) (snd{snd(70)} vo)
(1) e; = snd{r} v; and vy < v
By < on the redex
(2) If v; € T by v, then either stat (€y« snd(1o)«£1) (snd{snd (7o)} vo) —f(‘j BoundaryErr (b, v)
or stat (£y«snd(ty)<£1) (snd{snd(z)} vy) —>’E v; and e; —>’; vy and vz S Uy
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(3) Otherwise vy € G (fo19<(1) vs and e; B stat ({o<snd(z)« (1) (snd{snd(z)} v1) and
stat (€g« snd(rp)« 1) (snd{snd(zy)} vs) < stat (£o«snd(r1)<{;) (snd{snd ()} v1)
Case: binop{ U} vy v, ». TagkErr
(1) €1 = binop{U} v v3 and vy S vy and v; < V3
By < on the redex
(2) 8(binop, rem-trace (vy), rem-trace (vs)) is undefined
By (1)
(3) TagErr < TagErr
Case: binop{U} vy, > d(binop, vy, v1)
(1) €1 = binop{U} vavs and vy S vy and v; < v3
By < on the redex
(2) 8(binop, rem-trace (vy), rem-trace (vs3)) is defined
By (1)
(3) d(binop, vy, v1) S 8(binop, rem-trace (vy), rem-trace (vs))
By ¢
Case: app{U} v vy ». TagErr
(1) e; = app{U} v, vs and vy < vy and vy < v
By < on the redex
(2) v ¢ Ax.eUGbv
By (1)
(3) TagErr < TagErr
Case: app{U} (Axo. €y) vy P eo[x0 < Vo]
(1) e; = app{U} v1 v; and (Axg. €4) S vy and vy < vy
By < on the redex
(2) v1 = (Axo. €5)
By (1)
(3) (eaxo —v1]) < (es[xo —v2])
Case: app{U} (G ({o«19+{1) vo) v1 P
stat (€= cod (o)« 1) (app{cod (o)} vo (dyn (€4« dom (z0)« ) ©1)
(1) 1 = app{U} vz v3 and (G (Cy«11¢€1) Vo) S vz and v; < U3
By < on the redex
2) Ifo, =T by v4 then either
stat (£p« cod (r9)« 1) (app{cod(t9)} vo (dyn (€1« dom (1p)«{y) v1)) —>’é BoundaryErr (b,v)
or stat (o= cod ()« (1) (app{cod (1)} vo (dyn (1= dom (r0)= (o) ©1)) =% vs
and e; —>’; vg and vs < vg
(3) Otherwise vy € G (€o« 19« {1) V7
and e; . stat ({o« cod (1)« 1) (app{ U} vy (stat (£1<dom(z9)«{o) v3))
and stat (€« cod (1)« 1) (app{cod(z9)} vo (dyn (€1« dom(z9)< o) v1)) <
stat (£o« cod (19)«{1) (app{ U} v7 (stat ({1« dom (1)« o) v3))
Case: stat ((o« 79+ (1) vo P G (bo+ 70+ (1) Vo
(1) e; = stat (€o«19<{1) v1 and vy < vy
By <
(2) Ife; ¢ G b v then e; ». G (€o«19+{1) v1 and G (Lo<19+ 1) vo S G (bo< 70+ €1) 1
By ».
(3) Otherwise e = G b1 (T? l;() Uz) and €1 —>>;_ T bobll;() (%) and G (504 To< 51) vy S T bobll;() (%]
Case: stat ((o+ 70+ (1) io P o
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(1) e; = stat ({y«19<€1) v1 and iy < vy
By <
(2) stat (€o«7o+£1) v1 » vy and iy < v
Case: stat (£y«19<{1) vy » InvariantErr

Impossible, by type soundness
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4901 LEMMA A.19.
w02 If wircr(eo, €2) and ey < e and e; — e3 then J ey, ey such that e; —>’; eq and e —>’é erande; S ey
4903

4904 ProoF. By lemma A.20, lemma A.23, and case analysis of b, U »,..
4905

4906 Case: unop{ro} vy > InvariantErr

4907 Impossible, by type soundness

4908 Case: unop{ro} vy > 6(unop,vy)

4909 (1) e = unop{ro} v1 and v; < vy

4910 By < on the redex

1911 (2) 6(unop,vy) is defined

4912 By (1)

4913 (3) 8(unop,v1) < 5(unop, vo)

4914 Case: fst{zo} (G ({o«71+€1) vo) By dyn (Lo« fst(z1)< 1) (fst{ U} vy)
4915 (1) e = fst{ro} v1 and v1 < vy

4916 By < on the redex

4917 (2) v1 € G (bo+11+L1) Us

4918 (3) €1 b dyn (bo=fst(m)«6r) (fst{ U} v1)

4919 and dyn (€o« fst (1)« 1) (fst{ U} vs) < dyn (Lo« fst (1)« 1) (fst{ U} vy)
4920 Case: snd{r} (G ({o«71+1) vo B dyn ((o«snd(r1)«¢1) (snd{U} vy)
4921 (1) eg = snd{rp} v; and v; < vy

4972 By < on the redex

4923 (2) vi € G(bymi<ty) Vs

4924 (3) e1 > dyn (Lo« snd(r1)< 1) (snd{ U} v1)

14925 and dyn (£y«snd(r1)<£1) (snd{U} v5) < dyn (o« snd(r1)<£1) (snd{U} vy)
4926 Case: binop{ro} vo v1 > InvariantErr

4927 Impossible, by type soundness

4978 Case: binop{ro} vy v1 > 8(binop, vy, v1)

4929 (1) e = binop{ro} v2 v3 and v; < vy and v3 < vy

14930 By < on the redex

1031 (2) 8(binop, v, vs) is defined

4932 By (1)

1933 (3) d(binop, vy, v3) S 8(binop, vy, v1)

4934 By &

1935 Case: app{ro} v v; B InvariantErr

1936 Impossible, by type soundness

1037 Case: app{7o} (A(xo : 71). €0) vo B eo[xo < vo]

1038 (1) eg = app{ro} v1 vz and v1 < (A(xp : 71). e4) and v, < Vg

4939 By < on the redex

4940 (2) vi = Mxo : 1) €5

4941 By (1)

4942 (3) es[xo 2] < ea[xo < vo]

14943 Case: app{7} (G ({o«71{1) vo) v1 >

4944 dyn (£o< cod(t1)< (1) (app{ U} vy (stat ({1« dom (1)« p) v1))

4945 (1) eo = app{ro} v2 v3 and vy < (G (£y«11<€1) vy) and v3 < v;
1046 By < on the redex

1947 (2) v2 € G(bo<t1<lr) vy

4948 (3) e B¢ dyn (Lo« cod(t1)< (1) (app{ U} vy (stat (1« dom (11)< o) v3))
4949
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(4) dyn (€o« cod(z1)« 1) (app{ U} vy (stat (61« dom(71)< o) v3)) <
dyn (fo< cod (1)« 1) (app{ U} vy (stat (€1« dom (11)< o) v1))
Case: dyn ({o<79+l1) vy B G (Lo 70+ L1) Vo
(1) e = dyn (€p« 9« {1) v1 and v; < vy
By <
(2) o > G (Lo<mo<t1) 01
By Be
(3) G (bo<tol1) v1 S G (Lo<10+L1) Vo
Case: dyn (504 To< f]) (T’) b() io) I>F i
(1) eo = dyn (£o«19<£y) i1 and iy < i
By <
(2) dyn (Co«mo< 1) i1 > i1 and iy < i
Case: dyn ({o«79+{1) vy > BoundaryErr (£« 7o+ fl)go, )
(1) ep = dyn (£p«19<£1) v1 and v; S vy
By <
(2) dyn (€o«79< 1) v1 > BoundaryErr (b, v)
Case: unop{U} vy ». Tagkrr
(1) eg = unop{ U} v; and v; < vy
By < on the redex
(2) 8(unop,vy) is undefined
By (1)
(3) TagErr < TagErr
Case: unop{U} vy ». add-trace(get-trace(vy), 5(unop, vy))
(1) eg = unop{ro} v1 and v; < vy
By < on the redex
(2) 8(unop,vy) is defined
By (1)
(3) d(unop,v1) _S(unop, vy)
Case: fst{U} (T; by (G (€g=To< 1) Vo)) > trace by (stat (Lo« fst (o)< £1) (fst{fst (1)} v0))
(1) eg = fst{rg} v and v; < vy
By < on the redex
(2) It by is not empty then either fst{zy} v; —>’& BoundaryErr (b,v) or fst{ry} v; —>E vs and
e —>: vy (unfolding guards and collecting traces) and v3 < vy
(3) Otherwise by is empty and fst{zo} v1 b stat ({o« f5t (7o)« (1) (fst{fst(z0)} v1)
and ey b stat (€o fst (o)« 1) (fst{fst(z0)} vo)
and stat (fo<fSt(To) 1) (fst{fst(r0)} v1) < stat (o= fst (zo)« 1) (fst{fst(z0)} vo)
Case: snd{U} (T by (G (Ly« 70+ 1) y)) > trace bo (stat (£o« snd (o)« £1) (snd{z1} vo))
(1) eg = snd{rp} v; and v; < v
By < on the redex
(2) If by is not empty then either snd{z} v —>’é BoundaryErr (b,v) or snd{ry} v1 —>’é v3 and
e —>: vy (unfolding guards and collecting traces) and v3 < vy
(3) Otherwise by is empty and snd{z} v; » stat (€o«snd (7o)« ¢1) (snd{snd(z)} v1)
and ey » stat ({o«snd(zo)« 1) (snd{snd ()} vo)
and stat (£y«snd(19)<£1) (snd{snd(zy)} v1) < stat (€y«snd(zy)«€1) (snd{snd (o)} vy)
Case: binop{ U} vy vy ». Tagkrr
(1) eo = binop{U} v, v3 and v; < vy and v3 < vy
By < on the redex
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(2) 8(binop, rem-trace (vy), rem-trace (vs)) is undefined
By (1)
(3) TagErr < TagErr
Case: binop{ U} vy vy ». 5(binop, vz, v3)
(1) eg = binop{U} vz vs and v, S vy and v3 < V4
By < on the redex
(2) 8(binop, rem-trace (vy), rem-trace (vs)) is defined
By (1)
(3) d(binop, rem-trace (v), rem-trace (vs)) < 8(binop, vy, v1)
By ¢
Case: app{U} v v; ». TagErr
(1) eo = app{U} v, vs and v; < vy and v3 < vy
By < on the redex
(2) v, ¢ Ax.eUGbo
By (1)
(3) TagErr < TagErr
Case: app{U} (T bo (Axo. €0)) vo > trace bo (eo[x0 —v1])
(1) e; = app{U}v; v; and v; < (Axo. €4) and v; < vy and by is empty
By < on the redex
(2) v1 = (Axo. €5)
By (1)
(3) (es[xo «—v2]) < (es[xo «—v1])

Case: app{U} (T> by (G (£ 10+ (1) vo)) v1 P trace b (stat by (app{7:} vy (dyn by v1)))

(1) eo = app{U} v; v3 and v, < (G (fy«114¢1) vy) and v3 < vy
By < on the redex

(2) If by is not empty then either app{ U} v; v3 —. BoundaryErr (b,v)
or app{U} vy vs —>*C Us
and e; —>’; ve (unfolding guards and collecting traces) and vs < v

(3) Otherwise by is empty
and e; ». stat (€o« cod (1)« 1) (app{ U} vy (stat ({1« dom (7o)« {o) v1))
and ey P stat ({o« cod (1)« ¢1) (app{ U} vs (stat ({1« dom (10)«{o) v3))
and stat (£o« cod (19)« €1) (app{ U} vs (stat (€1« dom(19)<£y) v3)) S
stat (£o« cod (10)« (1) (app{ U} v7 (stat ({1« dom (1)« o) v1))

Case: stat (€o« 79+ (1) vo . G (bo<70+l1) Vo

(1) eg = stat ({y<19<{1) v1 and v S Vg
By <

(2) e1 ». G (Lot 1) Vo

(3) G (bo<mo+€1) vo < G (o10+L1) Vo _

Case: stat by (G by (T2 bg vy)) » trace (bobibo) vo

(1) eg = stat ({y«19<{1) v and v; < G by (T I;O Vo)
By <

(2) vy =Gb;vy;and vy < T bo vo
By (1)

(3) eo ». Gbo (G by v2)
By (2) _

(4) er . T (bobibo) vo

By ».

103
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(5) G by (G by v2) $ T (bobibo) vo
Case: stat ((o«79+{1) ig » o
(1) €y = stat ([04 To< [1) il and il S i()
By <
(2) stat (bo«mo«t1) iy P iy and iy < io
Case: stat ((o«79<{1) vo » InvariantErr
Impossible, by type soundness
Case: trace by vp ». add-trace (l;o, Vp)
(1) ey = stat by (dyn by v;) and by = byby by
By <
(2) add-trace (l;o, v) =T bo vy
By (1) _ _
(3) Either ey —>*C BoundaryErr (b, v) or ey —>’(‘: vy and vy < T by vy

LEMMA A.20.
If wircr(eo, e1) and ey < ey and either ey —
eo = Eo[e4]
e1 = Eq[es]
Ey S E
ey < es.

c €2 or e; = e3 then the following results hold:

ProoF. By lemma A.21 and lemma A.22. O
LEMma A.21.
If wircr(Eoleo], e1) and Eoleo] < e1 and eo(>. U w.)ey then the following results hold:
e e; = Eyfes]
e Ey S E;
® ¢y < es.

Proor. By induction on Ey[ey] < e;, proceeding by case analysis of Eq[eo]. O

LEmMmA A.22.
If wircr(eo, Erle1]) and ey < Ei[e1] and e (> U . )es then the following results hold:

o ¢y = Egle;]
® Ey S Ey
® e is e1.

Proor. By induction on ey < Ej[e;], proceeding by case analysis of E;[eq]. O

LEmMmA A.23.
Ion < E1 and ey S e3 then Eo[ez] < E1[€3].

ProoFr. By induction on E; < E;. ]
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5007  A.4 Transient

2098 LEMMA A.24 (TRANSIENT TYPE PROGRESS).

2099 If To; - v Eoleo]; Ho; Bo : s U U then one of the following holds:

;2? e ¢g € vUErr
5102 e Jey, Hy, By. eo; Ho; By >y er; Hy; By
5103 Proor. By unique decomposition (lemma 6.1) and case analysis:
oo Case: Iy;- s io; Ho; By : Int
5105 .
Immediate.
oo Case: Ty;- Fs ng; Hy; By : Nat
5107 .
1 Immediate.
zlzz Case: Ty; - ks (Axg. €); Ho; By : Fun
‘10 > po; ({po = (Axo. €0)} U Hp); ({po > 0} U By)
o Case: Ty;- ks (A(xo : 70). €9); Ho; By : Fun
5112 > po; ({po = (A(xo @ 7). €0)} U Hp); ({po > 0} U By)
13 Case: 1y;- +s (v, v1); Hy; By : Pair
Si14 B po; ({po = (w0, v1)} U H); ({po — 0} U By)
a1 Case: Ty; - + (app{ro} vo v1); Ho; Bo : |70
S116 - B (check{ro} (eo[xo «v1]) vo; Ho; By[v1 U rev(Bo(vo))]
. if Hy(vg) = A(xg : 71). €9 and shape-match (| 1], v1)
S11s - > (check{zo} (eo[x0 «—v1]) v0); Ho; Bolvy U rev(By(wo))]
5119 if %(’Uo) = Axo. €0
5120 - by Err otherwise
121 Case: Ty; - +s (unop{zo} vo); Ho; Bo : L 70]
122 - > check{zy} §(unop, Hy(vo)) vo; Ho; By if defined
5123 - by Errotherwise
5124 Case: Ty; - +s (binop{to} vo v1); Ho; By : |70
195 - by 8(binop, vy, v1); Ho; By if defined
5126 - b Err otherwise
5127 Case: Tp;- ks (dyn (Lot 1) vo); Hos By = | 0]
5128 - by vg; Hos Bolvg U {(Lo« o< £1)}]
5129 if shape-match (7o ], Ho(vo))
5130 - b Err otherwise
5131 Case: Ty; - + (check{zy} vo po); Ho; Bo : |70
5132 - > vg; Ho; Bo[vo U Bo(po)]
5133 if shape-match (| 7o), vo)
5134 - by Errotherwise
5135 Case: Tg; - +s po; Ho; Bo : So
5136 Immediate.
5137 Case: Ty;- +s Err; Hy; By : 5o
5138 Immediate.
5139 Case: Ty;- kg iog; Hoy: By : U
5140 Immediate.
5141 Case: Ty;- s ng; Hy; By : U
5142 Immediate.
5143 Case: 1y;- +s (Axg. e9); Ho; By : U
5144 > po; ({po = (Axo. €0)} U Hp); ({po = 0} U By)
5145
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5146 Case: Ty;- +s (AM(xo : 10). €9); Ho; By : U

S147 B po; ({po — (A(xo = 70). €0)} U FHo); ({po — 0} U By)
5148 Case: Iy;- +s (v, v1); Ho; By : U

5149 B po; ({po = (vo,v1)} U Fh); ({po > 0} U By)

5150 Case: Ty;- +s (app{ U} vo v1); Ho; Bo : U

S151 - by (check{U} (eo[xo «—v1]) vo; Ho; By[v1 U rev(By(vo))]
5152 if Ho(vo) = A(xq : 71). €9 and shape-match(|11],v;)
>153 - > (eo[xo = 1]); Ho; By

5154 lf%(’()o) = /‘le. €0

5155 - by Err otherwise

5156 Case: Ty; - +s (unop{U} vy); Ho; By : U

S157 - by check{U} &(unop, Hy(vo)) vo; Ho; By if defined
o158 - > Err otherwise

5159 Case: Ty; - ks (binop{ U} vy v1); Hy; By : U

5160 - b 8(binop, vy, v1); Ho; By if defined

s161 - b Err otherwise

>162 Case: Ty;- s (stat (o<1« 1) vy); Ho; By : U

o1 - by vp; Hoy Bylvg U {(Lo« o< £1)}]

zjz: if shape-match (| o], Ho(vy))

- >y Err otherwise
Case: Ty; - +s (check{U} vg po); Ho; Bo : U
B vo; Hos By
Case: Ty; - ks po; Ho; By : U
Immediate.
Case: Ty;- +s Err; Hy; By - U
Immediate.

5166
5167
5168
5169
5170
5171
5172
5173
5174
5175
5176
5177
5178
5179
5180
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5188
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5192
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5194
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5195 LEMMA A.25 (TRANSIENT TYPE PRESERVATION).
5196 If Tos - ks eo; Ho; By + T/ar and eo; Hos By By er; Hi; By then 3T, Ty © Ty and Ty; - v ey; Hy; By 2 Ty

5197
ProoF. By case analysis of the reduction relation. The new heap typing 7; gains an entry only

;Zi when the value heap does; if #; = {py — wo} U H, then T3 = {(po : s0)} U Tg, where sy is the shape
sp00  Of the pre-value (lemma 6.47).

5201 Case: wo; Ho; By > po; ({po = o} U Hp); ({po — 0} U By)
5202 (1) To;- Fs Wo; Ho; By = so

5203 By +s on the redex

5204 (2) 1 = (po : 50), Zo

5205 (3) Ti;- ks po; ({po = Wo} U Hy); ({po > 0} U By) : 5o

5206 By (1) and (2)

5207 Case: (unop{ro} vo); Ho; By > InvariantErr; Ho; By

5208 Impossible for a well-typed redex

5209 Case: (unop{U} vy); Ho; By > TagErr; Ho; By

5210 T =T

5211 Case: (unop{"/ui} po); Ho; By By (check{%/as} S(unop, Hy(po)) po); Hos Bo
5212 (1) T; =T

5213 (2) Ti; - +s S(unop, Ho(po)); Ho; By = 51

5214 By a variant of lemma 6.2 for k.

w5 (3) Tis- by (check{Ter} 8(unop, Holpo)) po); Ho; By s T
5216 By (2)

5217 Case: (binop{ro} v v1); Ho; By B InvariantErr; Hy; By
5218 Impossible for a well-typed redex

5219 Case: (binop{ U} vy v1); Ho; By By TagErr; Hy; By

5220 T =7

5221 Case: (binop{"/q1} io ir); Ho; By > S(binop, io, i1); Hos Bo
5222 1) L =T

5223 (2) Ti; - +s S(binop, iy, i1); Ho; Bo : Tl

5224 By lemma 6.2 (restated for tags rather than types)
5225 Case: (app{ro} vo v1); Ho; By B InvariantErr; Hy; By
5226 Impossible for a well-typed redex

5227 Case: (app{U} vy v1); Ho; By > TagErr; Hy; By

5228 T =D

5229 Case: (app{"/a1} po v0); Ho; By > (check{?/q1} eo[xo «vo] po); Hos By
5230 (1) Ty =T

5231 (2) To; - s eolxo —vol; Ho; By : 51

5232 By a substitution lemma for

5233 (3) Ty;- s eglxo —vo; Ho; B : 51

5234 By a store extension lemma and (2)

5235 (4) Tis - +s (check{"/a1} eo[x0 < vo] po); Ho; B : | "/aul

5236 By (3)

5237 Case: (app{"/a1} po vo); Ho; By > BoundaryErr (rev(By(po)), vo); Ho; By
5238 T =D

5239 Case: (app{to} po vo); Ho; By B (check{ro} eo[xo <ol po); Ho; By
5240 (1) I =T

5241 (2) To;- s eglxo —vol; Ho; By : U

5242 By a substitution lemma for

5243
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5244 (3) Ti;- s eolxo —vol; Ho; By - U

5245 By a store extension lemma and (2)

5246 (4) 1+ +s (check{zo} eo[x0 <= v0] po); Ho; By = [ 7/a1l

5247 By (3)

5248 Case: (app{U} po vo); Ho; By By (eo[xo «0]); Hos Bo

5249 1) L =19

5250 (2) Ty;- +s eoxo —vol; Hy; By - U

5251 By a substitution lemma for F

5252 Case: (dyn (£o<70< 1) v0); Ho; By B vos Hos (Bolvo U {(Lo< 70+ €1)}])
5253 (1) T; =T

5254 (2) Tis - +s vos Ho; (Bolvo U {(Lo< 10 €1)}]) « L0

5255 By a lemma for shape-match (| 1], -) and

5256 Case: (dyn (£o<7o+ (1) vo); Ho; By > BoundaryErr ({(£o« 70+ 1)}, vo); Ho; By
5257 T =D

5258 Case: (stat (f()< T fl) Uo); %; By I>T Vo %; (go[vo U {(504 T f])}])
5259 1) TL=7%

5260 (2) Tis - +s vo; Ho3 (Bo[vo Y {(Lo< o< L1)}]) : L 70]

5261 By a lemma for shape-match (| 1], -) and

5262 Case: (stat (£o« 79+ (1) vo); Ho; By > InvariantErr; Ho; By

5263 Impossible for a well-typed redex

5264 Case: (check{U} vy po); Ho; By By vo; Ho; Bo

5265 T =T

5266 Case: (check{zo} vy po); Ho; Bo By vo; Ho; (Bo[vo U Bo(po)])

5267 (1) T =T

s (2) Ty ke 003 Hos (Bo[vp U {(Go=toe )}) : Lo

5269 By a lemma for shape-match (| 1], -) and

20 Cases (check{zy)} v po); Ho; By b BoundaryErr (By(vo) U Bo(po), v0); ; By
5271 T =D

5272 O
5273

5274

5275

5276

5277

5278

5279

5280

5281

5282

5283

5284

5285

5286

5287

5288

5289

5290

5291

5292
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5293 A5 Amnesic

5294 LEMMA A.26 (AMNESIC TYPE PROGRESS). If - b1 Eoleg] : T/q; and A(Eo[eo]) then one of the following
3295 holds:

5296

5297 e ¢y cvUErr

5298 o T/qy€ v and ey e >, €

5299 ® "/qy€ Uand Je;. eo », €

5300

5301 Proor. By unique decomposition (lemma 6.1) and case analysis:
zzzj Case: - 1 ng : Nat

S04 Immediate.

s305 Case: - +1 iy : Int

c306 Immediate.

w07 Case: -+ A(xp 1 19). €1 : 1o =11

ss08 Immediate.

s300 Case: - +q (v, V1) : ToXTy

10 Immediate.

i Case: -+ unop{zo} vy : 7o

S dyn(lene ) (U} o)

w13 if unop = fst and vy = G (€« (11X 12)< 1) V3
sa14 - &, dyn (b« {y) (snd{ U} vy)

a5 if unop = snd and vy = G (€« (11 X12)<£1) V1
e - &, d(unop, vy) if defined

- >, Err otherwise
5317 .
Case: - +1 binop{ro} v v1 : 19

- By d(binop, vy, vy) if defined
- >, Err otherwise

5320 A
Case: -+ app{ro} vy v1 : 10
- >
5322 5 [x0 =21l
if vy = M1yt x0). €1

5318
5319

5321

5323
5324 - &, dyn (fo<1o< 1) (app{U} v (stat (€1« 71+ £p) V1))
5325 ifvg = G by« (1= 1)< 1) 02

- >, Err otherwise
5326
Case: - +q dyn ((y«19+ 1) v : Tp

:j; - |>A G(f(ﬂ T()<€1) Vo

5320 if 7y € T=1 U rX1 and shape-match (| 7], vo)
5330 T Pato _

5331 if vy € Ty byi and 7y € Int

5332 - Py o _

5333 ifvg € T2 by n and 75 € Nat

5334 - >, Err otherwise

5335 Case: -+ G (Cp«(rg=11)<l1) vy : Tg
5336 Immediate.

5337 Case: - +1 G (Lo« (toX11)<L1) vy : Tp
5338 Immediate.

5339 Case: -+ Err: 7

5340 Immediate.

5341
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Case: -+ i:U

Immediate.

Case: -+ Axg. e : U
Immediate.

Case: - +q (vg,v1) : U
Immediate.

Case: -+ unop{U} vy : U
- », trace bo (stat (€g« 1<) (fst{r1} v1))
if unop = fst and vy = T+ bo (G (Lo« (11X T2)<£1) v1)
- », trace bo (stat (£g« 7o« £1) (snd{z2} v1))
if unop = snd and vy = T bo (G (Lo« (t1X13)<t1) V1)
- », add-trace(get-trace(vy), 5(unop, rem-trace(vy))) if defined
- », Err otherwise
Case: - +q binop{U}vyv; : U
- », &(binop, rem-trace(vy), rem-trace(vy)) if defined
- », Errotherwise
Case: -+ app{U}vyv; : U
- », trace bo (e1[xo «— (add-trace (rev(by), v1)])
if’Uo = T? l;o (AXO. 61)
- », trace bo stat (Lo« 1o+ 1) (app{to} v2 (dyn (€1« 11<£y) add-trace(rev (bo), v1)))
if vg = T by (G (Lo (11 = 10) £1) V2)
- », Err otherwise
Case: - +q stat ({y«19<€1) vy : U
- >A G(&ﬂ To<£1) Vo
ifrper=rUrxrand vy € (A(x : 7). e) U (v,v) and shape-match (| o], vo)
- », trace (bobll;o) Uy
ifrp e r=rUrxrand vy = G by (T, bo v1) and shape-match (| 7o), vo)
- PA Vo
ifvg € iand 7y € Int
- '7\ Vo
if vy € nand 7y € Nat

- », Err otherwise

Case: -+ G (o« (11 =>10)<l1) v : U
Immediate.

Case: - ¢ G(fcﬁ (TIXTO)< f]) vy U
Immediate.

Case: -+ TEO vy U
Immediate.

Case: - ¢ trace I;O_vo U
- », add-trace (bo, vo)

Case: -+ Err: U
Immediate.
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LEMMA A.27 (AMNESIC TYPE PRESERVATION).
If - +1 Eoleo] : T/a1 and A(Eo[eo]) and eo(>, U », )es then - +1 Eoler] : T/a and A(Eo[e1]).

ProOOF. By case analysis of each reduction relation.

Case: unop{ro} vy >, InvariantErr
Immediate.
Case: unop{ro} v >, 8(unop,vy)
By lemma 6.2.
Case: ]cSt{To} (G (fo< (7.'1X7.'2)< fl) U()) I>A dyn (€0< To< fl) (fSt{ﬂ} Uo)
(1) kv U
By 1 on the redex
(2) c k1 fst{‘ll} vy : ‘U
By (1)
(3) - k1 dyn (bo« o< 1) (fst{U} vo) : 70
By (2)
(4) A(dyn (bo<To< 1) (fst{U} vy))
By similar reasoning
Case: snd{7} (G ({o« (11 X72)< 1) vy B, dyn (Co« (70X 72)<€1) (snd{ U} vy)
(1) -Fv:U
By F; on the redex
(2) - +ysnd{U} vy : U
By (1)
(3) - k1 dyn (bo« o< £1) (snd{U} vy) : 7o
By (2)
Case: binop{ro} vov; >, InvariantErr
Immediate.
Case: binop{ro} vy v1 >, (binop, vy, v1)
Immediate.
Case: app{r} v v1 >, InvariantErr
Immediate.
Case: app{zo} (A(xo : 71)- €0) Vo >, €o[x0 o]
By substitution lemmas for typed functions and for A(-).
Case: app{7o} (G ({o« (11 = 12)< (1) vo) v1 B, dyn (bo« o< €1) (app{ U} vy (stat (Lo« 114 £1) V1))
(1) -rv:U
By F; on the redex
(2) ko7
By F; on the redex
(3) - k1 stat (514 T14 f()) v U
By (2)
(4) - r1 app{U} vy (stat ((171bo) v1) : U
By (1) and (3)
(5) - k1 dyn (bo«10+C1) (app{ U} vy (stat ((147144o) v1)) : 70
By (4)
(6) A(dyn (€9«7o+ 1) (app{U} vy (stat ({1114 £p) v1)))
By similar reasoning
Case: dyn ({10 {1) vy >, G (Lo<T0+ 1) Vo
Immediate.
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Case: dyn (£o« 19+ ¢7) (T bo ip) >, io
Immediate.
Case: dyn ({o«79+ (1) vp >, BoundaryErr ((£o« 7o+ £1)bo, vo)
Immediate.
Case: unop{U} vy », TagErr
Immediate.
Case: unop{U} vy », add-trace(get-trace(vy), 5(unop, vy))
Immediate.
Case: fst{ U} (T» by (G (Lo« (11 XT2)< (1) vp)) B, trace by (stat (Lo« 1y 1) (fst{z} vp))
(1) k1 Uyt 1 XTy
By F; on the redex
(2) ckq fSt{Tl} V' T
By (1) _
(3) - kq trace by (stat (€g«11<€1) (fst{z1} vy)) : U
By (2)
Case: snd{U} (T, bo (G (bo«(r1X12)< 1) V) >, trace bo (stat (Lo« 12« £y) (snd{12} vg))
(1) - F{ vy : T XTy
By 1 on the redex
(2) - Fysnd{2} vy : 1
By (1)
(3) - k1 stat (€0< To< 51) (Snd{’['g} Uo) U
By (2)
Case: binop{ U} vo vy », Tagkrr
Immediate.
Case: binop{ U} vy vy », §(binop, v, vs3)
Immediate.
Case: app{U} v v; », TagErr
Immediate. _ _
Case: app{U} (T2 by (Axo. en)) vo », trace by (eo[xo < v1])
By substitution lemmas for untyped functions and for A(-).
Case: app{U} (T> by (G (Lo« (11 = 12)< (1) o)) 1 By
trace by (stat (£o« 72+ €1) (app{r2} vo (dyn (o 71 (1) v2)))
(1) *F YT =T
By 1 on the redex
2) -rov U
By F; on the redex
(3) -ridyn (b1« by) v i1 =10
By (2)
(4) - k1 app{z2} vo (dyn ({1714 6o) V1) @ T2
By (1) and (3)
(5) - k1 trace o (stat (€o« 72+ (1) (app{z2} vo (dyn (C14 714 6p) v2))) : U
By (4)
Case: stat (€o«79+{1) vo By G (bo<o< 1) Vo
Immediate.
Case: stat by (G by (T bo vg)) », trace (bobll;o) Vo
(1) kv U
By F; on the redex
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(2) - F1 trace (bobibo) vo : U
By (1)

Case: stat ({o«79+ (1) ip », o
Immediate.

Case: stat ({o+ 79+ (1) vo », InvariantErr
Immediate.

Case: trace l;o Uy Py U1
Immediate.
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THEOREM A.28 (AMNESIC BLAME SOUNDNESS AND COMPLETENESS). Amnesic satisfies BS and BC

Proor. By preservation of path-owner consistency (I-,) for D and >

Case: (unop{r} ((z)o))z‘))[0 Do (InvariantErr)%
Immediate.
Case (unop{z} (20)™)" o= (8(unop, vy))**
(1) vy = (v1,v2) and 8(unop, vo) € {v1, vz}
By definition
(2) los - Fp 0o
By Ik, on the redex
(3) to; - I+p vy and £o; - 1) v,
By (2) and (3)
(4) €o;- +p S(unop, vy)
By (1) and (3) ,
Case: (fst{r} (G (fo=ri=£) (@0)?)") B (dyn (fo=m=r) (Fst{T1} (e0)))
(1) 13- p (v9)”
By I, on the redex
(2) brs - p Fst{ U (vy)
By (1)
(3) €33+ Iy (dyn (oo« £r) (Fst{ T} (v0)))
By (1) and I, on the redex
= 0
Case: (snd{ro} (G (fo=rrLr) (00)2)") 5. (dyn (fgr0+ L) (snd (UL} (o))
(1) &3+ kp (00)
By I, on the redex
(2) €13y snd{ U} (vg)“
By (1)
(3) €33+ by (dyn (Lo« o« 1) (snd{ U} (v0)))
By (1) and I, on the redex
Case: (binop{ro} ((vo))F0 ((2)1))21)50 D (InvariantErr)®
Immediate. _ .,
Case: (binop{m} (v0)™ (01)") " & (8(binop. vy, v1))"
(1) 8(binop,vy,v1) € i
By definition of §
(2) €o; - +p 8(binop, vy, v1)
By (1)
Case: (app{n} ((vo))F" vl)fo > (InvariantErr)®
Immediate.

Tols

lots

lols

Lols

Case: . 7SN torev(Zo)py 0%
ase: (app{zo} (A(xo : 71). €)™ vo) P (eox0 (o) D
(1) fb;'le A(Xo 111).60

By I, on the redex
(2) €5+ Fp Vo

By I, on the redex
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(3) o3+ p (wp) "™
By (1) and (2)

(4) €o; - I+ xo for each occurrence of xy in e
By I, on the redex

(5) Co: - 1y (eolxo (o) @])""
By (3) and (4)

- A
Case: (app{7n} (G (Lo« 1<) (Uo)fz))fo v1) Px

- £ {-7053
(dyn (Lo« mo+£1) (app{ U} vy (stat (€1« dom (11)+Lo) (1)) )

(1) €2;- /p Vg

By Ik, on the redex
(2) fg;‘|Fp U1

By I, on the redex
(3) t3;-1kp (vr) e

By (2) and I, on the redex
(4) €23y stat (6« dom (r1)+ Go) (01) ")

By (3) and I, on the redex

= ¢, bobs
(5) €53+ 1p (dyn (Lo o« 1) (app{ U} vy (stat (£« dom (1) o) () @)

By (1) and (4)

Case: (dyn (fy«1o£2) (@0)) " o (G (Cyme ) (@0)™)
Immediate.

- €2
Case: (dyn (lo+7o<(2) (T2 5y (0)) ) o (i)
Immediate. - _ -
Case: (dyn (fo«To+{1) (o)) > (BoundaryErr ((£o« 70« £1)bo, (©0)™))
Immediate.
Case: (unop{U} ((vo))?")fo > (TagErr)%
Immediate.
Case: (unop{U} v)’ > (add-trace (get-trace (vy), d(unop, o))’

(1) vy = T5 by (v1, v) and S(unop, rem-trace (vy)) € {v1, 02}
By definition
(2) o;- p vo and £y; - ), rem-trace(vy)
By I, on the redex
(3) tn;- kp vy and Oy - kp vy
By (2)
(4) €o; - v, add-trace(get-trace(v), §(unop, rem-trace (vy)))
By (1) and (3)
_ 7. U &
Case: (fst{U} (T2 bo (G (Co<70+ (1) (0)*) ) ) »
= {4t
(trace By (stat (o= fst(z0)« 1) (Fst{fst ()} 20)2) ")

- 13
(1) €5+ 1 Tr b (G (bo« o 1) (09)2)
By I, on the redex
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5636 (2) Co;- +p G (Loo= £1) (o)™

5637 By (1)

5638 (3) €15+ kp Vo

5639 By (2)

5640 (4) t1;- v fst{fst(z)} vy

5641 By (3)

5642 (5) Lo; - Ik stat (€o« fst (1)< £1) (fst{fst(zo)} )"

5643 By (4)

S (6) L iy trace By (stat (o fot(r)« 1) (st st ()} ) %)
208 By (1) and (5)

5646 _ 24 ls

w7 Caser (snd{U (T2 b (G (loeroetr) (00))) ) w

5648 _ 24[
5649 (trace by (stat (£g« snd (o)« 1) (snd{snd (o)} vy)" )y
ZZ:? (1) €53+ rp T2 bo (G (Lo 70+ €1) (Uo)fz))g3

w2 By I, on the redex

5653 (2) fo; . Il-p G (€0< T €1) (Uo)fz

5654 By (1)

s655 (3) t1;- /p Vg

5656 By (2)

se57 (4) t1;- +p snd{snd(z9)} vo

5658 By (3)

s650 (5) fo; - I+p stat (Lo« snd(zp)« £1) (snd{snd (o)} vo)f2

5660 By (4) B}
5661 (6) ts;- I, trace bo ((stat (£o« snd (to)«£1) (snd{snd (19)} vo)*2 ))(')3
5662 By (1) and (5)

5 Caser (binop{ U} (o) (01)™)" v (TagEr)

oo Immediate.

5665 ] 7 7 .G )

s666 Case: (binop{U} (v0)™ (v1)™) ~ » 8(binop, vz, vs)

5667 Immediate. _ oy,

5668 Case: (app{U} (vo)" vy) ’ > (TagErr)f"

5669 Immediate.

5670 - [ ARG b

st Case: (app{U} (T»bo (Ax0-€)™") v0) >

5672 T T (,’zrev(t-’l)rev((-,’o) @ bt
(trace By (eolxo — add-trace (rev (By). (20) o
5674 (1) 2;- rp T2 by (Axo. eo)"

5675 By I, on the redex

5676 (2) Cn; - IFp /1)(0. €0

5677 By (1)

5678 (3) L2;- p v

5679 By Ik, on the redex

5680 (4) L25 Fp 0o

ses1 By Ik, on the redex o

5682 (5) Cns- add-trace (rev (by), ((vo))fzrev(f‘)m(f"))

5683 By (2) and (4)

5684
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5685 (6) tn;- IFp xo for each occurrence of xy in ey
5686 By Ik, on the redex
5687

s s Cyrev(Ty)rev(Zy) 7
(7) La; - +p trace by (eo[xo < add-trace(rev(by), (vo) > 1))

5688
ses0 By (5) and (6) -
- 7. ta
0 Caser (appl) (T2 (G (lpeoe ) @) )) 1) o
= Tyl

o (trace by (stat (o= cod (o)< 1) (app{cod ()} vo (dyn (£1«dom (ro)« o) vp))" )){}3 )
zzzz where v, = add-trace (rev(by), ((vl))fs_r ev(G500))
5695 (1) ;- p T2 bo (G (Co o+ t1) (Uo)fz))g3
5696 By I+, on the redex
5697 (2) Lo;- +p G (Lo 1) (vo)f2 and £1; - Ik, vy
5698 By (1)
5699 (3) ls5- kp vy
5700 By Ik, on the redex
5701 4) Lo;- Hp add-trace (rev(by), (v1) 7 (9
5702 By (1) and (3) _
5703 (5) €15+ Fp dyn (€1« dom (1)< o) add-trace(rev(go), ((vl))gsrev(&f“))
5704 By (4)
5705 _ oo T
5706 (6) ts;- I, trace by (stat (€9« cod (79)« 1) (app{cod(to)} v v2)"?) .
5707 where v, = dyn (€1« dom (o)« {y) add-trace (rev(by), (v1) 57" ()
5708 By (1) and (5)
5709 Case: (stat (£o«7o« (1) v)" > (G (Lo<To 1) vp)"2
5710 Immediate.
5711 _ - 7 b _ - 0

b ToT1 65\
5712 Case: (stat by (G by (T2b2v9) ") ) w= (trace (bobibz) (vo)™*"'™)
5713 (1) by = (L2« 19+ £1) and by = (€1« 114 £p)
5714 By Ik, on the redex
5715 - 7.0
716 (2) b5+ hp (G by (T2 b2v) )
. By I, on the redez( and (1)
(3) Cos- p (T2 By 00) "
5719 By I, on the redex and (1)
70 (4) 25 Iy trace (bobibs) (v0)
5721 By (2) and (3)
5722 = £
793 Case: (stat (€p« 9« £1) (i0)"?) > (ig)"
— Immediate. .,
5725 Case: (stat (£o«79<1) (00)%?) ? > (InvariantErr)®
5726 Immediate._ . _ P
5727 Case: (trace by vp) > (add-trace (by,vy)) "
5728 Immediate.
5729 O
5730
5731
5732
5733
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LemMa A.29 (A= T). If ey = eq; Hy; By then:
e if ey —, ez thene; —>: es and eq; Hy; By —>f‘r eq; Hy; By and es = ey; Hy; By

o if e; Ho; By > 33 Hi3 By theneg —) e, and e; = es; Hy; By

Proor. By lemma A.30 and lemma A.31.

holds for well-formed residuals of a common term; that is, pairs such that there

exists an ey, where e, : T/¢; wf and e, —>: ey and ey; -; - —>; e1; Hy; By
LemMA A.30. If wirar(eo, 1) and ey = e1; Hy; By and eg —, e thene; —>: es3 and e1; Hy; By —ﬁ
es; Hy; By and es ~ eq; Hy; By

Proor. By lemma A.32, lemma A.35, and case analysis of By Uby.

Case: unop{ro} vy >, InvariantErr
Impossible, by type soundness
Case: unop{r} vy >, 6(unop,vy)
(1) e; = unop{ry} es and vy < es
By < on the redex
(2) If e5 is a pre-value, it gets allocated. If not, es must be a value. Either way e;; #; By —>:
unop{ro} vi; Hi; By and vy < vy
(3) 8(unop,vy) is defined
By (2)
(4) 5(unop,vy) = 8(unop, v1); H; By
By ¢
Case: fst{zo} (G ((o«71< 1) vo) >, dyn (Lo<10+ 1) (fst{ U} vo)
(1) e =fst{rg} es and vy < e
By < on the redex
(2) If e5 is a pre-value, it gets allocated. If not, es must be a value. Either way e;; Hy; By —>;
fst{ry} v1; Hi; By and vy < vy
(3) fst{ry} v1; Hi; By —ﬁ check{ry} 6(fst,v1) vy; Hi; By
By —¢
(4) If vy = {vo, v3) then e —>/’: dyn (€y« o< £1) vy
and dyn (€y«19<€1) vz = check{zo} 8(fst, v;) v1; Hi; By
By (3)
(5) Otherwise vy = G by (v2,v3) and e —>: dyn (o« 1o+ €1) (stat by vy)
and dyn (€y« 79« (1) (stat by v;) = check{ry} 6(fst, v1) vy; Hi; By
Case: snd{r} (G (lo«11+1) vy B, dyn (€o«79+1) (snd{ U} vy)
(1) e; = snd{1p} es and vy < es
By < on the redex
(2) If e5 is a pre-value, it gets allocated. If not, es must be a value. Either way e;; Hy; By —ﬁ
snd{7y} v1; H;; B, and vy < vy
(3) snd{ro} vi; H;; By —>; check{ry} 6(snd, vy) vi; Hy; By
By —¢
(4) If vy = (vy, v3) then e —>/”; dyn (€o« o< £1) vy
and dyn (<19« 1) v2 = check{zy} 8(snd, vy) vi; H; By
By (3)
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(5) Otherwise vy = G by (v2,v3) and e —>: dyn (o« 1o+ €1) (stat by vy)
and dyn (€« 19« €y) (stat by vp) = check{zo} 6(snd,v;) vi; Hi; By
Case: binop{ro} vy v; >, InvariantErr
Impossible, by type soundness
Case: binop{r} vy v; >, §(binop, vy, v;)
(1) e1 = binop{ro} es e and vy < e5 and v; < e
By < on the redex
(2) If e5 a pre-value, it gets allocated. If not, es must be a value. Similarly for es. Either way
ev; Hy; By — binop{ro} v vs3; Hy; By and vy S vy and vy < Vs
(3) 8(binop, vy, v3) is defined
By (2)
(4) 8(binop, vy, v1) = 8(binop, vy, v3); Hi; By
By ¢
Case: app{z} v v; >, InvariantErr
Impossible, by type soundness
Case: app{ro} (A(xo : 71). €0) vy >, check{zo} eo[xo <—vo]®
(1) e = app{ro} €5 e and (A(xp : 71). €4) S es and vy < e
By < on the redex
(2) If es a pre-value, it gets allocated. If not, es must be a value. Similarly for es. Either way
er; Ho; By —>*T app{ro} vo vs; Hy; By and (A(xp : 71). €4) S vz and vy S v3
(3) e1; Hi; By —>f‘r check{ry} e7[xo < 3] vo; H; By
By (2)
(4) check{zo} eo[xo <—vo] ® = check{zo} e7[x 3] va; Hs; B,
By (3) and a substitution lemma
Case: app{7o} (G ({o«11{1) vo) v1 >,
dyn (6o« 7o+ €1) (app{ U} vy (stat (€;« dom (1)< o) v1))
(1) e1 = app{ro} €5 e and (G (Lo« 11+ 1) V) S es and v; < e
By < on the redex
(2) If e5 a pre-value, it gets allocated. If not, es must be a value. Similarly for es. Either way
ev; Hy; By —>*T app{7o} vz v3; Hy; By and (G (Lo« 114 1) vy) S vz and vy < v3
(3) stat (€1« dom (r1)<€y) vy —>: [on
By v S v
(4) dyn (Lo« o< 1) (app{U} vy v4) = app{ro} v2 vs; Hi; By
By (3)
Case: dyn ({10 {1) vy >, G (o104 1) Vo
(1) If e1; Hos By = dyn (o« 1o« (1) v1; Fh; By then vy < o1 and ey; Hy; By =) v1; Ho; B, and
G (bormo+l1) vo < v1; Hy3 By
(2) Otherwise e;; Hy; By —>; check{zo} vy po; Hi; B1 and vy = vy; Hy; By
(3) check{ro} v1 po; H1; By =} vi; Ho; By
By (2)
(4) G (bo+mo<lr1) vo = v1; T3 By
Case: dyn (504 To< f]) (T’) b() i()) l>A ip
(1) If ey; Hy; By —ﬁ dyn (Lo« 19« £1) v1; H; By then iy S vy and eg; Hy; By —ﬁ v1; Hp; B, and
iy S vi; Ho; By
(2) Otherwise eq; Hy; By —>; check{ry} v1 po; H1; By and iy = vy; Hi; By
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(3) check{ro} v1 po; Hi; By —ﬁ v1; Hy; By
By (2)
(4) io = v1; Hp; By _
Case: dyn ({o<19+{1) vy >, BoundaryErr (£« 7o+ €1)bo, vo)
(1) If ey; Hy; By —>; dyn (€19 €1) v1; Hy; By then vy < vy
and eq; Hy; By —ﬁ BoundaryErr (5, v); Ho; By
and BoundaryErr ((£y« 7o+ 51)1;0, v9) < BoundaryErr (l:, v); Ho; By
(2) Otherwise e;; Hy; By —>i*r check{ro} v1 po; H1; B1 and vy = vy; Hi; By and eq; Ho; By —
BoundaryErr (l;, v); Ha; B, and BoundaryErr ((£o« 79+ {’1)50, v9) < BoundaryErr (l;, v); Ho; By
Case: unop{U} v, », Tagkrr
(1) e1 = unop{U} es and vy < es
By < on the redex
(2) If e5 is a pre-value, it gets allocated. If not, es must be a value. Either way e;; #y; By —>_*r
unop{U} vy; Hy; By and vy S vy
(3) 8(unop,v) is undefined
By v < vy
(4) TagErr =~ TagErr; Hi; By
Case: unop{U} vy », add-trace(get-trace(vy), 5(unop, v;))
(1) e; = unop{U} es and vy < es
By < on the redex
(2) If e5 is a pre-value, it gets allocated. If not, es must be a value. Either way e;; #y; By —
unop{ U} vy; H;; By and vy < vy
(3) 8(unop,vy) is undefined
By vy < 01
(4) add-trace(get-trace(vy), 5(unop, rem-trace(vy))) = d(unop, vy); H; By
Case: fst{U} (T by (G (Lo« 1o+ £1) o)) », trace by (stat (€o= fst (1)« 1) (fst{z} vy))
(1) eg =fst{rg} es and vy < e
By < on the redex
(2) If e5 is a pre-value, it gets allocated. If not, es must be a value. Either way e;; #y; By —
fst{U} vy; Hi; B; and vy < vy
(3) fst{U} vy; Hi; By —>; check{ry} 6(fst, v1) v1; H; By
By —¢
(4) If vy = {v3,v3) then ¢ —>Z stat (£o« 19« {1) U2
and trace by (stat (€o« fst (o)< 1) (fst{z1} vo)) = check{zo} 6(fst,v1) vy; Hy; By
By (3) _
(5) Otherwise vy = G by (v2,v3) and e —>* trace by (stat (£y« 19« €1) (dyn by vy))
and trace by (stat (€o<o<ty) (dyn by vz)) = check{ro} S(fst, v1) v1; Hy; By
Case: snd{U} (T2 by (G (€o« o< {1) vp)) », trace by (stat (£o« snd (o)« £1) (snd{r; } vy))
(1) e; = snd{r} es and vy < es
By < on the redex
(2) If e is a pre-value, it gets allocated. If not, es must be a value. Either way e;; #Hy; By —>;
snd{U} vy; H;; B, and vy < vy
(3) snd{U} vy; Hi; By - check{ry} 6(snd, vy) vy; Hi; By
By —>;
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(4) If vy = (vq, v3) then e —>/’; stat (€o«19<{1) U3
and trace by (stat (o« snd (o)« £1) (snd{r1} vo)) = check{zo} 8(snd, v1) v1; Hy; By
By (3) _
(5) Otherwise vy = G by (v2,v3) and e —>’/; trace by (stat (£« 1o« €1) (dyn by v3))
and trace by (stat (Lo« o< £1) (dyn by v2)) = check{zy} d(snd, vy) v1; Hi; By
Case: binop{U} vy v; », Tagkrr
(1) e; = binop{ro} es e and vy < es and v; < e
By < on the redex
(2) If es a pre-value, it gets allocated. If not, es must be a value. Similarly for es. Either way
e1; Hy; By —>f‘r binop{ro} v, vs; H;; By and vy S vy and v; S s
(3) (binop, va,v3) is undefined
By (2)
(4) TagErr = TagErr; H;; By
By é
Case: binop{ U} vo vy », 5(binop,vz,v3)
(1) e1 = binop{ro} es e and vy < es and v; < e
By < on the redex
(2) If e5 a pre-value, it gets allocated. If not, es must be a value. Similarly for es. Either way
e1; Hy; By = binop{re} v v3; Hy; By and vy < vy and vy < V3
(3) 8(binop, v, v3) is defined
By (2)
(4) 8(binop, rem-trace (vy), rem-trace(vy)) = 8(binop, ve, v3); H; By
By §
Case: app{U} v v; », TagErr
(1) e; = app{ro} es e and vy < es and v; < e
By < on the redex
(2) If e5 a pre-value, it gets allocated. If not, es must be a value. Similarly for es. Either way
e1; Ho; By —>*T app{to} vz vs; Hi; By and vy < vy and vy S Vs
(3) v, is not a function
By (2)
(4) TagErr =~ TagErr; Hy; By
Case: app{U} (T, bo (Axo. €0)) vo », check{U} trace bo (eo[x0 —v1]) ®
(1) e; = app{U}es es and (A(xp : 71). €4) S es and vy < e
By < on the redex
(2) If e5 a pre-value, it gets allocated. If not, e; must be a value. Similarly for es. Either way
e1; Hy; By —>_*r app{ U} vy vs; Hy; By and (A(xp : 71). €4) S vz and vy < v3
(3) er; Hy; By — check{zo} e7[x0 3] v2; Hy; By
By (2) _
(4) check{U} trace by (eg[xo < v1]) ® = check{ry} e7[xo < 3] v2; Ha; By
By (3) and a substitution lemma
Case: app{U} (T by (G (Lo 70+L1) o)) V1 By
trace b (stat (£o« cod(79)«{1) (app{z2} vo (dyn ({1« dom(z9)« o) v2)))
(1) e; = app{ro} €5 €6 and (G (Lo« 11+ €1) vy) S es and v; < e
By < on the redex
(2) If es a pre-value, it gets allocated. If not, es must be a value. Similarly for es. Either way
e1; Hos By =7 app{to} vz v3; Hi; By and (G (bo71+¢1) vo) S vz and vy < 03
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(3) Either dyn (&1« dom (t1)«€y) vq —>: BoundaryErr (b,v) or dyn (61« dom(r1)<{y) v; —>: (N
and trace by (stat (£« cod (o)« {1) (app{z2} vo (dyn ({1« dom (79)«£y) v2)))
~ app{ro} v; vs; Hi; By
By v, S v3
Case: stat (€o«79+{1) vo », G (bo<o< 1) Vo
(1) If ex; Ho; By —; stat (Co 7o« 1) v1; Hy; By then vy < vy and eg; Hy; By = vi; Ho; B, and
G (Lot t1) vy < v1; Ha; By
(2) Otherwise eq; Hy; By —ﬁ check{ry} v1 po; H1; By and vy = vy; Hy; By
(3) check{ro} v1 po; Hy; By =7 vi; Ha; By
By (2)
(4) G (bo+o+l1) vo = v1; T3 By _
Case: stat by (G by (T2 by vp)) », trace (bobibo) vo
(1) If ey; Hy; By —>f‘r stat (£g« 1o« {1) v1; Hi; By then vy < vy and eg; Hy; By —ﬁ v1; Ho; B, and
trace (bobibo) vo < v1; Ho; By
(2) Otherwise e;; Hy; By —>; check{zo} vy po; Hi; B1 and vy = vy; Hy; By
(3) check{ro} v po; H1; By —>; v1; Hy; By
By (2  _
(4) trace (bob1by) vy = v1; Ho; By
Case: stat (€o«79+{1) io », o
(1) If ey; Hy; By —ﬁ stat (£« o« €1) v1; Hi; By then iy < v; and eg; Hy; By —>; v1; Hp; B, and
ip S vi; Ho; By
(2) Otherwise eq; Hy; By —ﬁ check{ro} v; po; H1; By and iy = v1; H; By
(3) check{zo} v1 po; Hy; By =7 vi; Ha; By
By (2)
(4) ig = v; H; By
Case: stat ((o+ 79+ (1) vo », InvariantErr
Impossible, by type soundness
Case: trace l;o Uy P, U1
Immediate
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5979 LemMA A31. If wirar(eo, e1) and ey = e; Hoy; By then: and ey; Ho; By - es; H; By then e —>: e

5980 gnd ey = es3; Hy; By
5981

5982 Proor. By lemma A.32, lemma A.35, and case analysis of B
5983

soss Case: wo; Ho; By by po; Ha; By

soss Immediate

Case: (unop{ro} vo); Ho; By > InvariantErr; Ho; By
Impossible, by type soundness

5986

zz:; Case: (unop{U} vy); Ho; By > TagErr; Hy; By
5080 (1) eo = unop{U} vy and v; < vy
5000 By < on the redex
<901 (2) 6(unop, rem-trace(vy)) is undefined
5992 By (1)
. (3) Tag(sErr ~ TagErr; Hy; By
By
" Case: (unop{Tlu} po): Ho: B vy (check{T/er} 8(unop. Hi(po)) po): Ho: By
5006 (1) eo = unop{%/¢;} v1 and v; < po
5007 By < on the redex
500 (2) If vy is a pair then 6(unop, rem-trace (v,)) is defined
5090 and check{%/¢;} add-trace(get-trace (v), 6(unop,vy)) e =
(check (1) (uncp 2(pe) o) %
By (1
222: (3) If vy is a guarded pair G b v, then e) unfolds to one boundary (dyn or stat) for example
5003 dyn5(€0< 9« {1) 8(unop, vy) = check{zy} 6(unop, po) po; #; B
By
222: (4) Otherwise v, is a pair with two wrappers G b (G b v;) and ey unfolds to two boundaries,
4006 for ;xample dyn (€y«19<£y) (stat by v;) = check{zy} 6(unop, po) po; #; By
By
:22; Case: (binop{ro} vov1); Ho; By > InvariantErr; Ho; By
5000 Impossible, by type soundness
w010 Case: (binop{U} vy v1); Ho; By > TagErr; Hy; By
i (1) ep = binop{U} v, v3 and v; < vy and v3 < vy
“o12 By < on the redex
sors (2) (binop, rem-trace (v;), rem-trace (vs)) is undefined
6014 By (1)
o5 (3) Tag(SErr = TagErr; Hy; By
By
zs: Case: (binop{"/q1} io ir); Ho; By > 6(binop, io, i1); Hos Bo
sois (1) eo = binop{*/¢} v2v3 and vy S iy and v3 < iy
so10 By < on the redex
w020 (2) 8(binop, rem-trace (vy), rem-trace (vs)) is defined
6021 By (1)
o9 O(binop v v = O(binop. H(po). Hi(p)s s
By
sz: Case: (app{ro} vo v1); Ho; By > InvariantErr; Hy; By
w025 Impossible, by type soundness
w026 Case: (app{U} vy v1); Ho; By > TagErr; Hy; By
6027
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(1) eo = app{U} v, vs and v, < vy and v3 < vy
By < on the redex
(2) v, is not a function
By (1)
(3) TagErr = TagErr; Hy; By
Case: (app{"/a1} po v0); Ho; By > (check{"/z1} eo[xo < vo] po); Ho; By
(1) eo = app{*/e1} v2 v3 and v; < pp and v3 < v
By < on the redex
(2) If v, is a function, then e, —>*A check{%/¢;} e1[xg <—vs3] ®
and check{%/z} e1[xo < v3] = (check{"/a;} eo[xo —vo] po); Ho; By
By (1)
(3) Otherwise v, € G b v4 and unfolds to a dyn/stat boundary,
for example, ¢ —>: dyn (€y« 1o« €1) (app{ U} v4 (stat ({1« dom (1)« €y) v3))
and the argument reduces to a value, for example, stat ({1« dom (1)« £y) vs —>Z Us
Case: (app{"/ui} po vo); Ho; By > BoundaryErr (rev(By(po)), vo); Ho; By
(1) eo = app{¥/uy} v2 v3 and v; < po and v3 < vy
By < on the redex
(2) v, must be a guarded, typed function
By (1)
(3) ey —>Z BoundaryErr (b, v)
By type soundness
(4) BoundaryErr (b, v) = BoundaryErr (b, v); Ho; By
Case: (app{to} po vo); Ho; By By (check{ro} eo[xo <o po); Ho; By
(1) eo = app{ro} vz v3 and vy < po and v3 < vy
By < on the redex
(2) If v, is a function, then ¢, —>*A check{ry} e1[xg < v3] ®
and check{zo} e1[xo < v3] ® = (check{ro} eo[x0 o] po); Ho; By
By (1)
(3) Otherwise v; € G b v, and unfolds to a dyn/stat boundary,
for example, ey —>:‘\ dyn (€o« 19« €1) (app{U} v4 (stat (€1« dom (1)« {y) v3)) and the argu-
ment reduces to a value,
for example, stat (£1« dom (1)« {y) v3 —i‘\ Us
Case: (app{ U} po v0); Ho; Bo >y (eo[xo < vo)); Ho; By
(1) e = app{U} vz vs and v; < po and v3 < vy
By < on the redex
(2) If v, is a function, then e, —>Z check{zy} e1[xg —vs] ®
and check{zy} e;[xo «—v3] ® = (check{zo} eo[x0 < vo] po); Ho; By
By (1)
(3) Otherwise v; € G b v4 and e, unfolds to
a stat boundary e, —>: stat (o« 19« €1) (app{r} v4 (dyn (£1«7<£p) v3)) and the argument
reduces to a value stat (£;«7<{y) v3 —>: Us
and stat (£o« 79« 1) (app{7r} v4 vs) = (eo[x0 < vo]); Ho; Bo
Case: (dyn (£o«70< 1) v0); Ho; By > vo; Hos By
(1) e = dyn (€p<« 19« €1) v1 and v; < vy
By < on the redex
(2) If v; € i then e —>Z v1 and vy = vy; Hy; By
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(3) Otherwise e —>: G (Cy<19< 1) v1 and G (Lo« o< 1) vy = vy; Hy; By
Case: (dyn (fo«79<{1) v0); Ho; By > BoundaryErr ({(£o« 70+ €1)}, v0); Ho; By
(1) eo = dyn (£p«19<¢1) v1 and v; S vy
By < on the redex
(2) ey —>Z BoundaryErr (b, v)
By (1) _
(3) BoundaryErr (b, v) = BoundaryErr ({(€g« 79+ £1)}, v0); Ho; Bo
Case: (stat (£o« 70« (1) v0); Ho; By > vo; Hos By
(1) eg = stat ({y«19<{1) v1 and v < vy
By < on the redex
(2) If v; € i thene —>*A v; and vy = vy; Hy; By
(3) If v; has no guard wrappers, then ey —>Z G (€o<t9<t1) v1 and G (£y« 19+ £1) v1 = vo; Hy; By
(4) Otherwise v; = G b v, and ey —>Z T l;vz and T Evz =~ vg; Ho; By
Case: (stat (£o« 79« (1) vo); Ho; By By InvariantErr; Hy; By
Impossible, by type soundness
Case: (check{U} vy po); Ho; By By vo; Ho; Bo
(1) If ey = stat (£y<« 19« {1) v; then g —>j; vy and vy = vy; Hy; By
(2) Otherwise ey = check{U} v, ® and ¢, —>*A v; and vy = vy; Hy; By
Case: (check{zy} vy po); Ho; By By vo; Ho; By
(1) If eg = dyn (£o« 79+ 1) v then v; < vy and e —>;‘_\ vy and vy = vy; Hy; By
Same as the dyn case
(2) Otherwise ey = check{ry} v; ® and ¢, —>: v1 and v; = vy; Hy; By
Case: (check{ry} vo po); Ho; Bo B BoundaryErr (By(vo) U Bo(po), vo); Hy; By
(1) If eg = dyn (£o« 19+ 1) v1 then v; < vy and e —>: BoundaryErr (b,v)
and BoundaryErr (l;, v) = BoundaryErr (By(vy) U Bo(po), vo); Ho; By
Same as the dyn case
(2) Otherwise ey = check{ry} v; , but this is impossible by type soundness.

LEMMA A.32.
If wirar(eo, e1) and ey < e; and either eg —, e or ey; Hy; By - €3 Hy; B, then the following results
hold:
eo = Eoleq]
e1 = Eq[es]
Ey S E;
e4 < es

ProOF. By lemma A.33 and lemma A.34. O

LEMMA A.33.
If wirar(Eoleo], e1) and Eoleo] < e1 and eo(>, U », Je, then the following results hold:

o ¢y = Eqfes]
® Ey S Ey
® ¢y < €.

Proor. By induction on Ey[ey] < e;, proceeding by case analysis of Eq[eo]. O
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LEMMA A.34.
If wirar(eo, E1le1]) and ey < Eqler] and eg; H; By B €35 H; Bs then the following results hold:
e ¢y = Eg[e]
e Ey S E;
® ¢; < 6.

Proor. By induction on ey < Ej[e;], proceeding by case analysis of E;[eq]. o

LEmMmA A.35.
If Ey < Eq and ey < es then Eglez] < Eq[es].

Proor. By induction on Ey < E;. ]
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6175 LEMMA A36(F S A). FSA
6176

o177 Proor. By lemma A.37 and lemma A.38, the relation e < e is a lock-step bisimulation. O

o178 holds for well-formed residuals of a common term; that is, pairs such that there
6179

exists an e, where e, : T/¢; wf and e; —% ey and e; —* e

6180 F A
6181 Lemma A.37. If wirpr(eo, e1) and e < e; and eg —; e, thene; —, e3
6182

6183 Proor. By lemma A.39, lemma A.42, and case analysis of b, U »,..
6184 Case: unop{ro} vy > InvariantErr

6185 Impossible, by type soundness

6186 Case: unop{ro} vy > 6(unop,vy)

6187 (1) e; = unop{ry} v1 and vy < v

6188 By < on the redex

6189 (2) 8(unop,vy) is defined

6190 By (1)

6191 (3) d(unop,vy) S 8(unop,v1)

6192 By ¢

6193 Case: fst{zo} (G ((o«71< 1) vo) > dyn (Lo« fst (r1)« 1) (fst{ U} vo)
6194 (1) e; = unop{ro} (G ({y«12«€1) v1) and vy < vy and 1y < 13

6195 By < on the redex

6196 (2) e; &, dyn (bo+7o<€1) (fst{U} v1)

6197 By (1)

6198 (3) dyn (Lo« fst(r1)« 1) (fst{U} vo) < dyn (o 7o+ 1) (fst{U} v1)
6199 By fst(r1) <' 1o

6200 Case: snd{7} (G ({o« 71+ (1) vy B dyn (Lo« snd(z1)<L1) (snd{ U} vo)
6201 (1) e1 = unop{ro} (G (Ly«12<¢1) v1) and vy S vy and 1y < 1y

6202 By < on the redex

6203 (2) €1 >, dyn (b« 1o+ (1) (snd{U} vy)

6204 By (1)

6205 (3) dyn (£o«snd(ry)«¢1) (snd{U} vy) < dyn (Lo« 19+ ¢1) (snd{U} vy)
6206 By snd(11) < 1o

6207 Case: binop{ro} vo v; > InvariantErr

6208 Impossible, by type soundness

6209 Case: binop{r} vy v1 b 5(binop, vy, v1)

6210 (1) e; = binop{ro} vz v3 and vy < v and vy < v3

6211 By < on the redex

6212 (2) 8(binop, vy, v3) is defined

6213 By (1)

6214 (3) 8(binop, vy, v1) S 8(binop, v, v3)

6215 By §

6216 Case: app{r} vo vy > InvariantErr

6217 Impossible, by type soundness

6218 Case: app{7o} (A(xo : 71)- €4) Vo B¢ ea[xo ]

6219 (1) e; = app{ro} v1 vz and (A(xp : 71). €4) S v1 and vy < V2

6220 By < on the redex

6221 (2) v1 = Alxg : 71). €5

6222 By (1)

6223
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6224 (3) ea[xo o] < es[xo 2]

6225 Case: app{7o} (G ((o«71{1) vo) U1 B¢

6226 dyn (£o« cod (1)« 1) (app{U} vy (stat ({1« dom (11)« o) v1))
6227 (1) e1 = app{ro} v2 vs and (G (Cp«71<¢1) Vo) S vz and vy < U3
6228 By < on the redex

6229 (2) vy =G (Ly<12<ly) vyand 7; < 1y

6230 By (1)

6231 (3) e1 >, dyn (€o«7o+ 1) (app{ U} vy (stat (£« dom (1)< o) v3))
6232 By (2)

6233 (4) dyn (6o cod (1)< {1) (app{ U} vy (stat (€1« dom (1)< o) v1)) S
6234 dyn (lo« 7o+ €1) (app{ U} vy (stat ({1« dom (71)«Lo) v3))

6235 By cod(1y) < 19

6236 Case: dyn ({o<10+{1) vo B G (Lo o< 1) Vo

6237 (1) e1 =dyn (bp«1«€1) vy and vy S vy and 1y < 1q

6238 By <

6239 (2) e1 >, G(bomil1) vy

6240 By >y

6241 (3) G(Z(ﬁ T0<€1) Vo S G(&r T1<€1) U1

6242 By (1)

6243 Case: dyn (fo< o< fl) (T? 50 io) D ip

6244 (1) e; =dyn (fp«11<f1) i1and ip S ijand 7y < 1q

6245 By <

6246 (2) e1 >, iy

6247 By >, and 7y <t 71y

6248 (3) iy S iy

6249 By (1)

6250 Case: dyn ({o«79+{1) vo > BoundaryErr ((£p«7o+ £1)bo, vo)

6251

Immediate, by BoundaryErr (b,v)<e

6252 Case: unop{U} vy ». TagErr

6253 (1) e; = unop{U}v; and vy < v,

6254 By < on the redex

6255 (2) 8(unop,v;) is undefined

6256 By (1)

6257 (3) TagErr < TagErr

6258 Case: unop{U} vy »_ add-trace(get-trace(vy), §(unop, rem-trace (vy)))

6259 (1) ey = unop{U} vy and vy < v;

6260 By < on the redex

6261 (2) 8(unop, rem-trace(v;)) is defined

6262 By (1)

6263 (3) 8(unop, rem-trace(vy)) < 8(unop, rem-trace(vy))

6264 By &

6265 Case: fst{U} (T by (G (€o«To=£1) o)) ®. trace by (stat (o= fit (o)« 1) (fst{fst ()} vo))

Z:(; (1) e; = unop{U} (T> bo (G (by<ti<t) v1)) and vy < vy and 1y < 73
By < on the redex

Zzz (2) e >, trace by (stat (£« fot (1)« £1) (Fst{fst (1)} v1))

6270 By (1)

6271

6272
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6273 (3) trace by (stat (Co fst(1o)<£1) (fst{fst(m9)} vy)) <

6274 trace by (stat (Co fst(t1)<t1) (fst{fst(r1)} v1))

0275 By fst(ro) <t fst (1)

6276 Case: snd{U} (T2 by (G (Lo« o+ 1) Vo)) Wy trace by (stat (Lo« snd (to)« 1) (snd{snd (o)} vo))
077 (1) e1 = unop{U} (T> by (G (Lo=71+£1) v1)) and vy S vy and 79 < 73

6278 By < on the redex

6279 (2) e », trace bo (stat (Lo« snd (r1)« 1) (snd{snd (r1)} v1))

6280 By (1)

6281 (3) trace IZO (stat (€g« snd(1g)«£y) (snd{snd(19)} vy)) <

ZZ:; trace by (stat (€o« snd(r1)« 1) (snd{snd(11)} v1))

By snd(ry) <: snd(r;)

o284 Case: binop{U} vy vy ». Tagkrr

0285 (1) €1 = binop{U} v v3 and vy S vy and v; < v

0286 By < on the redex

6287 (2) 8(binop, va,vs) is undefined

6288 By (1)

6289 (3) TagErr < TagErr

6290 Case: binop{ U} vo vy ». 3(binop, rem-trace(vy), rem-trace (v:))
6291 (1) €1 = binop{U} v v3 and vy S vy and v; < v

ZZ; By < on the redex

(2) 8(binop, rem-trace (vy), rem-trace (vs3)) is defined
6294
By (1)
6:295 (3) 8(binop, rem-trace(vy), rem-trace(vy)) < d(binop, rem-trace (v,), rem-trace (vs))
6[296 By 5
6297 Case: app{U} v v; ». TagErr

6298 (1) e; = app{U} v, v3s and vy < vy and vy < v
0299 By < on the redex
6300

(2) rem-trace(v;) ¢ Ax.e UGb v
o ey
6302 (3) TagErr < TagErr

s Case: app{ U} (T by (Axo- es)) vy . trace by (ealxo —v1])
Zzzi (1) &1 = app{ U} v v, and (T2 by (Axo. &4)) S v1 and vy S v,
6306 By < on the redex

6307 (2) vy = (T by (Axy. es5))

6308 By (1)_ -
(3) trace by (es[xo <~ v1]) < trace by (e5[xo < v2])

6309
310 Case: aEp{‘U} (T2 bo (G (bo+ o« t1) o)) V1 P

6311 trace by (stat (£o« cod (70)« (1) (app{71} vo (dyn (£1«dom (79)« o) v2)))

6312 (1) e1 = app{U} vz v3 and (T by (G (£o« 7o+ {1) Vo)) < vz and v} < v3

6313 By < on the redex

6314 (2) vy = To by (G (bo<T1< 1) vy) and 7y < 7

6315 By (1) _

6316 (3) e », traceby (stat (£o« cod (1)« 1) (app{ U} vy (stat (£;«dom (1)< o) v3)))
6317 By (2)

6318 (4) trace by (stat (£o« cod (19)« (1) (app{r1} vo (dyn (€1« dom (1)< £y) v2))) <
6319 trace by (stat (£o« cod (1)« (1) (app{U} vy (stat (£1« dom (1)< o) v3)))

6320 By <in

6321
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6322 Case: stat (£y«19<{1) Vg > G (Ly«To<t1) Vg

6323 (1) e; = stat (fp«11<1) v1 and vy S vy and 75 < 1y
6324 By <

6325 (2) e1 », G (boamr+l1) vy

6326 By »,

6327 (3) G(fo‘ 1—0451) vy S G(foa T1<f1) U1

6328 By (1)

6329 Case: stat by (G by (T bo p)) P trace (bObIEO) o
6330 (1) e; = stat by (G b3 (T b, v1))and vy < vy and 75 < 7y and by < by and by < bs
6331 By <

6332 (2) e », trace (bybsb1) vy

6333 By »,

6334 (3) trace (bobibo) vy < trace (bobsby) vy

e Py

Case: stat (€o«79+{1) io P o
(1) e; = stat (fy«11<€1) iy and iy S i; and 79 < 1y
By <
(2) €1 ’A i1
By », and 7y <' 7y
() io iy
By (1)
Case: stat ({o«79<{1) vo P InvariantErr
Impossible, by type soundness
Case: trace by vg ». add-trace (I;O, )

6337
6338
6339
6340
6341
6342
6343
6344
6345

6346 —
(1) e; = trace by vy

By <
(2) e1 >, add-trace(l;l,vl)
6350 By », _ _
6351 (3) add-trace(by,vy) < add-trace(by,v;)
6352 By (1)
6353 O
6354

6347
6348
6349

6355
6356
6357
6358
6359
6360
6361
6362
6363
6364
6365
6366
6367
6368
6369
6370
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6373
6374
6375
6376
6377
6378
6379
6380
6381
6382
6383
6384
6385
6386
6387
6388
6389
6390
6391
6392
6393
6394
6395
6396
6397
6398
6399
6400
6401
6402
6403
6404
6405
6406
6407
6408
6409
6410
6411
6412
6413
6414
6415
6416
6417
6418
6419

Typed-Untyped Interactions: A Comparative Analysis (Supplementary Material)

LemMma A.38. If wirpr(ep, e1) and ey S ey and e; —, es then ey —,

A F €2

Proor. By lemma A.39, lemma A.42, and case analysis of Dy U by

Case: unop{ro} vy >, InvariantErr
Impossible, by type soundness
Case: unop{ro} vy >, 6(unop,vy)
(1) ep = unop{ro} v1 and v; < vy
By < on the redex
(2) 6(unop,vy) is defined
By (1)
(3) 8(unop,vy) < 8(unop, vy)
By é
Case: fst{ro} (G ({o<71+(1) vo) B, dyn (Lo« 7o+ C1) (fst{ U} vo)
(1) eo = unop{ro} (G (Lo« 12<¢1) v1) and v; < vy and fst (1) < 1
By < on the redex
(2) eo by dyn (Lo« fst (r2)« £1) (fst{ U} v1)
By (1)
(3) dyn (Co« st (1)« £2) (Fst{ U} 1) < dyn (bo= 1o« £1) (F5t{TL} v5)
By (1)
Case: snd{z} (G (o«1+1) vo B, dyn (€o«7o<1) (snd{ U} vy)
(1) e; = unop{ro} (G (£o«12<£1) v1) and v; < vy and snd(1) < 19
By < on the redex
(2) e b dyn (€o«snd(r2)< 1) (snd{U} v1)
By (1)
(3) dyn (Lo« snd(12)« 1) (snd{U} v1) < dyn (Lo« 19« €1) (snd{U} vy)
By (1)
Case: binop{ro} vo v; >, InvariantErr
Impossible, by type soundness
Case: binop{zo} vo v > d(binop, vy, v1)
(1) eg = binop{ro} v2v3 and v, < vy and v3 < V3
By < on the redex
(2) 8(binop, v, v3) is defined
By (1)
(3) 8(binop, v4,v3) S 8(binop, vy, v1)
By é
Case: app{z} v v; &, InvariantErr
Impossible, by type soundness
Case: app{zo} (A(xo : 71). €0) Vo >, €o[x0 o]
(1) eo = app{mo} v1 v; and v; < (A(xp : 71). e4) and v, < vy
By < on the redex
(2) v1 = Alxg : 71). €5
By (1)
(3) es[xo—v2] < ea[xo o]
Case: app{z} (G (fo«71+{1) vo) vy >
dyn (fo« 7o+ 1) (app{ U} vy (stat ({1« dom (1)< o) v1))
(1) e; = app{ro} v v3 and v; < (G (fy«71<€1) vy) and v3 < v,
By < on the redex

131
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6420 (2) vy = G (Ly<12<€1) vy and cod (1) < 1

6421 By (1)

6422 (3) €1 by dyn (Lo« cod(12)« 1) (app{ U} vy (stat ({1« dom (11)« o) v3))
6423 By (2)

6424 (4) dyn (fo« cod(rz)« (1) (app{ U} vy (stat (€1« dom (11)<bp) v3)) <
6425 dyn (lo« 7o+ €1) (app{ U} vy (stat ({1« dom (1)« Lo) v1))
6426 By cod () < 19

6427 Case: dyn ({10« {1) vy B, G (Lo<T0+ 1) Vo

6428 (1) e1 = dyn (bp«11<€1) vy and v; S vy and 71 < 1

6429 By <

6430 (2) Either e; by G ({o+71+{1) v; or e; > BoundaryErr (l;, V)
6431 By DF

6432 (3) G (bo«t1+€1) v1 S G (Ly<104£1) Vg

6433 By (1)

6434 Case: dyn (504 To< f]) (T’) l;() i()) l>A i

6435 (1) e; =dyn (fp«11<¢1) i1 and iy S jpand 1y < 1

6436 By <

6437 (2) Either e; by ij or e; > BoundaryErr (E, i)

6438 By > and 7o < 1y

6439 (3) i1 S o

6440 By (1)

6441 Case: dyn ({o«79+ (1) vy >, BoundaryErr ((£o« 7o+ £1)bo, vo)
6442 (1) e1 = dyn (bp«11«€1) vy and v; S vy and 71 < 1

6443 By $

6444 (2) BoundaryErr (b1,v1) < BoundaryErr (bo, vo)

0445 By (1) and by

0446 Case: unop{U} vy », Tagkrr

6447 (1) e1 = unop{ U} v; and v; < vy

6448 By < on the redex

6449 (2) 8(unop, rem-trace(vy)) is defined

6450 By (1)

6451 (3) 8(unop, rem-trace(vy)) < 8(unop, rem-trace (vy))

6452 By §

0453 Case: unop{U} vy », add-trace(get-trace(vy), 5(unop, vy))
6454 (1) e; = unop{U} vy and v; < vy

6455 By < on the redex

0456 (2) 8(unop, rem-trace(vy)) is defined

6457 By (1)

6458 (3) 8(unop, rem-trace(v1)) < 8(unop, rem-trace(vy))

6459 By §

6460 Case: fst{ U} (T, by (G (Co« 1o+ £1) o)) B, trace by (stat (€o= fst (o)« €1) (fst{r,} o))

oot (1) e; = unop{U} (T bo (G (€g<11€1) v1)) and v; < vp and 77 <: 7
6462
By < on the redex
:zj (2) e1 . trace by (stat (6o« fot (z1)< 1) (fst{fst(r1)} v1)
6465 By (1
6466
6467
6468
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6469 (3) trace by (stat (Co fst(r1)<£1) (fst{fst(r1)} v1)) <

6470 trace by (stat (£o« fst (z9)« £1) (fst{r} vy))

6471 By fst(m1) < fst (1)

6472 Case: snd{ U} (T by (G (Lo« o< £1) o)) », trace by (stat (£« snd (ro)« 1) (snd{z1} vo))
6473 (1) e; = unop{U} (T bo (G (€g«11€1) v1)) and v; < vp and 77 <: 7

6474 By < on the redex

6475 (2) e » trace by (stat (Lo« snd(11)« 1) (snd{snd (r1)} v1))

6476 By (1)

6477 (3) trace IZO (stat (€g« snd (1)« £y) (snd{snd (1)} v1)) <

Zj;i trace by (stat (€o« snd(79)« 1) (snd{z1} vy))

By snd(r) <: snd(zp)

0480 Case: binop{U} vy vy », Tagkrr

o481 (1) €1 = binop{U} vz v3 and v, S vy and v3 < V3
6482 By < on the redex

6483 (2) 8(binop, va,vs) is undefined

6484 By (1)

0485 (3) TagErr < TagErr

6486 Case: binop{ U} vo vy », 5(binop,vz,v3)

6487 (1) e1 = binop{U} vz v3 and v, S vy and v3 < V3
Z:z By < on the redex

(2) 8(binop, rem-trace (vy), rem-trace (vs3)) is defined
6490
By (1)
649} (3) 8(binop, rem-trace (vz), rem-trace (vs)) < 8(binop, rem-trace (vy), rem-trace (vy))
6492 By 5
6493 Case: app{U} v v; », TagErr

6494 (1) e; = app{U} v, v3 and vy < vy and v3 < vy
049 By < on the redex
6496

(2) rem-trace(v;) ¢ Ax.e UGb v
6497 By (1)
6498 (3) TagErr < TagErr

6499 Case: app{ U} (T by (Axo. e9)) vy », trace by (eo[x9 —v1])
Zzz? (1) e1 = app{ U} v1 vz and v; < (T2 by (Axo. e4)) and v, S v
6502 By < on the redex

6503 (2) v1 = (T2 by (Ax0. e5))

6504 By (1)_ _
(3) trace by (es5[xo <~ v2]) < trace by (ea[xo —v1])

6505
6506 Case: aEp{‘U} (T2 bo (G (Lo« 10+ £1) Vo)) V1 By

6507 trace by (stat (£o« cod (70)« (1) (app{z2} vo (dyn (£1«dom (79)« o) v2)))

6508 (1) e; = app{U} v, v3 and vy S (T2 by (G (Lo« 19+ £1) vy)) and v3 < vy

6509 By < on the redex

6510 (2) v = To by (G (Lo<my 1) vg) and 7y <t 1

6511 By (1) _

6512 (3) e1 » trace by (stat (o= cod (1)« (1) (app{ U} v4 (stat (€;« dom (1)< o) v3)))
6513 By (2)

6514 (4) trace by (stat (£o« cod (11)« 1) (app{U} vy (stat (£1«dom (1) o) v3))) S
trace by (stat (€= cod (o)« €1) (app{z2} vo (dyn (€1« dom (o)« €y) v2)

6516 Byrn <1

6517
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6518 Case: stat (€o«79+{1) vo », G (bo<o< 1) Vo
6519 (1) e; = stat ({y«11<€1) v; and v; < vy and 71 <: 7
6520 By <
6521 (2) Either e; ». G (fo«11<(1) v; o1 €1 ». BoundaryErr (b, v)
6522 By ».
6523 (3) G (bo11<€1) v1 S G (Ly=1o<L1) vy
6524 By (1)
6525 Case: stat by (G by (T2 by vp)) », trace (bobibo) vo
0526 (1) e, = stat by (G bs (T2 by v1)) and vy < vp and 71 <: 70 and by < by and bs < by
6527 By <
6528 (2) Either e; »_ trace (bybsby) vy or € » BoundaryErr (b,v)
6529 By >
F
Z:? (3) trace (bybsby) v1 < trace (bobiby) vg
6532 By (1)

Case: stat (€o«19<{1) ig », o

Zzzj (1) eq = stat (fy«11<€1) iy and i} S ipand 7y < 1
By <

6535 : . =
e (2) Either e; » i; or e; ». BoundaryErr (b, i)
) By ». and 7; <t 19
6537 . i

(3) i1 S iy
6538
6539 By (1)
cai0 Case: stat (£y«19<€1) vy », InvariantErr
6;41 Impossible, by type soundness
o512 Case: trace b Vo > U1
6543 (1) e; = trace by vy
6544 By < _
6545 (2) e1 », add-trace(by,v)
6546 By », _ _
6547 (3) add-trace(by,v1) < add-trace (by, vy)
6548 By (1)
6549 O
6550
6551 LEmMA A.39.
ess2  If wirpr(eo, e1) and ey < e1 and either ¢, —p e 0re; o, €3 then the following results hold:
6553 e ¢y = Epleq]
6554 e ¢; = Eqfes]
6555 o £y < Ey
6556 ® ¢4 S es.
6557
g5 Proor. By lemma A.40 and lemma A.41. ]
6559 LEMMA A.40.

660 If wirpr(Eoleo], e1) and Eoleo] < €1 and eo(>. U . )e, then the following results hold:
o0t ® e; = Eyfes]
6562

e £y S E;
6563
® ¢y < es.
6564
6565 Proor. By induction on Ey[e] < e;, proceeding by case analysis of Eq[eo]. O
6566
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LEMMA A.41.
If wirpr(eo, E1le1]) and ey < Eile1] and ei(>, U », )es then the following results hold:

o ¢y = Eg[e;]
e Ey S Ey
® ¢ < eg.

Proor. By induction on ey < Ej[e;], proceeding by case analysis of E;[eq]. o

LEMMA A.42.
If Ey < Eq and ey < es then Eglez] < Eq[es].

Proor. By induction on Ey < E;. ]
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6616 A.6 Erasure

6617 LEMMA A.43 (ERASURE TYPE PROGRESS). If - ko Eqleg] : U then one of the following holds:
6618 e ¢y cvUErr

6619 e Jej. e 3

6620

6621 Proor. By unique decomposition (lemma 6.1) and case analysis:
6622 Case: -+ i:U

6623 Immediate.

6624 Case: -+ A(xg : 19). €0 : U

6625 Immediate.

6626 Case: -+ Axg. e : U

6627 Immediate.

6628 Case: - +q {(vg,v1) : U

6629 Immediate.

6630 Case: - +q unop{U} vy : U

6631 - . 5(unop, vy) if defined
6632 - b Err otherwise

6633 Case: - +1 binop{U}vyvy : U
6634 - > §(binop, vy, vy) if defined
6635 - by Errotherwise

6636 Case: -+ app{U}vyv; : U
6637 - > e[xo o]

6638 ifvg = Mg : 7). €1

6639 - > efxp 1]

6640 if vy = Axg. €1

6641 - b Errotherwise

6642 Case: - +y dyn ((o<19< ) vg : U
6643 L)

6644 Case: - +q stat ({o«19<€1) vy : U
6645 - P Yy

6646 Case: -+ Err: U

6647 Immediate.

6648 o
6649

6650

6651

6652

6653

6654

6655

6656

6657

6658

6659

6660

6661

6662

6663

6664
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6665 LEMMA A.44 (ERASURE TYPE PRESERVATION).

6666 If - o €g : U and ey > ey then - ko e; : U

6667

soes Proor. By case analysis of the reduction relation.
6669 Case: unop{ro} vy > BoundaryErr(0,2vy)

6670 Immediate.

6671 Case: unop{U} v, > TagErr

670 Immediate.

6673 Case: unop{?/q;} vo B S(unop, vo)

674 Immediate.

6675 Case: binop{ro} vo v1 > BoundaryErr (0, v)
6676 Immediate.

677 Case: binop{ro} vov; > BoundaryErr (0, v;)
678 Immediate.

679 Case: binop{U} vy vy > TagErr

6650 Immediate.

6651 Case: binop{"/¢;} vo v1 By 5(binop, vy, v1)

6652 Immediate.

683 Case: app{7} vy v; . BoundaryErr (0, vy)
684 Immediate.

6685 Case: app{U} vy vy > Tagkrr

6656 Immediate.

6687 Case: app{%/z;} (A(x0 : 7). €0) Vo > eo[xo < vo]
c688 By a substitution lemma for the erased syntax.
6689 Case: app{?/q} (Axo. €9) vo By €g[x0 < vo]

6690 By a substitution lemma for the erased syntax.
601 Case: dyn ({10« (1) vy B Vg

6692 Immediate.

6693 Case: stat (€o« 79+ (1) vo B Vo

6604 Immediate.

6695 a
6696

6697

6698

6699

6700

6701

6702

6703

6704

6705

6706

6707

6708

6709

6710

6711

6712

6713
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LEmMMA A45 (A S E).
There is a stuttering simulation between Amnesic and Erasure. More precisely, the following two results
hold:

e If ey <exande —, € then Jes, ey such that e; —>Z e3 and ey ¢

o Ifey Seyande - e then Je; and ey —>j; e;ande; < ey

ey and es < ey.

ProoF. By lemma A.46 and lemma A.47. O

holds for well-formed residuals of a common term; that is, pairs such that there

exists an e, where e, : 7/¢; wf and e, —>: ey and e, —>’E el

LEMMA A.46.

If wirag(eo, e2) and ey < ez and ey —, e; then Jes, e4 such that e, —>: e3 and ey —>Z e and ez < ey.

Proor. By lemma A.48, lemma A.51, and case analysis of >, U »,.

Case: unop{ro}vg >, InvariantErr
Impossible, by type soundness
Case: unop{r} vy >, 6(unop,vy)
(1) e2 —¢ 8(unop, vy)
By < on the redex
(2) 8(unop, vy) < 6(unop, vy)
By (1)
Case: fst{z} (G ((o«71< (1) vo) >, dyn by (fst{ U} vy)
Immediate, dyn by (fst{ U} vy) < e,
Case: snd{r} (G ({o«71+¢1) vy B, dyn by (snd{U} vy)
Immediate, dyn by (fst{ U} vy) < €2
Case: binop{ro} vov; &, InvariantErr
Impossible, by type soundness
Case: binop{r} vy v; >, §(binop, vy, v1)
(1) e2 —¢ S(binop, va, vs)
By < on the redex
(2) 8(binop, vy, v1) S 8(binop, vq, v3)
By (1)
Case: app{7} v v; &, InvariantErr
Impossible, by type soundness
Case: app{ro} (A(xo : 71). €5) Vo >, es[x < vy]
(1) ez = app{ro} (A(x0 : 71). €6) V1
By < on the redex
(2) es[xo o] < es[xo 1]
Case: app{7o} (G ({o«11+{1) o) v1 >, dyn by (app{U} vy (stat by v;))
(1) e; = app{ro} v2 v3 where (G ({y«11<£1) vy) S vz and v1 < v3
By < on the redex
(2) stat b; vy », vs and vy < U3

A
By type soundness

(3) dyn by (app{ U} vo v4) < app{zo} vz vs
By (1) and (2)
Case: dyn ({10 {1) vy B, G (Lo<T0+ 1) Vo
(1) Either e; = v; or e; = dyn ({p<19<{1) v1 and ez B v,
By < on the redex
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6763 (2) G (Ly<mot1) vo S V1

6764 Case: dyn (£p« 19« {y1) (T bo ip) >, io

6765 (1) Either e; = v; or ez = dyn ({fo<19<{1) v; and ez > v,
6766 By < on the redex

6767 (2) io S v

6768 Case: dyn ({o<10+{1) vy >, BoundaryErr ((£p«7o+ Zl)l;o, o)
6769 Immediate.

6770 Case: unop{U} vy », TagErr

6771 (1) e2 —¢ BoundaryErr (b,v)

6772 By < on the redex

6773 (2) TagErr < BoundaryErr (b, v)

6774 Case: unop{U} vy », add-trace(get-trace(vy), 6(unop, rem-trace(vy)))
6775 (1) e —; &(unop,vs)

6776

By < on the redex

o777 (2) add-trace(get-trace(vy), 8(unop, rem-trace(vy))) < 8(unop, vq)

6778 By (1)

6779 Case: fst{ U} (T; by (G (Ly« 1o+ £1) vy)) », trace by (stat by (fst{z} vy))
0780 Immediate, trace by (stat by (fst{r1} vg)) < €2

zz:z Case: snd{U} (T by (G (Lo« o< {1) o)) », trace by (stat by (snd{z;} vo))
783 Immediate, trace by (stat by (snd{r1} vg)) < ez

p— Case: binop{U} vy v », '_I'agErr

6785 (1) e2 — BoundaryErr (b, v)

6756 By < on the redex

6787 (2) TagErr < BoundaryErr (b, )

6788 Case: binop{ U} vy vy », 5(binop, rem-trace(vy), rem-trace(v;))

6789 (1) ez —¢ 8(binop, vz, v3)

6790 By < on the redex

6791 (2) (binop, rem-trace (vy), rem-trace (vy1)) < 8(binop, vz, vs)

6792 By (1)

6793 Case: app{U} v v; », TagErr

6794 (1) e2 —¢ BoundaryErr (l;, v)

6795 By < on the redex

6796 (2) TagErr < BoundaryErr (b, v)

6797 Case: app{U} (T, bo (Axo. e5)) vo », trace bo (es[x0 —v1])

6798 (1) ez = app{tdyn} (Axo. e) v1

6799 By < on the redex

0800 (2) es[xo o] < es[x0 1]

6801 Case: app{U} (T2 by (G (€p+79+£1) v0)) 01 >

6802 trace by (stat (£o« cod (o)« £1) (app{cod(1o)} vo (dyn (£1< dom (ro)«&,) add-trace (rev(by), v1))))
6803 (1) e; = app{tdyn} v, vs and (T; by (G (€y«To<£1) Vo)) < vz and v; < Vs
6804 By < on the redex

6805 (2) dyn (£1«dom (1p)«{y) add-trace(rev (bo), v1) steps to either a boundary error or to vs where
6806 04 < s

6807 By (1)

6808 (3) trace by (stat (£o« cod (zo)«£1) (app{cod(z9)} vy v4)) < app{U} v, v3
Z:?Z Case: stat ((o«79+{1) vo B G (bo<o< 1) Vo

6811
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6812 (1) Either e; = v; or e; = stat ({o«79<{1) v1 and e; > v,
6813 By < on the redex
6814 (2) G (€o19<t1) vy S V1
6815 Case: stat by (G by (T bo v)) », trace (bobll;o) Vo
6816 (1) Either e; = v; or e; = stat ({o«79<{1) v1 and e; > v,
6817 By < on the redex
6818 (2) G (Ly<to<t1) vy S vy
6819 Case: stat ({y«19<{1) ig >, io
6820 (1) Either e; = v; or e; = stat ({o«7+{1) v1 and e; > v,
6821 By < on the redex
6822 (2) ip S v
6823 Case: stat ({o«79+ (1) vp », InvariantErr
6824 Impossible, by type soundness
6825 Case: trace EO Up P, U
6826 Immediate, v; < ey
6827 O
6828
6829
6830
6831
6832
6833
6834
6835
6836
6837
6838
6839
6840
6841
6842
6843
6844
6845
6846
6847
6848
6849
6850
6851
6852
6853
6854
6855
6856
6857
6858
6859
6860
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LEMMA A.47.
If wirag(eo, e2) and ey < e and e; — e; then Je; and e —>/”_‘\ eiande; S eq

Proor. By lemma A.48, lemma A.51, and case analysis of D
Case: unop{ro} vy > BoundaryErr(0,vy)
(1) Either ey —>: unop{ry} v1 or ey —>Z BoundaryErr (b,v)
By < on the redex
(2) v1 & (V, V) U(G (€« (txT1)<) V)
By < on the redex and (1)
(3) But (2) is impossible by type soundness. Amnesic must raise a boundary error earlier.
Case: unop{U} vy >, TagErr
(1) Either e —>; unop{ty} v; or e —>*A BoundaryErr (b,v)
By < on the redex (e is either a unop or a trace expression)
(2) v; € (U, V) U(G (£« (tX1)<€) V)
By < on the redex and (1)
(3) TagErr < TagErr
Case: unop{"/q;} vo B 5(unop, vo) _
(1) Either ey —>: unop{ry} v1 or ¢ —>*A BoundaryErr (b, v)
By < on the redex (e is either a unop or a trace expression)
(2) unop{ro} vy —>/’: Ex[unop{to} (vs,v3)] and E, contains only trace expressions and bound-
aries
By —>*A
(3) Either Ej[unop{zo} (v2,v3)] —>Z vg where vy < 8(unop,vy) or Ex[unop{zo} (vs, v3)] —>*A
BoundaryErr (b,v)
Case: binop{ro} vov1 > BoundaryErr (0, v)
(1) eg —>: BoundaryErr (b, )
By type soundness
Case: binop{ro} vo v; > BoundaryErr (0, v;)
(1) eg —>: BoundaryErr (b, )
By type soundness
Case: binop{U} vy vy > TagErr
(1) Either ey —>: binop{U} v, vs or ey —>Z BoundaryErr (b, )
By < on the redex (g is either a binop or a trace expression)
(2) TagErr < BoundaryErr (b, )
Case: binop{"/¢1} vo v1 By 5(binop, vy, v1)
(1) Either ey —>: binop{¥/¢;} vz vs or € —>: BoundaryErr (b, )
By < on the redex (e is either a binop or a trace expression)
(2) 8(binop, vy, v3) S 8(binop, vy, v1)
Case: app{7} vy v; . BoundaryErr (0, vy)
(1) eg —>Z BoundaryErr (b, )
By type soundness
Case: app{U} vy vy > Tagkrr
(1) Either e —>: TagErr or e —>Z BoundaryErr (b, v)
By < on the redex
(2) TagErr < TagErr
Case: app{ro} (A(xo : 70)- €0) Vo B €o[x0 o]
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(1) Either ey —>: app{ro} v1 v, or € —f/; BoundaryErr (b, )
By < on the redex
(2) ey —>: Ez[app{ro} (A(xo : 70). €1) Es[v2]] and both E; and E5 contain only trace expressions
and boundaries
(3) Either E3[v,] —>:‘\ vy where vy < vy or E3[v;] —>*A BoundaryErr (b, v)
(4) Eslei[xo«—v4]] S eo[x0 o]
Case: app{U} (A(xo : 7). €0) vo By €g[x0 <—vo]
(1) Either e —>: app{ro} v1 v or € —>: BoundaryErr (b, )
By < on the redex
(2) ey —>: Ex[app{ro} (A(xo : 70). €1) E3[v2]] and both E; and E5 contain only trace expressions
and boundaries
(3) Either E;[v;] —>;‘\ vy Where vy < vy or E3[v;] —>*A BoundaryErr (b, )
(4) Ezler[xo < v4]] < eofxo < vo]
Case: app{zo} (Axo. €9) vy B €o[x0 o]
(1) Either e —>: app{ro} v1 v; or € —>’/; BoundaryErr (b, )
By < on the redex
(2) ey —>Z Es[app{ro} (Ax¢. €1) E3[v;]] and both E; and E; contain only trace expressions and
boundaries
(3) Either E;[v;] —>;‘\ vy Where vy < vy or E3[v;] —>*A BoundaryErr (b, v)
(4) Ezler[xo < v4l] < eglxo 20l
Case: app{U} (Axo. €9) vo By eo[xo < vo]
(1) Either ey —>2 app{ro} v1 vz or € —>’/; BoundaryErr (b, )
By < on the redex
(2) ey —>Z Ez[app{ro} (Ax¢. €1) E3[v;]] and both E; and E; contain only trace expressions and
boundaries
(3) Either E;[vo] —>Z vq Where v4 < vg or Es3[v;] —>"‘A BoundaryErr (b, )
(4) Ez[e1[xo 4]l S eofxo o]
Case: dyn ({70« (1) vy B Vg
(1) Either ey —)Z dyn (£p<« 19« €1) v1 Or € —>; BoundaryErr (l;, V)
(2) Either dyn (€p« 19+ £1) v1 —>/’; vy or dyn (€o« 19« £1) v —>Z BoundaryErr (I;, v)
(3) v2 S vy
Case: stat (€o«79+{1) vo B Vo
(1) Either e —>: stat (£y« 1< {1) v Or €y —>: BoundaryErr (l;, V)
(2) Either stat (£y«19«{7) vy —>Z vy or stat (Cy« 19« {y) vy —>:; BoundaryErr (b,v)
(3) v2 S vy

LEMMA A.48.

If wirag(eo, €1) and ey < ey and either ey —, ez or e; — e3 then the following results hold:

A
eo = Eole4]
e1 = Eqfes]
Ey S E;
ey S es.

ProoF. By lemma A.49 and lemma A.50. O
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LEMMA A.49.
If wirag(Eoleo], e1) and Eoleo] < €1 and eo(>, U », )es then the following results hold:
e e; = Eyfes]
e Ey S E;
® ¢y < es.

Proor. By induction on Ey[ey] < e;, proceeding by case analysis of Eo[eo]. O

LEmMmA A.50.
If wirag(eo, Erle1]) and ey < Eile;] and ey by es then the following results hold:

e ¢y = Eyles]
e Ey S E;
® ¢ < €.

Proor. By induction on ey < Ej[e;], proceeding by case analysis of Eq[eq]. O

Lemma A51.
IfEO < E1 and ey s e3 then E0[€2] < E1[€3].

Proor. By induction on E; < E;. m]
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