
Algorithms, Geometry, and 
Op5miza5on
Lecture 4: Jan 22, 2024

AlgOpt 2024: Lecture 4 1



Last class

• Es$ma$on via sampling: what frac)on of a 
popula)on can ski?

• Main parameters: es$mate, error of es$mate, 
confidence in es$mate

• Suppose popula$on had  people

• Using  samples, we can be 90% confident that 

true frac$on is within  of the es$mate
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Hoeffding's inequality

Theorem. Suppose  are independent 
random variables with the property that  
always holds. Let . Then 

• Sum of independent random variables is well 
concentrated

• Closely related to the Central Limit Theorem
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Dimension reduc-on

Suppose we are given points , 
where  is large. Can we embed these points into a 
smaller dimensional space, so distances are 
approximately preserved?
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Johnson-Lindenstrauss (JL) lemma

Theorem (1984). There exists an embedding  into 

 dimensional space such that:

for every pair ,

• in fact, linear embeddings do it!
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JL-Lemma

• The bound is -ght

• As such, stated and proved for the Euclidean norm 
only

• Weaker versions hold for  norms with 

• Impossible for 
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JL-Lemma: Proof Sketch

• Pick  to be an  matrix with each entry  
uniformly at random!

• Two choices of distribu:on:  or 

• Set  

AlgOpt 2024: Lecture 4 7

iPad Pro 11" 4

iPad Pro 11" 4

iPad Pro 11" 4

iPad Pro 11" 4

iPad Pro 11" 4

iPad Pro 11" 4

iPad Pro 11" 4

iPad Pro 11" 4

iPad Pro 11" 4

iPad Pro 11" 4

iPad Pro 11" 4

iPad Pro 11" 4

iPad Pro 11" 4

iPad Pro 11" 4



JL-Lemma: Proof Sketch

Lemma. Let  be any vector. Then with probability 
, we have

• This implies the JL lemma. Why?
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Expected value

• What is  ?
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Concentra)on bound

• Define 

• What is its range?
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Example: linearity of expecta2on

• Max 3-SAT problem
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Streaming algorithms: basic model

• Data: values (phone numbers, IP addresses, etc.) 
arrives one a<er another

• Full data set is too hard to store

• Router must compute aggregate sta@s@cs
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Dis$nct elements problem

• How many dis-nct values does the stream have?
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