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Abstract

For surfacereconstructionproblemswith noisyandincompleterangedata,aBayesianesti-
mationapproachcanimprovetheoverallqualityof thesurfaces.TheBayesianapproachto
surfaceestimationrelieson a likelihoodterm,which ties the surfaceestimateto the input
data,andtheprior, whichensuressurfacesmoothnessor continuity. Thispaperintroducesa
new high-order, nonlinearprior for surfacereconstruction.Theproposedprior cansmooth
complex, noisy surfaces,while preservingsharp,geometricfeatures,and it is a natural
generalizationof edge-preservingmethodsin imageprocessing,suchas anisotropicdif-
fusion. Theuseof thesehigher-ordersurfacepriorsrequiressolvinga fourth-orderpartial
differentialequation(PDE),whichcanbedifficult with conventionalnumericaltechniques.
Oursolutionis basedontheobservationthatthegeneralizationof imageprocessingto sur-
facesentailsfiltering thesurfacenormals.This approachallowsusto separatetheproblem
into two second-orderPDEs:onefor processingthenormalsandonefor refitting thesur-
face.Furthermore,we implementtheassociatedsurfacedeformationsusinglevel sets,and
thus the algorithm can accommodatevery complex shapeswith arbitrary and changing
topologies.This papergivesthemathematicalformulationanddescribesthenumericalal-
gorithms.We alsopresenta quantitative analysis,which demonstratestheeffectivenessof
thealgorithm,andshow resultsusingrealandsyntheticrangedata.



Chapter 1

Intr oduction

This paperaddressesthe problemof 3D surfacereconstructionfrom multiple registered
rangeimages.The importanceof high-qualitysurfacereconstructionsfrom rangedatais
growing asrangemeasurementtechnologiesbecomemoreaccurateandaffordable.Despite
theincreasedaccuracy in thesemeasurementdevices,significantchallengesto surfacere-
constructionremain. In particular, surfacereconstructionis complicatedby measurement
noiseandvariationsin measurementdensity. For instance,themeasurementdensityis high
at partsof thesurfacevisible to multiple images.By contrast,partsof thesurfacethatare
occludedin all of theimageshave no data.

We model the uncertaintiesarisingfrom measurementnoise,overlappingmeasurements,
and occlusionin a Bayesianframework, which formulatessurfacereconstructionas the
maximizationof a posteriorprobability function. According to Bayesrule, maximuma
posteriori(MAP) estimatorsmaximizetheproductof two distinctprobabilities:thelikeli-
hoodof themeasurementdataconditionedon the surfacemodelandtheprior probability
distribution of the model. We refer to thesetwo probabilities,respectively, as the likeli-
hood andthe prior. The major challengeof Bayesiansurfacereconstructionis the deter-
minationof thesetwo quantities.This paperfocuseson the prior probability distribution.
Specifically, we attemptto correctlygeneralizestatisticalimagereconstructionstrategies
[1, 2, 3, 4, 5] to surfacereconstruction,and we proposehigher-order nonlinearfeature-
preservingsurfacepriorsasthesolutionto this problem.

In previouswork [6], weproposethatthenaturalgeneralizationof imageprocessingto sur-
facesoccursvia the surface normal vectors andshow resultsfor post-processingof noisy
surfaces. For example,a smoothsurfaceis one that hassmoothlyvarying normals. In
this paper, we presentthe processingof surfacenormalsasa computationalstrategy for
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implementinghigher-orderpriors in the context of Bayesiansurfacereconstruction.In a
variationaloptimizationframework, penaltyfunctionson the surfacenormalsgive rise to
fourth-orderpartial differentialequations(PDE).Our strategy is to solve suchPDEswith
a two stepapproach:(1) operateon the normal map of a surface,and (2) fit a surface
to the processednormalsandthe rangedata. Iteratingthis two-stepprocess,we caneffi-
ciently implementfourth-orderPDEsby solving a setof coupledsecond-orderPDEs. In
this light, the differencesbetweensurfaceprocessingandimageprocessingarethreefold.
Normalsexist ona manifold(thesurface)andcannotbeprocessedusingaflat metric,asis
typically donewith images.Normalsarevectorvaluedandconstrainedto beunit length;
the processingtechniquesmustaccommodatethis. Normalsarecoupledwith the surface
shape,thusthe normalsshoulddragthe surfacealongastheir valuesaremodifiedduring
processing.

The remainderof this paperis organizedas follows: Section2 presentsa discussionof
the relatedwork in the literature. Section3 gives a brief summaryof Bayesianimage
andsurfacereconstructionformulations.In Section4, we will formulatehigher-orderfea-
ture preservingsurfaceenergy functionsthat give rise to a usefulfamily of priors,andin
Section5 we will introducea strategy to solve them. Section6 will demonstrateresults
andcomparethemto resultsfrom previous methods,anddiscusssomepropertiesof the
proposedapproach.Section7 will presentconclusionsanddirectionsfor future research
possibilities.



Chapter 2

RelatedWork

Surfacereconstructionmethodscanbeclassifiedinto high-level andlow-level approaches.
Thehigh-level approachesaregenerallyformulatedasaproblemof findingsetsof geomet-
ric primitivesthat bestrepresentthe objectsbeingmeasured[7, 8, 9, 10, 11]. High-level
descriptionsof scenesareusefulfor certaincomputervision taskssuchasobjectrecogni-
tion; however, the complexity of the scenesthat canbe describedby simpleprimitivesis
limited. Low-level methodsarebasedon eitherparametricmodelssuchassurfacemeshes
or volumetricmodelssuchaslevel sets.Theliteraturedemonstratesmethodsfor zippering
togethermeshesthatdescribedifferentsidesof anobject[12], andfitting deformablemod-
els thatexpandinsidea sequenceof rangeimages[13]. Theseapproachesaresuitablefor
usewith high quality rangeimageswith relatively smalleramountsof noise. Several au-
thorsproposevolumetricmethods[14,15,16,17, 18], whichusethevolumeasthemedium
in which rangemeasurementsarecombined,andthenextract a surfacefrom the volume
afterthedatahave beenfused.Thereconstructedsurfacesarethezero-sets,or isosurfaces,
of suchvolumes.

In this paper, we usethe level setbasedBayesianrangemapregistrationandsurfacere-
constructionframework developedby Whitaker et al. [17, 19, 18]. This strategy uses
maximumlikelihoodparameterestimationto registertheviewsbeforecombiningmultiple
rangeimagesusinga level setimplementationthatcanrepresentany solid object,regard-
lessof shapeand topology. The combinationof a Bayesianformulation with level set
methodsallowsusto work with complex, noisyscenes.TheBayesianformulationrequires
thatwe determinethelikelihoodprobabilitydensityfunction,which dependson therange
sensorproperties,and the prior probability densityfunction, which modelsthe spaceof
the physicalobjectsbeingmeasured.Therole of the likelihoodterm is to force the fitted
modelsto begoodrepresentationsof themeasureddata.Whitaker et al. derive thelikeli-
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hoodtermfrom a line-of-sighterrorformulation,which is shown to accuratelymodellaser
rangefinders[17, 18]. This paperaddressesthe prior term. The prior servesto eliminate
themeasurementnoiseandotherartifactsin thefitted modelby forcing theit to adhereto
certainexpectationsabouttheapplicationdomainor scene.

Theuseof priors have beenextensively investigatedin relatedwork in imageprocessing.
For instance,Mumford andShahformulatethe problemof imagesegmentationin a vari-
ational framework with a Bayesianrationale[1, 2]. Nordstrom[3] reconcilesPerona&
Malik (P&M) anisotropicdiffusion approachto edgedetection[20] with the Mumford-
Shahvariationalstrategy. Other authors[21, 5, 22] also presentan unified view of the
reconstruction,non-lineardiffusionandrobuststatisticsapproaches.As we will explain in
Section3.2, our methodallows us to generalizeNordstrom’s biased anisotropic diffusion
approachfor imagesto surfacesin 3D.

In contrastto theresearchin imageprocessing,investigationof bettersurfacepriorshasnot
beena major focusin previous surfacereconstructionliterature. This is partly dueto the
prevalentstrategy of fitting shapeprimitivesto datain computervision. Primitivesusually
have only a few shapeparameters,i.e., heightandradiusfor a cylinder. They imposetheir
own structureon to the dataandactasour prior belief aboutthe contentsof a scene,and
hence,thereis no needfor a separateprior probabilitytermin thereconstruction.Loosely
structuredparametricmodelssuchassurfacemeshes,andnon-parametricimplicit models
suchas level setsurfacesof volumes,canrepresentcomplicatedscenes;however, these
lowerlevel modelsdonot imposearigid shapestructure.Therefore,prior probabilityterms
mustbe includedin surfacereconstructionwith suchmodelsfor purposesof reducingthe
effectsof noiseandfilling in surfaceswherethereis no data.

A simpleprior for surfacereconstructionis to penalizesurfacearea[17, 19, 18]. A gradient
descenton thesurfaceareaenergy resultsin meancurvatureflow (MCF). However, in the
context of surfacereconstruction,MCF suffers from several problemsincluding volume
shrinkageandeliminationof sharpfeatures(creases).A greatdealof researchfocuseson
modifiedsecond-orderflowsthatproducebetterresultsthanMCF. Usinglevel setmethods,
severalauthorshave proposedsmoothingsurfacesby weightedcombinationsof principle
curvatures. For instance,Whitaker [23] proposesa nonlinearre-weightingschemethat
favorsthesmallercurvatureandpreservescylindrical structures.Faugeraus[24] proposes
a smoothingby theminimumcurvature.

A similar setof curvature-basedalgorithmshave beendevelopedfor surfacemeshes.For
instance,Taubin [25] proposesa non-shrinkingGaussiansmoothing. Clarenz, et al. ,
[26] proposea modifiedMCF asan anisotropicdiffusion of the surface. They threshold
a weightedsumof the principlecurvaturesto determinethe surfacelocationswhereedge
sharpeningis needed.Tangentialdisplacementis addedto the standardMCF at theselo-



cationsfor sharpeningtheedges.Anothermesh-basedmodifiedMCF is proposedin [27]
wherea thresholdon themeancurvatureis usedto stopover-smoothing.Taubinproposes
a “linear anisotropicLaplacianoperator”for meshesthatis basedon a separateprocessing
of thenormals[28]. Although,theseflows produceresultsthattendto preserve sharpfea-
tures,they arenot a strict generalizationof P&M anisotropicdiffusion [20] from images
to surfaces.Becausethey arebasedon re-weightingsof curvature,thesemethodsalways
smooththe surfacein onedirectionor another. Thus,they do not exhibit a sharpeningof
details,which is achievedby theP&M equation(for images)throughaninversediffusion
process.

We proposethatthecorrectgeneralizationof P&M anisotropicdiffusionandrelatedimage
processingmethodsentailstheuseof higher-ordernonlinearpriors. Furthermore,penalty
functionson the curvatureof surfaces(insteadof area)canbe usedto generatea family
of higher-orderpriors.Onesuchpenaltyfunctionis total curvaturewhich is minimizedby
the intrinsic Laplacianof meancurvatureflow. In 2D, Chopp& Sethian[29] derive the
intrinsic Laplacianof curvaturefor an implicit curve, andsolve theresultingfourth-order
PDE. In relatedworks [30, 31], approximationsof higher-ordergeometricsurfaceflows
have beenappliedto surfacefairing in computergraphics.



Chapter 3

Bayesianreconstruction

This sectionprovidesa brief discussionof theBayesianformulationfor theimage/surface
reconstructionframework.

3.1 Surfacereconstruction

Let
�

andM beasurfaceandthecollectivesetof measureddata,respectively. Wewill as-

sumethatM consistsof asetof n registeredrangeimages,
�

R � j ��� n

j � 1
. For all theexamples

in this paper, we usedthe registrationmethodsdescribedin [19, 18]. Then,the posterior
probabilityof

�
giventhedatais

P � � �
M 	�
 P � M ��� 	 P � � 	

P � M 	 (3.1)

whereP � M �� 	 is the likelihood term and P � � 	 is the prior. Becausethe goal is to
find the surfacethat maximizesthe posterior, the denominatorP � M 	 , which is a constant
normalizationfactorthatis independentof

�
, canbedropped.Typically, MAP estimators

areimplementedasminimizationsof thenegative logarithmof theposteriorprobability

ˆ� 
 arginf����� lnP � M �� 	�� lnP � � 	���� (3.2)

where ˆ� is theestimator.
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Usingtheindependenceof therangeimages,thelog-likelihoodcanbeexpressedasa sum

lnP � M �� 	�
�� ∑n
j � 1 lnP � R � j � ����

. Whitaker et al. [17, 19, 18] formulatethecondi-

tional likelihoodof a rangeimageasa volumeintegral over theobjectΩ enclosedby
�

.
In thiswaythegradientdescentfor thelog-likelihoodtermis expressedasafunction, f � x 	 ,
wherex denotessurfacelocationsin the volume. The function f � x 	 providesa weighted
sumof theeffectsof measurementsfrom differentscanson thepoint x. Consequently, the
gradientdescentthatminimizes(3.2) is describedby thesurfacemotion

∂
�

∂ t

�� f � � 	 N � δP � � 	�� (3.3)

whereδ denotestheEuler-LagrangeoperatorandN is thesurfacenormal.Noticethatthe
effectsof the likelihoodandthe prior termson the gradientdescentareadditive; hence,
they canbe analyzedseparately. The priors that we introducein this paperarenot par-
ticular to therangedatareconstructionproblem;they aresuitablefor usein any Bayesian
surfacereconstructionproblem.For example,theresultsof this papercanalsobeapplied
to tomographicalsurfacereconstruction[32].

3.2 Image reconstruction

In this section,we give a brief discussionof the useof priors in imagereconstruction
andtheir relationshipto P&M anisotropicdiffusion. Mumford andShah[1, 2] proposean
energy minimizationapproachfor imagereconstruction/segmentation.TheMumford-Shah
energy is thesumof threeterms:(i) thequadraticdata-modeldiscrepancy, (ii) a quadratic
penaltyon thevariationof thepiecewisesmoothmodelover theimagedomainexcepton a
setof discontinuitieswhich aremodeledby a separatebinarymodel,and(iii) thelengthof
the discontinuities.Thefirst term is the datalikelihoodterm,andthe latter two termsact
asthe prior in this energy. This minimizationproblemis difficult to solve becauseof the
dependenceon binaryfunctions.

Nordstrom[3] reconciledtheMumford-Shahenergy minimizationapproachwith theP&M
anisotropicdiffusion approachto edgedetection[20]. This connectioncan be seenby
looking at P&M diffusion from a variationalperspective. The P&M diffusionPDEis the
gradientdescentderivedby thefirst variationof�

U
G  "! ∇I ! 2 # dx dy � (3.4)

whereU is theimagedomain.In its originalform,P&M diffusionwasintroducedto replace
Laplaciansmoothing,which is equivalent to the solution of the heatequation∂ I $ ∂ t 




∇ % ∇I, with a nonlinearPDE

∂ I $ ∂ t 
 ∇ %'& g  (! ∇I ! 2 # ∇I )�� (3.5)

whereI is the grey-level imageandg, the derivative of G with respectto ! ∇I ! 2, is the
edgestoppingfunction. Perona& Malik suggestedusingg � x 	*
 e +-, ∇I , 2 . 2µ , whereµ is
a positive, free parameterthat controlsthe level of contrastof edgesthat can affect the
smoothingprocess.Noticethatg ��! ∇I ! 2 	 approaches1 for ! ∇I !(/ µ and0 for ! ∇I !(0
µ. Edgesaregenerallyassociatedwith large imagegradients,andthus diffusion across
edgesis stoppedwhile relatively flat regionsundergo smoothing.A mathematicalanalysis
shows thatsolutionsto (3.5) canactuallyexhibit an inversediffusionnearedges,andcan
enhanceor sharpensmoothedgesthathavegradientsgreaterthanµ [33]. Theseproperties
make P&M diffusiona goodcandidatefor edgedetection.

Nordstrum’s biased anisotropic diffusion convertsthe variationalform of anisotropicdif-
fusionto a reconstructionenergy by addinga datatermto (3.4). This yieldsthevariational
energy �

U
&1� Io � I 	 2 2 G  "! ∇I ! 2 # ) dx dy � (3.6)

whereIo is the input image. The non-linearanisotropicpenaltyon the variation of the
model, G ��! ∇I ! 2 	 , actsas the prior. This penaltyterm is practically equivalent to the
sumof the quadraticmodelvariationandthe linear lengthof discontinuitiestermsin the
Mumford-Shahformulation.Hence,with theadditionof thedata-modeldiscrepancy term
P&M diffusionis transformedinto avariationalframework without theneedfor anexplicit
binary imagefor modelingthe discontinuities. This is an importantpracticaladvantage
over minimizing the Mumford-Shahenergy. In this paper, we useenergies of the same
form asNordstrum’s biasedanisotropicdiffusion.



Chapter 4

Geometric surfacepriors

Using the Gibbsdistribution, probability distributionsfor priors arecommonlyexpressed
in termsof energy functions.Let E � � 	 bea functionthatmapssurfacesto scalarenergy
values.Thentheprior canbeconstructedas

P � � 	3
 1
Z

e + αE � � � (4.1)

whereα is aparameterthatcontrolsthesharpnessof thedistributionandZ is anormalizing
constantwhich ensuresthat the probability distribution function integratesto unity [34].
Accordingto (4.1)surfaceswith lowerenergy stateshaveahigherprobabilityof occurring.
GeigerandYuille [34] observethattheparameterα reflectsthestrengthof ourbelief in the
prior. All surfacesareequallylikely whenα 
 0; whereas,for α 4 ∞ only thosesurfaces
with thelowestpossibleenergy havenon-zeroprobabilitiesof occurrence.Substitutingthe
Gibbsprior (4.1) for theprior termin (3.3)gives� δ lnP � � 	3
5� δ ln

1
Z

e + αE � � � 
6� δ 7 ln
1
Z
� αE � � 	98:
 αδE � � 	 (4.2)

whereα now appearsasa relative weighton thesurfaceenergy termin (3.3) with respect
to the log-likelihoodterm. Becausethe gradientdescentof the negative logarithmof the
prior is theEuler-Lagrangeof theenergy functionE � � 	 , therestof thispaperis concerned
with constructingandsolvinghigher-orderfeaturepreservingenergy functionsthatmodel
realsurfacesbetterthanpreviousenergy functionsusedin theliterature.

Surfaceareais a commonlyusedsurfaceprior energy basedon theunderlyingassumption
that amongstsurfacesthat representa datasetequallywell, thosethat have smallerarea
aresimplerthansurfacesof largerarea,andthereforehave a higherchanceof occurrence
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in the physicalworld. A gradientdescenton surfaceareagivesthe meancurvatureflow
PDE[33]

δE � � 	3
 HN 
 7 κ1
2 κ2

2
8 N (4.3)

whereκ1, κ2 arethe principal curvaturesandH is the meancurvatureof the surface
�

,
andN is the surfacenormal. Despitethe simplicity of its solution,surfaceareais not a
realisticshapeprior. Problemswith this approachwill be demonstratedin Section6. To
successfullymodelthesmoothnessconstraintsonrealisticsurfaces,ageneral,higher-order
andnon-linearprior is needed.

A second-orderenergy functionis total curvature,�
S

κ2
1
2 κ2

2 dS (4.4)

which hasbeenshown to deformsurfacesinto sphereswhenminimized[35]. Chopp&
Sethian[29] derived the intrinsic Laplacianof curvatureflow which minimizesthe total
curvaturefor a level setcurve, andsolve the resultingfourth-ordernonlinearPDE.How-
ever, they arguethat thenumericalmethodsusedto solve fourth-orderflows arenot prac-
tical, becausethey lack long termstability. They proposeseveralnew numericalschemes,
but nonearefoundto becompletelysatisfactorydueto theirslow computationandinability
to handlesingularities.Total curvaturefor level setsurfaces (4.4),which is minimizedby
theintrinsic Laplacianof meancurvatureflow, is anevenharderproblem.

A moregeneralenergy function,which we setout to solve in this paper, is�
S

G  κ2
1
2 κ2

2
# dS � (4.5)

whereG is a generalnon-linearfunctionof curvature.This generalsecond-orderenergy is
basedon functionsof total curvaturewhich include(4.4) andthe generalizationof Nord-
strom’sbiased anisotropic diffusion (3.6)to surfaces.Minimizing thisgeneralenergy form
togetherwith thedatalikelihoodtermwill requiresolvingfourth-ordersurfacePDEs.



Chapter 5

A splitting strategy for higher-order
priors

In this section,we introducea methodfor solvinggeneralfourth-ordersurfacePDEs,such
astheintrinsic Laplacianof meancurvatureflow, by breakingtheminto two second-order
PDEsusingthe surfacenormals. A stableandefficient numericalsolutionto this flow is
alsokey to thesolutionof themoregeneralenergy form givenby (4.5). A two-stepsolution
to intrinsicLaplacianof meancurvatureflow for meshesis proposedby [31]. However, that
approachworksonly for meshes,andrelieson analyticpropertiesof thesteady-statesolu-
tions,∆H 
 0, by fitting surfaceprimitivesthathave thoseproperties.Thus,theformalism
doesnot generalizeto applications,suchassurfacereconstruction,wherethesolutionis a
combinationof measureddataandthetotal curvaturetermandmight not satisfy∆H 
 0.

Anotherexampleof asplittingstrategy canbefoundin [36], wheretheauthorspenalizethe
smoothnessof a vectorfield while simultaneouslyforcing thegradientdirectionsof a gray
scaleimageto closelymatchthe vectorfield. Thepenaltyfunctionon the normalfield is
proportionalto thedivergenceof thenormalvectors.This formsa high-orderinterpolation
function,which is shown to beusefulfor imageinpainting—recoveringmissingpatchesof
datain 2D images.Thestrategy of simultaneouslypenalizingthe divergenceof a normal
field, andthemismatchof this field with the imagegradient,is relatedto theour splitting
strategy. However, our formulationemphasizesthe processingof normalson anarbitrary
surfacemanifold(ratherthantheflat geometryof animage),with anexplicit relationshipto
fourth-ordersurfaceflows. Furthermore,this paperestablishesnew directionsfor surface
flows— toward edge-preservingsurfacereconstruction.The proposedtwo-stepsolution
allowsthesurfaceshapeto lagthenormalsasthey arefilteredandthenrefittedby aseparate
process.Figure5.1 shows this threestepprocessgraphicallyin 2D—shapesgive rise to
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Figure5.1: Shown herein 2D, thesurfaceflow processbeginswith a shapeandconstructs
a normal map from the distancetransform(left), modifiesthe normal map accordingto
a PDE derived from a penaltyfunction (center),andre-fits the shapeto the normalmap
(right).

normalmaps,which,whenfiltered,give riseto new shapes.

5.1 Notation

To facilitatethediscussion,we usetheEinsteinnotationconvention,wherethesubscripts
indicatetensorindexes,and repeatedsubscriptswithin a productrepresenta summation
over the index (acrossthe dimensionsof the underlyingspace).Furthermore,we usethe
convention that subscriptson quantitiesrepresentderivatives, except where they are in
parenthesis,in which casethey refer to a vector-valuedvariable. Thus,φi is the gradient
vectorof ascalarquantityφ : IRn ;4 IR. TheHessianis φi j, andtheLaplacianis φii. A vector
field is v � i � , wherev : IRn ;4 IRn, andthe divergenceof that field is v � i � i. Scalaroperators

behave in theusualway. Thus,gradientmagnitudeis
�
φi
� 
�< φiφi andthedifferentialfor

a coordinatesystemis dx � i � 
 dx1dx2 =�=>= dxn.

Level setsurfacemodelsrely on thenotion of a regularsurface,a collectionof 3D points
with a topologythatallowseachpoint to bemodeledlocally asa functionof two variables.
We can describethe deformationof sucha surfaceusing the 3D velocity of eachof its
constituentpoints,i.e., ∂ s � i � � t 	�$ ∂ t for all s � i �@? � . If we representthesurfaceimplicitly at
eachtime t, then � 
 �

s � i � � t 	 � φ � s � i � � t 	(� t � 
 0 � = (5.1)

Surfacesdefinedin thiswaydivideavolumeinto two parts:inside(φ A 0) andoutside(φ B
0). It is commonto chooseφ to bethesigneddistancetransformof

�
, or anapproximation



thereof.

The surfaceremainsa level setof φ over time, and thustaking the total derivative with
respectto time (usingthechainrule) gives

∂φ
∂ t


�� φ j

∂ s � j �
∂ t

(5.2)

Thegradientφ j is proportionalto thesurfacenormal. Thus∂ s � j � $ ∂ t affectsφ only in the
directionof the surfacenormal—motion in any otherdirectionis merelya changein the
parameterization.

5.2 Curvature fr om normal maps

Whenusingimplicit representationsonemustaccountfor thefactthatderivativesof func-
tions definedon the surface are computedby projecting their 3D derivatives onto the
surfacetangentplane. Let N � i � : IR3 4 S3 be the normal map, which is a field of nor-
mals that are everywhereperpendicularto the family of embeddedisosurfacesof φ —
thus N � i � 
 φi $ < φkφk. The 3 C 3 projection matrix for the implicit surface normal is
P� i j � 
 N � i � N � j � , andP� i j � V � i � returnstheprojectionof V � i � ontoN � i � . Let I � i j � betheidentity
matrix. Thentheprojectionontotheplanethatis perpendicularto thevectorfield N � i � is the
tangent projection operator, T� i j � 
 I � i j � � P� i j � . Undertypical circumstances,the normal
mapN � i � is derivedfrom thegradientof φ , andT� i j � projectsvectorsontothetangentplanes
of thelevel setsof φ . However, thecomputationalstrategy we proposeallows φ to lag the
normalmap. Therefore,thetangentprojectionoperatorsdiffer, andwe useT φ� i j � to denote

projectionsontothetangentplanesof thelevel setsof φ andT N� i j � to denoteprojectionsonto
planesperpendicularto thenormalmap.

Theshapematrix [37] of a surfacedescribesits curvatureindependentof theparameteriza-
tion. For animplicit surface,it is obtainedby differentiatingthenormalmapandprojecting
the derivative onto thesurfacetangentplane.Thenormof the shapematrix is thesumof
squaredprincipalcurvatures

κ2 
EDDD DDDN � i � jT φ� jk � DDD DDD 2 = (5.3)

If N � i � is deriveddirectly from φ , this gives

κ2 
 DDD DDD T φ� il � φl jT
φ� jk � DDD DDD 2 = (5.4)



We now expressthe generalsurfaceenergy function introducedin (4.5) in termsof the
normalsof thesurface F  κ2 # 
 � � G � κ2 	 dx � i � = (5.5)

If we take the first variationof (5.5) with respectto φ using(5.4) for total curvature,we
obtaina fourth-orderPDEon φ . On theotherhand,if we use(5.3) for total curvatureand
take thefirst variationof (5.5)with respectto N � i � , allowing φ to remainfixed,we obtaina
second-orderPDEon N � i � . This paperusesthelatterstrategy.

As we processthenormalmapN � i � , letting φ lag,we mustensurethatit maintainstheunit
lengthconstraint,N � i � N � i � 
 1. This is expressedin the penaltyfunction usingLagrange
multipliers.TheconstrainedpenaltyfunctionisF � κ2 	 2 � � λ � x � l � 	 � N � k � N � k � � 1

�
dx � l � � (5.6)

whereλ � x � l � 	 is theLagrangemultiplier atx � l � . Thenext stepis to derivethefirst variation.
Thecurvature(5.3)canbewritten as

κ2 
GDDD DDDN � i � j DDD DDD 2 � DDD DDDN � i � jφ j DDD DDD 2φkφk
= (5.7)

Using (5.7) and solving for λ in (5.6) introducesa projectionoperatorT N� i j � on the first
variationof

F
, which keepsN � i � unit length.Thethefirst variationof (5.6)with respectto

N � i � is

T N� i j � d
F

dN � j � 
 2 T N� i j �IH g  κ2 #KJ N � j � k � N � j � lφlφk

φmφm LNM
k

� (5.8)

where g is the derivative of G with respectto κ2. A gradientdescenton this metric
∂N � i � $ ∂ t 
O� T N� i j � d F $ dN � j � , resultsin a PDEthatminimizes(5.5). Theprocessof project-
ing derivativesof N ontothelevel setsof φ is thesameassolvingtheconstraineddiffusion
equationon N � i � , using the methodof solving PDEson implicit manifoldsdescribedby
[38]. We will discussseveralchoicesfor G in Section6.

5.3 Surfacerefitting

Wehaveshown how to evolvethenormalsto minimizefunctionsof curvature;however, the
final goalis to processthesurface,which requiresdeformingφ . Therefore,thenext stepis



to relatethedeformationof thelevel setsof φ to theevolutionof N � i � . Supposethatwe are
giventhenormalmapN � i � to somesetof surfaces,but not necessarilylevel setsof φ—asis
thecaseif we filter N � i � andlet φ lag. We canmanipulateφ sothat it fits thenormalfield
N � i � by minimizingapenaltyfunctionthatquantifiesthediscrepancy. Thispenaltyfunction
is P � φ 	3
 �

U Q < φiφi � φiN � i �1R dx � j � � (5.9)

whereU S IR3 is thedomainof φ . Thefirst variationof this penaltyfunctionwith respect
to φ is

d
P

dφ

�� �T� φk

�T� H 7 φ j

φmφm
8

j
� N � j � j M 
�� �T�∇φ

�T� Q Hφ � HN R (5.10)

whereHφ is themeancurvatureof thelevel setsurfaceandHN is half thedivergenceof the
normalmap. Then,the gradientdescentPDE that minimizes(5.9) is dφ $ dt 
U� d

P $ dφ .
Thusaccordingto (5.10),thesurfacemovesasthedifferencebetweenits own curvatureand
thatof thenormalfield. Thefactorof ! ∇φ ! , which is typical with level setformulations,
comesfrom thefactthatwe aremanipulatingtheshapeof thelevel set,which is embedded
in φ , asin (5.2).

Thegradientdescentfor theMAP surfaceestimator(3.3) is a weightedsumof therefitting
term,which we have derivedin (5.10),anda dataterm.Therefore,thefinal updaterule for
φ is

∂φ
∂ t


5� f � � 	 N 2 α
�T�
∇φ

�T� Q Hφ � HN R � (5.11)

whereα is afreeparameterthatdeterminestherelativeweightof theprior termwith respect
to thedataterm.We will referto α astheprior weight.

We can now put togetherthe normal processingstageand the surfacerefitting stageto
solve fourth-orderlevel setflows. The entireprocessis depictedin Figure5.2. We have
deriveda gradientdescentfor thenormalmapthatminimize thesurfaceenergy functions
proposedin Section5.2. Thisprocessis denotedin Figure5.2asthedN $ dt loop. This loop
iteratesdN $ dt for a fixednumber[20] of applicationssothatthedifferencebetweenφ and
the surfacedefinedby the normalsremainsmall. The surfacefitting to the the combined
normalmapanddatatermsis formulatedasa gradientdescentin (5.11). This processis
thedφ $ dt loop in Figure5.2. Theoverall algorithmshown in Figure5.2repeatsthesetwo
stepsto minimize the penaltyfunctionsin termsof the surface. This main loop iterates
until the RMS changein φ as a result of the applicationof dφ $ dt becomessmall (less
than 10+ 6 in our implementation)which signalsconvergence. Details of the numerical
implementationwill be discussedin AppendixA. In AppendixB, we will show that the
overall processof simultaneouslysolvingthesePDEsasdescribedis equivalentto solving
theoriginal fourth-orderPDE.



φn

φinit

V φn

Nn Iterate to 
process N

Nn+1

φn lags

Fit φ to N and 
range data

φn+1

W
φnfixed

φfinal

Range data

dt

dφ

dt

dN
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Chapter 6

Experiments

In Section5, we developeda framework thatallowsusto usepriorsthatarebasedonhigh-
order, generalfunctionsof curvature. We now explore two suchfunctionsandcompare
them to the surfaceareaprior. Total curvatureof a surfaceas definedin (4.4) can be
obtainedin our formulationby choosingG to be the identity function, i.e., G � κ2 	X
 κ2.
The derivative of G with respectto κ2 is g � κ2 	Y
 1. We refer to this choiceof G as
the isotropic curvature prior becauseit correspondsto solving the heatequationon the
normalmapwith a constant,scalarconductioncoefficient. Minimizing thetotal curvature
of a surfaceworks well for smoothingsurfacesandeliminatingnoise,but, like Gaussian
blurring, it alsodeformsor removesimportantfeatures.

The generalizationof P&M anisotropicdiffusion to surfacesis achieved from variational
principlesby choosingthe appropriatefunction of the squaredcurvaturein (5.5). For in-
stance,

G � κ2 	3
 2µ2 7 1 � e + κ2

2µ2 8 � and g � κ2 	3
 e + κ2

2µ2 = (6.1)

We namethis choiceof G, which is graphedin Figure6.1(b), the anisotropic curvature
prior. The minimization of the penaltyfunction in (5.8) with the anisotropiccurvature
prior givesa vector-valuedanisotropicdiffusionon thelevel setsurface—ageneralization
of P&M diffusionto surfaces.Thisflow is amodifiedversionof intrinsicLaplacianof mean
curvatureflow that preservesor enhancesareasof high curvature,which we call creases.
Creasesarethegeneralizationof edgesin imagesto surfaces.Thepreservationof creases
is achieved by the flat tails of G, which limits the penaltyon high curvatureareas.Note
thatµ in (6.1)wasfixedat 0 = 2 for all theexperimentsin this paper. Unlike,in P&M image
diffusion,this parameterdoesnot needto bechangedfor differentsurfacereconstructions.
In thecontext of P&M imagediffusion,theunitsof µ arein graylevels;consequently, the
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Figure 6.1: (a) A heavy tailed Gaussianprobability distribution function. This function
canbescaledto integrateto 1 becausein our discreteimplementationκ hasa finite upper

bound.(b) Graphof G 
 2µ2 7 1 � e + κ2

2µ2 8 vs. κ with µ 
 0 = 2. G is alsothelogarithmof

(a).

optimalchoiceof µ is imagedependent.However, in surfacereconstruction,theunitsare
in curvature,see(6.1), which is dataindependent.This makesit possibleto choosea µ
valuethatgivesconsistentresultsovera broadrangeof surfaces.

Theanisotropiccurvatureprior canalsobeanalyzedfrom a statisticalpoint of view. Typi-
cally, robustestimatorsuseheavy tailedGaussianprobabilitydistributionssuchastheone
illustratedin Figure6.1(a).Suchprobabilitydistribution functionsassignnon-zeroproba-
bilities to outliers,in our caselargeκ values.Thelogarithmof theheavy tailedGaussian
hasthesameform astheanisotropicG wehavechosen.In fact,usingtheGibbsdistribution
(4.1),we canseethat theprior probabilitydistribution achievedby G �9%Z	 is proportionalto
P 
 e + G �T[ � . Theparameterµ in (6.1)controlstheκ valuesfor which G andP flattenout.

Section6.1 will presenta discussionof the quantitative differencesbetweenthe isotropic
andanisotropiccurvaturepriors andthe surfaceareaprior usingsyntheticdataasground
truth. Wewill alsoinvestigatetheeffectsof theprior weightontheresults.Section6.2will
presentsurfacereconstructionexamplesfrom realdatameasuredby a laserrangefinder.



Figure6.2: A noisyrangeimageof a sphereplottedasa depthmap.

6.1 Experiments with synthetic data

Theexperimentspresentedin thissectionusegeometricshapesfor whichwe canconstruct
analyticaldistancetransforms.We usethefollowing experimentsetup:

1. Build rangeimagesfrom the analyticaldistancetransformusingthe model for the
laserrangefinderlocatedat severalpositions,

2. Add independentGaussiannoiseto therangeimagesto simulatemeasurementnoise,

3. Reconstructa surfacemodelfrom thenoisyrangeimages,and

4. Comparethe resultingsurfacemodelto the analyticalshapeby computingthe root
meansquare(rms)geometricdistancebetweenthetwo surfaces.

The first shapewe examineis a spherewith radius1 unit. All other distancesarerela-
tive to this measurementunit. For this experimentwe simulatesix rangefinderslocated
at a distanceof 3 = 5 units from the centerof the spherealongthe six cardinaldirections.
IndependentGaussiannoisewith a standarddeviation that is 10% of the sphere’s radius
(0 = 1 units), is addedto eachrangeimage.Oneof thenoisyrangeimagesis shown in Fig-
ure 6.2 as a depthmap. We reconstructsurfacemodelsfrom thesenoisy rangeimages
usingthethreepriorsunderinvestigationwith a rangeof weights,α. For eachchoice,we
run the algorithmdescribedin Section5 until it converges. We decidethat the algorithm
hasconverged when the rms changein φ for any dφ $ dt iteration fell below the thresh-
old 1 = 0 C 10+ 6. Then,we calculatethe rms distancebetweenthe original modelandthe
reconstructedmodel;denotethis distanceby \ .
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Figure6.3: Rmsgeometricdistancebetweenthe analyticalsphereandthe reconstructed
surface.

Figure6.3 plots \ againstthe logα for the differentpriors underexamination.Theunits
on the y-axis arethe sameasthe units usedto describedthe sizeof the shape.It canbe
observedfrom Figure6.3 thatthelimiting valuefor \ asα 4 0 is approximately0 = 0125.
This limit is theerrorobtainedif surfacereconstructionis performedwithout a prior (rely-
ing only on thedata).This error level is smallerthanthenoiseaddedto therangeimages
becauseof the averagingeffect of usingmultiple rangeimages.The anisotropicandthe
isotropiccurvaturepriors at their optimal weight provide a 75% reductionon this error.
On theotherhand,surfaceareaprovidesslightly betterthana 50%reductionat its optimal
weight. Thesebestreconstructionsare illustratedin Figure6.4. The shapesof the error
plots is moreimportantthantheresultsat optimalchoicesof weight. Theplot for thesur-
faceareaprior dips down sharplyaroundα 
 1 which indicatesa small rangeof useful
weightsfor this prior. Thesurfaceareaprior performsespeciallypoorly asα is increased
beyond 1; this is due to the fact that the surfaceareaprior causesshrinkagein the sur-
facemodels.In practice,this will meandifficulties for the userin choosinga weight that
worksdifferentreconstructionscenarios.In contrast,bothof the higher-orderpriorshave
relatively flat error plots becausetheir limiting behaviors matchthe model in this exam-
ple. Laplacianof meancurvatureflow hasbeenshown to deformsurfacesto spheres[35].
Isotropic curvaturereconstructionis as good as the anisotropiccurvaturereconstruction
becausethespheredoesnot containcreases.

To examinethedifferencesbetweenthepriorsfurther, we experimentwith a cubeandan-
otherpiecewise planarshapewhich we will name“3d-cross”. In theseexperiments,we
used8 rangefinder locations(onein eachoctant). Figure6.6 (a) and(b) show the origi-
nal cubewith sides1 unit long, andthesurfaceinitialization from thenoisyrangeimages,
respectively. IndependentGaussiannoisewith standarddeviation0 = 1 wasaddedto thesim-
ulateddatato createthenoisyrangeimages.Theresults(seeFigure6.6) with thesurface
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Figure6.4: (a) Analytical sphere,(b) surfacemodelinitialization from noisydata.Result-
ing surfacemodelfor the(c) surfaceareaprior with α 
 1, (d) theisotropiccurvatureprior
with α 
 5, and(e) theanisotropiccurvatureprior with α 
 10.
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Figure6.5: Rmsgeometricdistancebetweenthe reconstructedsurfaceandthe analytical
modelsfor (a) thecube,and(b) the“3d-cross”.

areaandisotropiccurvaturepriors arenoisierandwith roundedcornerscomparedto the
successfullydenoised,approximatelypiecewiseplanarresultsobtainedwith theanisotropic
curvaturereconstruction. The last example,shown in Figure6.7(a),amplifiesthe differ-
encesobservedwith thecubeexperiment.It is not possibleto denoisethesurfacewithout
causingseveredistortionto the shapewith the otherpriors. Anisotropiccurvaturerecon-
structiondoesnotsuffer from thistrade-off betweensmoothinganddistortion.It providesa
very good(denoisedandrelatively undistorted)reconstructionacrossa rangeof valuesfor
theprior weight(seeFigure6.7(g)and(h)). Theerrorplotsfor thecubeandthe“3d-cross”
shown in Figure6.5confirmthattheanisotropiccurvaturereconstructionerrorflattensout
asα increasesbeyondits optimalvalue.



(a) (b) (c) (d) (e)

Figure6.6: (a) Analytical cube,(b) surfacemodelinitialization from noisydata.Resulting
surfacemodel for (c) the surfaceareaprior with α 
 1, (d) the isotropiccurvatureprior
with α 
 1, and(e) theanisotropiccurvatureprior with α 
 10.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 6.7: (a) Analytical “3d-cross”, (b) surfacemodel initialization from noisy data.
Resultingsurfacemodelfor thesurfaceareaprior with (c) al pha 
 1 and(d) α 
 10. For
the isotropiccurvatureprior with (e) α 
 1 and(f) α 
 10. For the anisotropiccurvature
prior with (g) α 
 10 and(h) α 
 100.



(a) (b)

Figure6.8: (a) Oneof therangeimagesusedin thesurfacereconstructionexperiment,(b)
surfaceinitialization.

6.2 Surfacereconstructionfr om measuredrange data

In this section,we will investigatethesesurfacepriors in thecontext of thereconstruction
of an office sceneshown in Figure6.8. This exampleinvolves12 rangescansof a room
which wereregisteredusingthemethodsdescribedin [18]. Oneof these12 rangeimages
is shown in Figure6.8(a).Themodelinitialization is shown in Figure6.8(b).In additionto
measurementnoise,this initialization containsartifactssuchasthe multiple disconnected
piecesin theupperright corner. Figure6.9 illustratestheresultsobtainedwith thesurface
area,isotropicandanisotropiccurvaturepriors.As in Section6.1,welet thealgorithmsrun
until convergence.Theprior termweightswerechosenafterexperimentingwith different
valuesandpicking thosethat producedthe qualitatively bestresults.The resultswith the
anisotropiccurvatureprior remainstrue to theactualsurfacewhile eliminatingnoise.On
theotherhand,theresultswith thesurfaceareaprior thatproducea comparableamountof
denoisingdemonstrateshapedistortionsuchasthebreakingof thearmsof thechairsand
theroundingof thecreaseson thedeskandcomputerequipment.Theisotropiccurvature
prior doesnotcauseany severeshapedistortions,but it smoothesedges,creasesandcorners
asexpected.This experimentillustratesthe importanceof the anisotropiccurvatureprior
in reconstructionsinvolving sceneswith high curvaturefeaturesandsharpcreases.

Figure6.10demonstratesthe robustnessof the differentpriors by a closeup examination
of a portion of the scene. Figure 6.10 (a) and (b) are the initialization and the visible
imageryfor oneof thechairsin thescene.Figure6.10(c), (e) and(g) illustratetheresults



obtainedby qualitatively choosinggoodvaluesfor α. Figure6.10(d),(f) and(h) illustrate
theresultsif α is chosento be10 timesthis value.Theseresultsshow thattheanisotropic
curvatureis leastsensitive to thechoiceof theprior weight. Anotherwell known problem
with meancurvatureflow and in our casethe surfaceareaprior can easily be observed
in Figure6.10(d);thebeamconnectingthebaseto theseatis beingpinched-off. Finally,
Figure6.11illustratesthereconstructionof atankwith theanisotropiccurvatureprior. This
reconstructionused12 rangeimages.



(a)

(b)

(c)

Figure6.9: Resultswith (a) surfacearea,(b) isotropiccurvatureand(c) anisotropiccurva-
turepriors.
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Figure6.10: (a) Initial surfacemodelfor chair, (b) a visible light imageof thechair taken
from a similar point of view. Resultsfor thesurfaceareaprior with weights(c) 1, and(d)
10. Resultsfor theisotropiccurvatureprior with weights(e) 1, and(f) 10. Resultsfor the
anisotropiccurvatureprior with weights(g) 1, and(h) 10.



Figure 6.11: Reconstructionof a tank (with the anisotropiccurvatureprior) from range
data.



Chapter 7

Conclusion

Anisotropicdiffusion and imagereconstructiontechniquesbasedon robust metricshave
beenshown to be very useful tools in imageprocessing.We generalizethesemethods
to surfacereconstructionvia minimizing a generalfamily of penaltyfunctionsof curva-
ture. Isotropicandanisotropictotal curvatureof a surfacearemembersof this family. An
anisotropiccurvaturepenaltyleadsto a surfacereconstructionprior thatpreservescreases
while denoisingtheinput. This processis shown to have importantquantitative andqual-
itative advantagesover usinga surfaceareaprior. Because,the dataterm canbe chosen
independentlyfrom the prior, the ideasintroducedin this papercan be appliedto other
formsof surfacereconstructionsuchasapplicationsin tomography.

The minimization of thesesecond-orderpenalty functions require solving fourth-order
PDEson level sets.Our approachis basedon the propositionthat the natural generaliza-
tion of imageprocessingto surfacesoccursvia the normals.Variationalprocesseson the
surfacehavecorrespondingvariationalformulationsonthesurfacenormals.This formula-
tion leadsto a strict generalizationof P&M anisotropicdiffusionto surfaces.Normalsare
processedseparatelyfrom thesurface.Weuseametriconthesurfacemanifold,ratherthan
a simple,flat metric. By processingthenormalsseparatelyfrom thesurface,we cansolve
a pair of coupledsecond-orderequationsinsteadof a fourth-orderequation.Typically, we
allow oneequation(thesurface)to lag the other. This methodis numericallymorestable
andcomputationallylessexpensive thansolving the fourth-orderPDE directly. We solve
theseequationsusingimplicit surfaces,representingtheimplicit functiononadiscretegrid,
modelingthe deformationwith the methodof level sets.Becauseof the implementation,
themethodappliesequallywell to surfacesthatcanberepresentedin a volume.

Themainshortcomingof this methodis thecomputationtime, which is significant.How-
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ever, the current processlends itself to parallelism. The advent of cheap,specialized,
stream-processinghardwarepromisessignificantlyfasterimplementationsthattakeadvan-
tageof thetheinherentparallelismin theprocess[39]. Anotherpossibility is to usemulti-
threadingor clustersof computers.Regardingthe algorithmitself, the useof adaptive or
multi-resolutionlevel setstrategiescouldalsoimprovetheprocessingtime.



Appendix A

Numerical Implementation

By embeddingsurfacemodelsin volumes,we convert equationsthat describethe move-
mentof surfacepointsto nonlinearPDEsdefinedonavolume.Thenext stepis to discretize
thesePDEsin spaceandtime. Theembeddingfunctionφ is definedonthevolumedomain
U andtime. ThePDEsaresolvedusinga discretesamplingwith forwarddifferencesalong
the time axis. Therearetwo issueswith discretization:(i) the accuracy andstability of
the numericalsolutions,(ii) the increasein computationalcomplexity introducedby the
dimensionalityof thedomain.

For brevity, we will discussthenumericalimplementationin 2D— theextensionto 3D is
straightforward. Thefunctionφ : U ;4 IR hasa discretesamplingφ � p � q � , where � p � q � is a
grid locationandφ � p � q ��
 φ � xp � yq 	 . We will referto a specifictime instanceof this func-
tion with superscripts,i.e. φ n � p � q �]
 φ � xp � yq � tn 	 . For a vectorin 2-spacev, we usev � x �
andv � y � to referto its componentsconsistentwith thenotationof Section4. In our calcula-
tions,we needthreedifferentapproximationsto first-orderderivatives:forward,backward
andcentraldifferences.We denotethe type of discretedifferenceusingsuperscriptson a
differenceoperator, i.e., δ ��^ � for forward differences,δ �_+ � for backward differences,and
δ for centraldifferences.For instance,thedifferencesin thex-directionon a discretegrid
with unit spacingare

δ ��^ �x φ � p � q �a`
 φ � p 2 1 � q �b� φ � p � q �c�
δ �T+ �x φ � p � q � `
 φ � p � q �b� φ � p � 1 � q �c� and (A.1)

δxφ � p � q �a`
 φ � p 2 1 � q �b� φ � p � 1 � q �
2

�
wherethetime superscripthasbeenleft off for conciseness.Theapplicationof thesedif-
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ferenceoperatorsto vector-valuedfunctionsdenotescomponentwisedifferentiation.

Thepositionsof derivativescomputedwith forwardandbackwarddifferencesarestaggered
off the grid by 1$ 2 pixels. For instance,δ ��^ �x φ � p � q � asdefinedin (A.1) usesinformation
from positions � p 2 1 � q � and � p � q � with equalweights;hence,it existsat � p 2 1$ 2 � q � . This
is staggeredby 1$ 2 pixels in the x direction from the grid. To keeptrack of staggered

locations,we will usethe following notation: α,
x d
α , and

y d
α will denotethe variableα

computedat � p � q � , � p 2 1$ 2 � q � , and � p � q 2 1$ 2� , respectively.

The initialization φ init is obtainedby methodsdiscussedin [17]. In describingthe nu-
mericalimplementation,we will follow theflow chartin Figure5.2for then’ th iterationof
themainloop. First,computethenormalvectorsfrom φ n asunit vectorsin thedirectionof
thegradientof φ n. Thegradientof φ n is computedwith centraldifferencesas

φ n
i � p � q �fe 7 δxφ n � p � q �

δyφ n � p � q � 8 � (A.2)

andthenormalvectorsareinitialized as

Nu � 0� i � � p � q �f
 φ n
i � p � q �g$h! φ n

i � p � q �-! = (A.3)

Becauseφ n is fixed andallowed to lag behindthe evolution of N � i � , the time stepsin the
evolution of N � i � aredenotedwith a differentsuperscript,u. For this evolution,∂N � i � $ ∂ t 
� d

F $ dN � i � , given by (5.8), is implementedwith smallestsupportareaoperators. The
Laplacianof a function canbe appliedin two steps,first the gradientandthenthe diver-
gence. In 2D, the gradientof the normalsproducesa 2 C 2 matrix, and the divergence
operatorin (5.8) collapsesthis to a 2 C 1 vector. The diffusion of the normalvectorsin
the tangentplaneof the level setsof φ n, requiresus to computethe flux in the x and y
directions.The“columns” of theflux matrix areindependentlycomputedas

x d
Mu� i � e δ �Z^ �x Nu� i � � x d

Cu� i � � δ ��^ �x φ n � � y d
Mu� i � e δ ��^ �y Nu� i � � y d

Cu� i � � δ ��^ �y φ n � (A.4)

wherethetime index n remainsfixedaswe incrementu, and

x d
Cu� i � 
 x d

Nu� i � j x d
φ n

j
x d
φ n

k

x d
φ n

k

� y d
Cu� i � 
 y d

Nu� i � j y d
φ n

j
y d
φ n

k

y d
φ n

k

= (A.5)

Staggeredderivativesarecomputedwith forward differences.They arelocatedon a grid
that is offset from the grid whereφ andN � i � aredefined,asshown FigureA.1 for the 2D
case.Furthermore,becausetheoffset is a half pixel only in thedirectionof thedifferenti-
ation,thelocationsof δ �Z^ �x N � i � andδ ��^ �y N � i � aredifferent,but arethesamelocationsasthe
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FigureA.1: Computationgrid

flux in (A.4). To evaluate(A.5), derivativesof φ andN � i � mustcomputedat � p 2 1$ 2 � q � and� p � q 2 1$ 2� . Thesecomputationsaredonewith thesmallestsupportareaoperators,using
thesymmetric2 C 3 grid of samplesaroundeachstaggeredpoint, asshown in FigureA.1
with theheavy rectangle.For instance,thegradientof φ staggeredin thex-directionis

x d
φ n

j 
 φ n
j � p 2 1

2
� q ��e 7 δ ��^ �x φ � p � q �

1
2 � δyφ � p � q � 2 δyφ � p 2 1 � q �g	 8 = (A.6)

Thestaggeredgradientsof thenormalsarecomputedin thesameway as(A.6).

Backwarddifferencesof theflux areusedto computethedivergenceoperationin (5.8)H � d
F

dN � i � M u e δ �_+ �x

x d
Mu� i � 2 δ �T+ �y

y d
Mu� i �-= (A.7)

To evaluate(5.8), we alsoneedto computeg � κ2 	 at the preciselocationswherethe flux
(A.4) arelocated.For this,we needthesquaredintrinsic curvature

x d
κ2 
 x d

Nu� i � j x d
Nu� i � j � x d

Cu� i � x d
Cu� i � � y d

κ2 
 y d
Nu� i � j y d

Nu� i � j � y d
Cu� i � y d

Cu� i � (A.8)

at therequiredlocations.Then(5.8)for anisotropicdiffusionis computedasH � d
F

dN � i � M u e δ �T+ �x i g 7 x d
κ2 8 x d

Mu� i �kj 2 δ �T+ �y H g J y d
κ2 L y d

Mu� i � M (A.9)



Notice that thesebackward differencesare definedat the original φ grid location � p � q �
becausethey undotheforwardstaggeringin theflux locations.Thus,bothcomponentsof
d
F $ dN � i � arelocatedon theoriginal grid for φ . Usingthetangentialprojectionoperatorin

(5.8),thenew setof normalvectorsarecomputedas

Nu ^ 1� i � 
 Nu� i � 2 T N H d
F

dN � i � M u 
 Nu� i � 2 H d
F

dN � i � M u � J H d
F

dN � j � M u

Nu� j � L Nu� i � = (A.10)

Startingwith the initialization in (A.3) for u 
 0, we iterate(A.10) for a fixed number
of steps,25 iterationsfor the examplesin this paper. In other words, we do not aim at
minimizing theenergy givenin (5.6) in thed

F $ dN loop of Figure5.2;we only reduceit.

Oncetheevolution of N is concluded,φ is refittedto themodifiednormalvectorsandthe
rangedataterm accordingto (5.11). Using the main loop index, we denotethe evolved
normalsby Nn ^ 1� i � (seeFigure5.2. To solve (5.11)we calculateHφ andHNn d 1

. The latter
is theinducedmeancurvatureof thenormalmap,in otherwords,it is thecurvatureof the
hypotheticaltarget surfacethat fits the normalmap. Calculationof curvaturefrom a field
of normalsis givenby

HNn d 1 e δxNn ^ 1
x

2 δyNn ^ 1
y � (A.11)

wherewe have usedcentraldifferenceson the componentsof the normal vectors. This
needsto becomputedonceat initialization asthe normalvectorsremainfixedduring the
refitting phase.Let v bethetime stepindex in thed

P $ dφ loop. Hφ v
is themeancurvature

of the moving level setsurfaceat time stepv andis calculatedfrom φ v with the smallest
areaof support

Hφ v e δ �T+ �x
δ ��^ �x φ v

x d
φ v

j

x d
φ v

j

2 δ �T+ �y

δ ��^ �y φ v

y d
φ v

j

y d
φ v

j

� (A.12)

wherethe gradientsin the denominatorsarestaggeredto matchthe locationsof the for-
ward differencesin the numerator. The staggeredgradientsof φ in the denominatorare
calculatedusingthe2 C 3 neighborhoodasin (A.6).

ThePDEin (5.11)is solvedwith a finite forwarddifferences,but with theupwindscheme
for thegradientmagnitude,to avoid overshootingandmaintainstability [40]. Theupwind
methodcomputesa one-sidedderivative that looks in the upwinddirectionof themoving
wavefront, andtherebyavoidsovershooting.Moreover, becauseweareinterestedin only a
singlelevel setof φ , solving(5.11)overall of U is notnecessary. Dif ferentlevel setsevolve
independently, andwe cancomputethe evolution of φ only in a narrow bandaroundthe
level set of interestand re-initialize this bandas necessary[41, 42]. See[43] for more
detailson numericalschemesandefficient solutionsfor level setmethods.A discussionof



thesolutionto thedatatermin (5.11)is beyondthescopeof thispaperandcanbefoundin
[17, 18].

Usingtheupwindschemeandnarrow bandmethods,φ v ^ 1 is computedfrom φ v according
to (5.10)usingthecurvaturescomputedin (A.11) and(A.12). This loopis iterateduntil the
energy in (5.9)ceasesto decrease;let v f inal denotethefinal iterationof this loop. Thenwe
setφ for thenext iterationof themainloop(seeFigure5.2)asφ n ^ 1 
 φ v f inal

andrepeatthe
entireprocedureuntil convergence.Convergencepropertiesof theproposedmethodswere
discussedin Section6.



Appendix B

Intrinsic Laplacian of Mean Curvature
Flow

In this section,we will show that the overall processof simultaneouslysolving the two
PDEs(5.8)with G � κ2 	@
 κ2 and(5.10)is equivalentto thefourth-orderintrinsicLaplacian
of meancurvatureflow [29] on the original surface. Using this result,we canstatethat
solving (5.8) with G � κ2 	l
 κ2 and(5.11),which is a weightedsumof (5.10)anda data
term,in thesamemanneris equivalentto usingtotal curvature(4.4)astheprior in surface
reconstruction.This establishesthemathematicalfoundationof theproposedmethod.

Lets analyzeone iteration of the main loop in Fig. 5.2. Before processingthe normals,
they arederivedfrom φ n, andwe have Nn� i � 
 φ n

i $�m φ n
j φ n

j . Evolving thenormalmaponce

accordingto (5.8) for a smallamountof time dt gives

Nn ^ 1� i � 
 Nn� i � � T N� i j � d
F

dN � j � dt = (B.1)

If we immediatelyapply(5.10)to fit φ to this new normalmap

∂φ
∂ t


n! φ n
k ! J Hφ � H Nn� i � � TN� ij � d

F
dN � j � dtM

i
L = (B.2)

BecauseNn� i � is deriveddirectly from φ n, we have Nn� i � i 
 Hφ , which givesthe expression
for changesin φ in orderto make up this infinitesimallag:

∂φ
∂ t


���! φ n
k ! H T N� i j � d

F
dN � j � M i

= (B.3)
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Wecanexpressthepenaltyfunction
F

in termsof eitherN � i � or φ , andtakethefirst variation
with respectto eitherof thesequantities.Therelationshipbetweend

F $ dN � i � andd
F $ dφ

is establishedby integrating(by parts)—itis

d
F

dφ

5� H T φ

i j

d
F

dN � j � M i

� (B.4)

whereT φ
i j

 T N

i j asdt 4 0. Herewe have assumedthat φ is a signeddistancefunction;

therefore! φk !(
 1. In our level setimplementation,φ is maintainedasanapproximation
to thesigneddistancetransform.Theupdateon φ after it lagsN � i � by somesmallamount
is actually

∂φ
∂ t


o! φk ! d
F

dφ
� (B.5)

whichis agradientdescent,of thelevel setsof φ , on
F

— thetotalcurvatureof thesurface.
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