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Abstract

Thegeneralizationof signalandimageprocessingto surfacesentailsfiltering thenormals
of the surface,ratherthanfiltering the positionsof pointson a mesh.Using a variational
framework, smoothsurfacesminimizethenormof thederivativeof thesurfacenormals—
i.e. totalcurvature.Penaltyfunctionsonthesurfacenormalsarecomputedusinggeometry-
basedshapemetricsandminimizedusinggradientdescent.This producesa setof partial
differentialequations(PDE).In thispaper, we introduceanovel framework for implement-
ing geometricprocessingtools for surfacesusinga two stepalgorithm: (i) operatingon
thenormalmapof a surface,and(ii) manipulatingthesurfaceto fit theprocessednormals.
Thecomputationalapproachuseslevel setsurfacemodels;therefore,theprocessingdoes
notdependonany underlyingparameterization.Iteratingthis two-stepprocess,wecanim-
plementgeometricfourth-orderflows efficiently by solvinga setof coupledsecond-order
PDEs. This paperwill demonstratethat the framework providesfor a wide rangeof sur-
faceprocessingoperations,includingedge-preservingsmoothingandhigh-boostfiltering.
Furthermore,the generalityof the implementationmakesit appropriatefor very complex
surfacemodels,e.g.thoseconstructeddirectly from measureddata.



Chapter 1

Intr oduction

Thefundamentalprinciplesof signalprocessinggiveriseto awiderangeof usefultoolsfor
manipulatingandtransformingsignalsandimages.Thegeneralizationof theseprinciples
to the processingof 3D surfaceshasbecomean importantproblemin computergraphics,
visualization,andvision. For instance,3D rangesensingtechnologiesproducehigh reso-
lution descriptionsof objects,but they oftensuffer from noise.Medicalimagingmodalities
suchasMRI andCT scansproducelarge volumesof scalaror tensormeasurements,but
surfacesof interestmustbeextractedthroughsomesegmentationprocessor fitted directly
to themeasurements.

The stateof the art in surfaceprocessingincludesa numberof very usefultools for pro-
cessingmeshes.However, to datethere is no general framework for geometric surface
processing. By general we meantwo things. First, theframework shouldprovide a broad
varietyof capabilities,includingsurfaceprocessingtoolsthatresemblethestateof theart
in imageprocessingalgorithms. Secondthe framework shouldapply to a generalclass
of surfaces.Usersshouldbe ableto processcomplex surfacesof arbitrarytopology, and
obtainmeaningfulresultswith very little a priori knowledgeabouttheshapes.By geomet-
ric we meanthatoutputof surfaceprocessingalgorithmsshoulddependon surfaceshape
andresolution,but shouldbeindependentof arbitrarydecisionsabouttherepresentationor
parameterization.

This paperpresentsa framework that is basedon the propositionthat the naturalgeneral-
izationof imageprocessingto surfacesis via thesurface normal vectors. Thus,a smooth
surfaceis onethat hassmoothlyvarying normals. In this light, the differencesbetween
surfaceprocessingandimageprocessingarethreefold. Normalslive on a manifold (the
surface)andcannotnecessarilybeprocessedusinga flat metric,asis typically donewith
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Original Model Isotropic Smoothing Edge-Preserving Smoothing High-Boost Filtering

Figure1.1: Surfaceprocessingexamples.

images.Normalsarevectorvaluedandconstrainedto beunit length;theprocessingtech-
niquesmustaccommodatethis. Normalsarecoupledwith thesurfaceshape,andthusthe
normalsshoulddragthesurfacealongastheir valuesaremodifiedduringprocessing.

This paperpresentsanimplementationthatrepresentssurfacesasthelevel setsof volumes
andcomputestheprocessingof thenormalsandthedeformationof thesurfacesassolutions
to a set of partial differential equations(PDE). This strategy enablesus to achieve the
“black box” behavior, which is reflectedin the natureof the results.Resultsin this paper
will show a level of complexity in the modelsandthe processingalgorithmsthat hasnot
yet beendemonstratedin the literature. This generalitycomesat the costof significant
computationtime. However, themethodis practicalwith state-of-the-artcomputersandis
well-poisedto benefitfrom parallelcomputingarchitectures,dueto its relianceon local,
iterativecomputations.

Figure1 shows severalresultsof processinga 3D surfacemodelwith differentalgorithms.
Thesealgorithmsconsistof smoothing,feature-preservingsmoothing,and surface en-
hancement.All threeprocessesareconsistentmathematicalgeneralizationsof their image-
processingcounterparts.Notethatall of thesurfacesin thispaperarerepresentedvolumet-
rically andrenderedusingthemarchingcubesalgorithm[1].

In someapplications,suchasanimation,modelsaremanuallygeneratedby a designerand
theparameterizationis not arbitrarybut is an importantaspectof thegeometricmodel. In
thesecasesmesh-basedprocessingmethodsoffer a powerful setof tools, suchashierar-
chicalediting [2], which arenot yet possiblewith the proposedrepresentation.However,
in otherapplications,suchas3D segmentationandsurfacereconstruction[3, 4], the pro-



cessingis datadriven,andsurfacescandeformquitefar from their initial shapesandeven
changetopology. Furthermore,whenconsideringprocessesotherthanisotropicsmooth-
ing, suchasnonlinearsmoothingor high-boostfiltering, thecreationor sharpeningof small
featurescanexhibit noticeableeffectsof themeshtopology—featuresthatarealignedwith
themesharetreateddifferentlythanthosethatarenot. Thetechniquespresentedin thispa-
peroffer a new setof capabilitiesthatareespeciallyinterestingwhenprocessingmeasured
data—asareall of theexamplesshow in this paper.

Thespecificcontributionsof this paperare:� a novel framework for geometricprocessingof surfacesthat relieson surfacenor-
mals;� a numericalmethodfor solvingfourth-orderlevel setequationsin two simplersteps,
therebyavoiding theexplicit computationof unstablehigh-orderderivatives;and� examplesof threegeometricprocessingalgorithmswith applicationsto datasetsthat
aremorecomplex thanthosepreviously demonstratedin theliterature.



Chapter 2

RelatedWork

Themajority of surfaceprocessingresearchhasbeenin thecontext of surface fairing with
themotivationof smoothingsurfacemodelsto createaestheticallypleasingsurfacesusing
triangulatedmeshes[5, 6, 7, 8]. Surfacefairing typically operateby minimizing a fair-
nessor penaltyfunction that favors smoothsurfaces[9, 10, 11, 5]. Fairnessfunctionals
candependon thegeometryof thesurfaceor theparameterization.Geometricfunctionals
make useof invariantssuchasprincipal curvatures,which areparameterizationindepen-
dent,intrinsic propertiesof the surface. Therefore,geometricapproachesproduceresults
thatarenot affectedby arbitrarydecisionsabouttheparameterization;however, geometric
invariantsarenonlinearfunctionsof surfacederivativesthatarecomputationallyexpensive
to evaluate.Simplerparameterizationdependentfunctionalsarelinearapproximationsto
geometricinvariants.Suchfunctionalscanbeequivalentto geometricinvariantswhenthe
surfaceparameterizationis isometric) or they canbe poor approximationswhen the pa-
rameterizationis irregular andnon-differentiable.An isometric surfaceparameterization
requiresthetwo parametercoordinateaxisto beorthogonalandarc-lengthparameterized.
In thecontext of surfacefairingwith meshestheseconceptsarealsoreferredto asgeomet-
ric andparameterizationsmoothness[7] or outerandinnerfairness[12].

One way to smootha surface is to incrementallyreduceits surfacearea. This can be
accomplishedby meancurvatureflow (MCF) at every point S:

∂S
∂ t
� H

�
N (2.1)

whereH is the meancurvatureof the surface,
�
N is the surfacenormal,and t is the time

evolutionof thesurfaceshape.For parameterizedsurfacesthesurfaceareatranslatesto the
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membraneenergy functional �
Ω

X2
u � X2

v du dv (2.2)

whereX � u � v � andΩ arethesurfaceparameterizationandits domain,respectively. For an
isometricparameterizationX2

u � X2
v
� 1; therefore,(2.2)reducesto surfacearea.However,

for largerandsmallerX2
u � X2

v , theapproximationto surfaceareais distortedproportionally.
Thevariationalderivativeof (2.2) is theLaplacian,

∆X � Xuu � Xvv � (2.3)

which is equivalentto meancurvaturein theisometriccase.Laplacian,or meancurvature
flow, is closelytiedto Gaussianfiltering—astandardmethodof smoothingimages.Clarenz
et al. [13] proposeameshed-basedintrinsicflow thatincorporatesaweightedsumprinciple
curvaturesthatdependson thelocal surfaceshape.

A second-orderpenaltyfunctionis total curvature�
S

κ2
1 � κ2

2 dS (2.4)

which hasbeenshown to deformsurfacesinto spheres[14]. Total curvatureis a geometric
(invariant)propertyof thesurface.Themeshfairingapproachof [5] whichminimizes(2.4)
involvesfitting localpolynomialbasisfunctionsto localneighborhoodsfor thecomputation
of total curvature.Thesepolynomialbasisfunctionsrangefrom full quadraticpolynomials
to constrainedquadraticsandplanarapproximations.Dependingon thecomplexity of the
local neighborhood,the algorithmmustchoose,at eachlocation,which basisto employ.
Ambiguitiesresultat locationswheremultiple basisprovide equallygoodrepresentations.
In [8] the authorssearchdirectly for an intrinsic PDE that producesfair surfacesinstead
of deriving thePDEsfrom a variationalframework. They proposetheLaplacianof mean
curvature∆BH � 0 for mesheswhere∆B is theLaplace-Beltramioperator, i.e. theLaplacian
for parameterizedsurfaces.Theirapproachis notsufficiently generalto satisfythegoalsof
this paper, but is closelyrelatedto theproposedmethod.We will discussit furtherin Sec.
3.

If we penalizethe parameterization(i.e. non-geometric),equation(2.4) becomesthe thin
plateenergy functional �

Ω
X2

uu � 2X2
uv � X2

vv du dv (2.5)

whereX andΩ areasdefinedfor (2.2). Thin plateenergy wasusedin [10] for surface
fairing. Thevariationalderivativeof (2.5) is thebiharmonicoperator, which is linear:

∆2X � Xuuuu � 2Xuuvv � Xvvvv � (2.6)



Theselinear energy functionalsunderlythe signalprocessingapproachto surfacefairing
pioneeredin [6], whoderivedthenaturalvibrationfrequenciesof asurfacefrom theLapla-
cian operator. Taubin observes that Gaussianfiltering causesshrinkage. He eliminates
this problemby designinga low passfilter usinga weightedaverageof theLaplacianand
the biharmonicoperator. The weightshave to be fine-tunedto obtain the non-shrinking
property. Analyzedin thefrequency domain,this low-passfilter canbeseenasa Gaussian
smoothingshrinkingstepfollowedby anunshrinkingstep.Indeed,any polynomialtransfer
functionin thefrequency domaincanbeimplementedwith thismethod[15]. [16] describe
arelatedapproachin whichsurfacearesmoothedby simultaneouslysolvingthemembrane
(2.2)andthin plate(2.5)energy functionals.

Thesignalprocessingapproachusestheumbrellaoperatorwhich is a discretizationof the
Laplacian. The edgelengthsconnectingthe nodesof the meshand the anglesbetween
adjacentedgesarounda node,alsoknown asfaceangles,introduceparameterizationde-
pendencies.By settingthe edgeweightsin the umbrellaoperatorto the reciprocalof the
edgelength, the dependency on edgelengthcanbe removed [6], but the dependency on
the faceanglesremain. A scaledependentintrinsic umbrellaoperatoris definedin [7]
thatremovesbothdependencies.Thetime stepsin explicitly integratinga scaledependent
umbrellaoperatorareproportionalto the squareof the shortestedgelength. Desbrun et
al. overcomethis limitation by introducingan implicit integrationscheme.Nevertheless,
theweightsfor theumbrellaoperatormustberecomputedat eachiterationto maintainits
intrinsic property. A non-uniformrelaxationoperatoris introducedin [2] to minimize a
locally weightedquadraticenergy of secondorderdifferences.

MoretonandSequin[9] proposea geometricfairnessfunctionalthat penalizesthe varia-
tion of principlecurvatures—athird-order, geometricpenaltyfunction(correspondingto a
sixth-order variationalderivative),which requiresvery largecomputationtimes.Theanal-
ysisandimplementationof generalpenaltyfunctionsabove secondorderremainsanopen
problem,which is beyond the scopeof this paper. Evidencein this paperandelsewhere
[7, 8] suggeststhatfourth-ordergeometricflowsform a sufficient foundationfor a general,
geometricsurfaceprocessingsystem.

This work in this paperis alsorelatedto that of Chopp& Sethian[17], who derive the
intrinsic Laplacianof curvaturefor an implicit curve, andsolve theresultingfourth-order
nonlinearPDE.However, they arguethatthenumericalmethodsusedto solvesecondorder
flows arenot practical,becausethey lack long term stability. They proposeseveral new
numericalschemes,but noneare found to be completelysatisfactory due to their slow
computationandinability to handlesingularities.Oneof theresultsof thispaperis to solve
this equationmoreeffectively andto demonstratethat this is only oneexampleof a more
generalclassof usefulsurfaceprocessingtechniques.Joint interpolationof vectorfields
andgraylevel functionswasusedfor succesfullyfilling-in missingpartsof imagesin [18].



Chapter 3

Geometric SurfaceProcessing

Oneof theunderlyingstrategiesof thispaperis to usegeometric surface processing, where
the output of the processdependsonly on the shapeof the input surface,and doesnot
containartifactsfrom theunderlyingparameterization.Themotivationfor this strategy is
discussedin detail in [12], wherethe influenceof the meshparameterizationon surface
fairing resultsis clearly shown, and higher-order geometricflows, suchas the intrinsic
Laplacianof curvature,areproposedasthesolution.

As an illustration of the importanceof higher-order geometricprocessing,considerthe
resultsin Fig. 3.1, which demonstratesthedifferencesbetweenprocessingsurfaceswith
meancurvatureflow (MCF) andintrinsic Laplacianof meancurvatureflow (ILMCF). The
amountof smoothingfor MCF and ILMCF was chosento be qualitatively similar, and
yet importantdifferencescanbe observed on the smallerfeaturesof the original model.
MCF hasshortenedthe hornsof the original model, and yet they remainsharp—nota
desirablebehavior for a “smoothing”process.This behavior for MCF is well documented
asa pinchingoff of cylindrical objectsandis expectedfrom thevariationalpoint of view:
MCF minimizessurfaceareaandthereforewill quickly eliminatesmallerpartsof a model.
Someauthors[19] haveproposedvolumepreservingformsof second-orderflows,but these
processescompensateby enlarging the object as a whole, which exhibits,qualitatively, the
samebehavior on small features.Intrinsic Laplacianof meancurvatureflow, in Fig. 3.1,
preservesthestructureof thesefeaturesmuchbetterwhile smoothingthem.

An alternative to solving a fourth-orderequationdirectly is to decoupleit into a pair of
second-orderequations.For instance,atwo-stepsolutionto ILMCF for meshesis proposed
in [8]. However, this approachworksonly for meshes,andrelieson analyticpropertiesof
thesteady-statesolutions,∆H � 0, by fitting surfaceprimitivesthathave thoseproperties.
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Figure 3.1: Second-and fourth-ordersurfacesmoothing. From left to right: Original
model,meancurvatureflow, andintrinsic Laplacianof meancurvatureflow.

Figure3.2: Shown herein 2D, theprocessbeginswith ashapeandconstructsanormalmap
from the distancetransform(left), modifiesthe normalmapaccordingto a PDE derived
from a penaltyfunction(center),andre-fitstheshapeto thenormalmap(right).

Thus,the formalismdoesnot generalizewell to applications,suchassurfacereconstruc-
tion, wherethe solutionis a combinationof measureddataanda fourth-ordersmoothing
term. Also, it doesnot apply to other typesof smoothingprocesses,suchas thosethat
minimizenonlinearfeature-preservingpenalties.

In [18], the authorspenalizethe smoothnessof a vectorfield while simultaneouslyforc-
ing the gradientdirectionsof a gray scaleimageto closely matchthe vector field. The
penaltyfunction on the normalfield is proportionalto the divergenceof the normalvec-
tors.This formsa high-orderinterpolationfunction,which is shown to beusefulfor image
inpainting—recoveringmissingpatchesof datain 2D images.This strategy of simultane-
ously penalizingthe divergenceof a normalfield andthe mismatchof this field with the
imagegradientis closely relatedto the total curvaturepenaltyfunction usedin this pa-
per. The formulationproposedin this paperemphasizesthe processingof normalson an
arbitrarysurfacemanifold(ratherthantheflat geometryof an image),with anexplicit re-
lationshipto fourth-ordersurfaceflows. Furthermore,thispaperestablishesnew directions
for surfaceflows— towardedge-preservingsurfacesmoothingandfeatureenhancement.



φn

φinit

	 φn

Nn

dG
dN

Iterate to 
process N

Nn+1

dD
dφ

φn lags

Iterate for φ 
to catch N

φn+1



φnfixed

φfinal

Figure3.3: Flow chart

In thissection,wewill generalize[17] to theintrinsicLaplacianof meancurvaturefor level
setsurfaces,andintroducea methodfor breakingit into two simplerPDEs. This pair of
equationsis solvedby allowing thesurfaceshapeto lag thenormalsasthey arefilteredand
thencatchup by a separateprocess.Figure3.2 shows thesethreestepprocessgraphically
in 2D—shapesgive riseto normalmaps,which, whenfiltered,give riseto new shapes.In
the limit, this approachis equivalentto solvingthefull-blown, intrinsic fourth-orderflow,
but it generalizesto a wide rangeof processesandmakesno assumptionsabouttheshapes
of the solutions. In Sec. 4, we show resultsfor several differentkinds of surfacefilters.
Theappendixdescribesa numericallystablediscretesolver for thesystemof equations.

3.1 Level setmethods

Theremainderof this paperaddressesthe higher-ordergeometryof implicit surfaces,i.e.
level sets.Eventhoughvery goodsurfacefairing resultshave beenobtainedwith meshes,
therearesomedrawbacksto usingmeshesandotherparametricmodelsfor purposesother
thansimplesmoothing(i.e. low passfiltering). We believe that level setmethods[20, 21]
arebettersuitedfor a wide rangeof surface-processingfor thefollowing reasons.

1. Somesurfaceprocesses,suchasanisotropicdiffusionandhigh-boostfiltering, have
thecapabilityof introducingnew features—afundamentaldifferencefrom smooth-
ing. Meshesdo not form discontinuitieswell unlessthe edgesof the facetriangles
coincidewith theedgesof thesurface.



2. Anythingmorethana modestamountof smoothingis likely to evolvethesurfacefar
from its original shape.This requiresthecreationanddeletionof facesin meshesto
maintaintheoriginal resolution.Implicit surfacesdo not exhibit this problem.

3. For surfacereconstruction,suchas from rangeimageryor tomographicdata, the
evolving surfacecan undergo topologicalchanges[3, 4]. Surfacemeshesdo not
(readily)allow topologicalchanges,whereaslevel setsurfacesdo.

To facilitatethediscussion,we usetheEinsteinnotationconvention,wherethesubscripts
indicatetensorindices,and repeatedsubscriptswithin a productrepresenta summation
over the index (acrossthe dimensionsof the underlyingspace).Furthermore,we usethe
convention that subscriptson quantitiesrepresentderivatives, except where they are in
parenthesis,in which casethey refer to a vector-valuedvariable. Thus,φi is the gradient
vectorof ascalarquantityφ : IRn �� IR. TheHessianis φi j, andtheLaplacianis φii. A vector
field is v  i � , wherev : IRn �� IRn, andthe divergenceof thatfield is v  i � i. Scalaroperators,

suchasdifferentialsbehavein theusualway. Thus,gradientmagnitudeis � φi � ��� φiφi and
thedifferentialfor a coordinatesystemis dx  i � � dx1dx2 ����� dxn.

Level setsurfacemodelsrely on thenotionof aregularsurface,which is a collectionof 3D
points, � , with a topologythat allows eachpoint to be modeledlocally asa function of
two variables.We candescribethedeformationof sucha surfaceusingthe3D velocity of
eachof its constituentpoints,i.e., ∂ s  i � � t ��� ∂ t for all s  i ��� � . If we representthesurface
implicitly at eachtime t, then� ��� s  i � � t ��� φ � s  i � � t ��� t � � 0 � � (3.1)

Noticethatsurfacesdefinedin this way dividea volumeinto two parts:inside(φ � 0) and
outside(φ � 0). It is commonto chooseφ to bethesigneddistancetransformof � , or an
approximationthereof.

The surfaceremainsa level setof φ over time, and thustaking the total derivative with
respectto time (usingthechainrule) gives

∂φ
∂ t

�! φ j

∂ s  j �
∂ t

(3.2)

Noticethatφ j is proportionalto thesurfacenormal,andthus∂ s  j � � ∂ t affectsφ only in the
directionof thesurfacenormal—surfacemotionin any otherdirectionis merelya change
in theparameterization.Usingthis framework, thePDEon φ thatdescribesthemotionof
a surfaceby meancurvature,asin (2.1),is

∂φ
∂ t

� φii
 φi jφiφ j

φkφk
� (3.3)



Thefollowingsectionsgivethemathematicaldescriptionof theprocessoutlinedin Fig.3.3.
First we will derive the energy functionalfor minimizing the total curvatureof a normal
map.Thefirst variationof thetotalcurvatureresultsin asecond-orderPDEonthenormals.
This processis denotedin Fig. 3.3asthed "#� dN loop. Next, in Sec.3.3,we show another
energy functional for fitting a surfaceto an evolved normal map, resultingin a second-
orderPDEon φ . This is thed $%� dφ loop in Fig. 3.3. Finally, we will show thattheoverall
processof simultaneouslysolving thesetwo PDEsas shown in Fig. 3.3 is equivalentto
ILMCF. This establishesthemathematicalfoundationof theproposedmethod.

3.2 Intrinsic Laplacian of meancurvatureflow for normal
maps

Whenusingimplicit representationsonemustaccountfor thefactderivativesof functions
definedon the surfacearecomputedby projectingtheir 3D derivativesonto the tangent
planeof the surface. Let N  i � : IR3 � S3 be the normalmap,which is a field of normals
thatareeverywhereperpendicularto thefamily of embeddedisosurfacesof φ—thusN  i � �
φi � � φkφk. The3 & 3 projectionmatrix for the implicit surfacenormalis P i j � � N  i � N  j � ,
andP i j � V  i � returnsthe projectionof V  i � onto N  i � . Let I  i j � be the identity matrix. Then
the projectiononto the planethat is perpendicularto the vector field N  i � is the tangent
projection operator, T i j � � I  i j �  P i j � . Undernormalcircumstancesthe normalmapN  i �
is derivedfrom thegradientof φ , andT i j � projectsvectorsonto the tangentplanesof the
level setsof φ . However, thecomputationalstrategy we areproposingallows φ to lag the
normalmap. Therefore,thetangentprojectionoperatorsdiffer, andwe useT φ i j � to denote

projectionsontothetangentplanesof thelevel setsof φ andT N i j � to denoteprojectionsonto
planesperpendicularto thenormalmap.

Theshapematrix [22] of a surfacedescribesits curvatureindependentof theparameteriza-
tion. Theshapematrix of animplicit surfaceis obtainedby differentiatingthenormalmap
andprojectingthatderivativeontothetangentplaneof thesurface.TheEuclideannormof
theshapematrix is thetotal curvature,κ . Thus

κ2 �(''' '''N  i � jT φ jk � ''' ''' 2 � (3.4)

If N  i � is deriveddirectly from φ , this gives

κ2 � ''' ''' T φ il � φl jT
φ jk � ''' ''' 2 � (3.5)



Thestrategy is to treattheseexpressionsaspenaltyfunctions,anddevelopsurfaceprocess-
ing methodsby solving the PDEsthat result from the first variationof surfaceintegrals
over thesepenaltyfunctions. Notice, that if we take the first variationof (3.5) we obtain
a fourth-orderPDE on φ , but if we take the first variationof (3.4), with respectto N  i � ,
allowing φ to remainfixed,weobtainasecond-orderPDEonN  i � . To seethefirst variation

of (3.4)we re-expressthenorm,usingtheidentity �)�A �*� 2 � Trace+ATA , . This gives

κ2 �-''' '''N  i � j ''' ''' 2  ''' '''N  i � jφ j
''' ''' 2

φkφk
� (3.6)

andthusthepenaltyfunctionfor thetotal surfacecurvatureis" � N  i � � � �/.1023 ''' '''N  i � j ''' ''' 2  ''' '''N  i � jφ j
''' ''' 2

φkφk

4657 dx  m � � (3.7)

As we processthenormalmapN  i � , letting φ lag,we mustensurethatit maintainstheunit
lengthconstraint,N  i � N  i � � 1. This is expressedin the penaltyfunction usingLagrange
multipliers.Theconstrainedpenaltyis"8� N  i � � � �9. λ � x  l � �:� N  k � N  k �  1� dx  l � � (3.8)

whereλ � x  l � � is the Lagrangemultiplier at x  l � . Using the first variationandsolving for

λ introducesa projectionoperatorT N i j � on the first variationof " , which keepsN  i � unit
length.Thusthefirst variationof (3.8)with respectto N  i � is T N i j � d "

dN  j � �� T N i j �<; N  j � k  N  j � lφlφk

φmφm =
k

� (3.9)

A gradientdescenton this metric∂N  i � � ∂ t �! d "#� dN  i � , resultsin a PDEthata smoothes
thenormalmapby minimizingtotalcurvaturewhile maintainingtheunit normalconstraint.
Noticethat this is preciselythesameassolvingtheconstraineddiffusionequationon N  i �
usingthemethodof solvingPDEson implicit manifoldsdescribedin [23]. This derivation
is whatwe considerthebase case—subsequentsectionsof this paperwill introduceother
processeson thenormalmaps.

3.3 Surfaceevolution via normal maps

We have shown how to evolve thenormalsto minimize total squaredcurvature;however,
thefinal goalis thereconstructionof thesurfacewhichrequiresevolving φ , ratherthanthe



normalmap. Hence,the next stepis to relatethe evolution of φ to the evolution of N  i � .
Supposethatwe aregiventhenormalmapN  i � to somesetof surfaces,but not necessarily
level setsof φ—asis the caseif we filter N  i � andlet φ lag. We canmanipulateφ so that
it catches up to N  i � by minimizing a penaltyfunctionthatquantifiesthediscrepancy. This
penaltyfunctionis $>� φ � � �

U ? φiφi
 φiN  i �A@ dx  j � � (3.10)

whereU B IR3 is the domainof φ . A gradientdescenton φ that minimizesthis penalty
functionis

∂φ
∂ t

�� d $
dφ

� �)� φk �)� ;DC φ j

φmφm E j

 N  j � j = � �∇φ � ? Hφ  HN @ (3.11)

whereHφ is themeancurvatureof thelevel setsurfaceandHN is theinducedcurvatureof
thenormalmap. Thus,thesurfacemovesasthedifferencebetweenits own curvatureand
that of the normalfield. The factorof �∇φ � , which is typical with level setformulations,
comesfrom thefactthatwe aremanipulatingtheshapeof thelevel set,which is embedded
in φ , asin (3.2).

We proposeto solve fourth-orderflows on thelevel setsof φ by a splitting strategy, which
entailsprocessingthenormalsandallowing φ to lag andthencatchup later, in a separate
process.This is only correctif weknow thatin thelimit, asthelagbecomesverysmall,we
aresolving the full fourth-orderPDE.To show this we analyzeoneiterationof the main
loop in Fig. 3.3. Beforeprocessingthe normals,they arederived from φ n, andwe have
Nn i � � φ n

i �GF φ n
j φ n

j . Evolving the normalmaponceaccordingto (3.9) for a small amount

of time dt gives

Nn H 1 i � � Nn i �  T N i j � d "
dN  j � dt � (3.12)

If we immediatelyapply(3.11)to fit φ to this new normalmap

∂φ
∂ t

�%I φ n
k
IKJ Hφ  ; Nn i �  TN ij � d"

dN  j � dt=
i L � (3.13)

BecauseNn i � is deriveddirectly from φ n, we have Nn i � i � Hφ , which givesthe expression
for changesin φ in orderto make up this infinitesimallag:

∂φ
∂ t

�! MI φ n
k
I ; T N i j � d "

dN  j � = i

� (3.14)



Wecanexpressthepenaltyfunction " in termsof eitherN  i � or φ , andtakethefirst variation
with respectto eitherof thesequantities.Therelationshipbetweend "N� dN  i � andd "O� dφ
is establishedby integrating(by parts)—itis

d "
dφ

�� ; T φ
i j

d "
dN  j � = i

� (3.15)

whereT φ
i j
� T N

i j asdt � 0. Thustheupdateon φ afterit lagsN  i � by somesmallamountis
actually

∂φ
∂ t

�PI φk
I d "

dφ
� (3.16)

which is agradientdescent,of thelevel setsof φ , on " — thetotalcurvatureof thesurface.

This analysisshows that the strategy depictedin Figs. 3.2 and3.3 is a valid mechanism
for implementingthebase-case,which is ILMCF on implicit, level setsurfaces.However,
this strategy hasbroaderimplications.Sec.4.2will show thatotherchoicesof " (thereare
many optionsfrom the imageprocessingliterature)will producedifferentkinds of PDE-
basedsurfaceprocessingalgorithms. Furthermore,Sec.4.2.1 will demonstratethat the
generalstrategy of processingnormalsseparatelyfrom surfaces,in a two phaseprocess,
offersa setof usefultoolsthatgo beyondthestrict variationalframework.



Chapter 4

Applications

4.1 Isotropic Diffusion

We have discussedILMCF in detail in Sec.3. Herewe will presentsomeresultsof this
diffusionprocess.Figure4.1 shows modelat variousstagesof thediffusionprocess.Two
iterationsof themainprocessingloop in Fig. 3.3 areenoughto remove thesmallestscale
featuresfrom the model. Later iterationsstartsmoothingthe global shapeof the model.
Themodelshown in this exampleconsistsof a 356 & 161 & 251volume.Thecomputation
time requiredfor one iteration of the main processingloop for this model is around30
minuteson a 1.7 Ghz Intel processor. Themodelsusedin theexamplesin therestof this
paperapproximatelyhave thesamelevel of complexity.

4.2 Anisotropic Diffusion

Minimizing thetotal squaredcurvatureof a surfaceworkswell for smoothingsurfacesand
eliminatingnoise,but it alsodeformsor removesimportantfeatures.This typeof smooth-
ing is called isotropicbecauseit correspondsto solving the heatequationon the normal
mapwith a constant,scalarconductioncoefficient. This is equivalentto a convolution of
thesurfacenormalswith aGaussiankernelthatis isotropic(usingametricthatis flat onthe
surface).Isotropicdiffusionis not particularlyeffective if thegoal is to de-noisea surface
that hasan underlyingstructurewith fine features. This scenariois commonwhen ex-
tractingsurfacesfrom 3D imagingmodalities,suchasmagneticresonanceimaging(MRI),
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(a) (b)

(c) (d)

Figure4.1: Variousstagesof isotropicdiffusion: (a) original model,(b) after2 iterations,
(c) after8 iterations,and(d) after25 iterations.



in which the measurementsareinherentlynoisy. Figure4.2(a)is an exampleof the skin
surface,whichwasextracted,via isosurfacing,from anMRI dataset.Noticethattherough-
nessof the skin is noise,anartifactof themeasurementprocess.This modelis alsoquite
complex because,despiteour bestefforts to avoid it, theisosurfacesincludemany convo-
lutedpassagesup in thesinusesandaroundtheneck.As anindicationof this complexity,
considerthatmarchingcubesproduces543,000trianglesfrom thisvolume.This is over10
timesthe numberof facesin many of the “standard”modelsusedto demonstratesurface
processingalgorithms[2, 7]. Thestrategy in this paperis to treatsuchsurfacesasthey are
measured,in their volumetricrepresentation,ratherthanprocessthis dataindirectly via a
simplified,fitted surfacemesh[24].

Isotropic diffusion, shown in Fig. 4.2(b), is marginally effective for de-noisingthe head
surface. Notice that the sharpedgesaroundthe eyes,nose,lips andearsare lost in this
process.Theproblemof preservingfeatureswhile smoothingaway noisehasbeenstudied
extensively in computervision. Anisotropicdiffusionintroducedin [25] hasbeenverysuc-
cessfulin dealingwith this problemin a wide rangeof images.Perona& Malik proposed
to replaceLaplaciansmoothing,which is equivalentto the heatequation∂ I � ∂ t � ∇ Q ∇I,
with a nonlinearPDE:a

∂ I � ∂ t � ∇ QR+ g � I ∇I I � ∇I ,S� (4.1)

whereI is generallythe grey-level image,andg �TQ6� is the edgestoppingfunction, which
shouldbeadecreasingsigmoidalfunction.Perona& Malik suggestedusingg � x � � e UWV∇I V 2 X 2µ ,
whereµ is a positive, free parameterthat controlsthe level of contrastof edgesthat can
affect thesmoothingprocess.Noticethatg � I ∇I I � approaches1 for I ∇I I�Y µ and0 forI ∇I I�Z µ. Edgesaregenerallyassociatedwith large imagegradients,andthusdiffusion
acrossedgesis stoppedwhile regionsthatarerelatively flat undergo smoothing.A mathe-
maticalanalysisshowsthatsolutionsto (4.1)canactuallyexhibit aninversediffusionnear
edges,andcanenhanceor sharpensmoothedgesthathave gradientsgreaterthanµ [19].

Using anisotropicdiffusion for surfaceprocessingwith mesheswasproposedin [13]. In
that work, the authorsmove the surfaceaccordingto a weightedsum of principle cur-
vatures,wherethe weightingdependson the surfacegeometry. This is not a variational
formulation, and is therebynot a generalizationof (4.1). Becauseit performsa convex
re-weightingof principlecurvatures,it canreducesmoothing,but cannotexhibit sharpen-
ing of features.Furthermore,the level setimplementationwe areproposingallows us to
produceresultson significantlymorecomplex surfaceshapes.

The generalizationof anisotropicdiffusion asin (4.1) to surfacesis achieved from varia-
tional principlesby minimizing thepenaltyfunction" � �9. e U κ2

2µ dx  i � � (4.2)



(a)

(b)

(c)

Figure4.2: ProcessingresultsontheMRI headmodel:(a)original isosurface,(b)) isotropic
diffusion of surfacenormals,and(c) anisotropicdiffusion of surfacenormals.The small
protrusionunderthenoseis a physicalmarker usedfor registration.



whereκ2 is computedfrom N  i � accordingto (3.4). Thefirst variationwith respectto the
surfacenormalsgivesgivesa vector-valuedanisotropicdiffusiononthelevel setsurface—
a straightforward generalizationof (4.1). If we take the first variationwith respectto φ ,
we obtain a fourth-orderPDE, which is a modified versionof ILMCF that preserves or
enhancesareasof highcurvature,whichwewill call creases. Creasesarethegeneralization
of edgesto surfaces.We will solve this variationalproblemby solving the second-order
PDEon thenormalsusingtheframework introducedin Sec.3. Thestrategy is thesameas
that in Fig. 3.3, wherewe replaced "O� dN with the first variationof the penaltyfunction
from (4.2). This gives

T N i j � d "
dN  j � � T N i j ��; g � κ � J N  j � k  N  j � lφlφk

φmφm L = k

(4.3)

whereκ is thetotal curvatureasin (3.4),andtheedge-stoppingfunctionbecomes

g � κ � � e U κ2

2µ2 � (4.4)

Therestof theprocessshown in Fig. 3.3remainsunchanged.

De-noisingof measurementdatais oneof the mostimportantapplicationsof anisotropic
diffusion.Thedifferencesbetweenanisotropicdiffusionandisotropicdiffusioncanclearly
be observed in Fig. 4.2(c). Around the smoothareasof the original model suchas the
foreheadand the cheeks,thereis no noticeabledifferencein the resultsof the two pro-
cesses. However, very significant differencesexist aroundthe lips and the eyes. The
creasesin theseareas,which have beeneliminatedby isotropic diffusion, arepreserved
by theanisotropicprocess.

Runninganisotropicdiffusion for moretime stepsproducessurfacesthat have piecewise
smoothnormals(analogousto thebehavior of thePeronaandMalik equationfor images),
which correspondsto smooth,almostplanar, surfacepatchesboundedby sharpcreases.
Figure 4.3 shows the evolution of the dragonmodel with anisotropicdiffusion. After a
few iterationsof the overall loop in Fig. 3.3 the smallestdetails,suchasthe scalesof the
dragon’s skin, disappear, asin Fig. 4.3(b). After somemoreiterationsin Fig. 4.3(c), the
finest detailsof the faceand the spikes on the ridge of the back have beensuppressed.
Goingevenfurther, observethatthesurfaceis startingto becomepolyhedralin Fig. 4.3(d).

Thenon-linearprogressionof eliminationof detailsfrom thesmallestscaleto thelargestin
Fig. 4.3 suggestsa possibility for improvedsurfacecompressionstrategies,wheredetails
above a desiredscalearekepteffectively unchanged.This is in sharpcontrastto isotropic
diffusionandmeancurvatureflow, which distortsall featuresandgeneratessharpdiscon-
tinuitiesasfeaturesdisappear.



(a) (b)

(c) (d)

Figure4.3: Variousstagesof anisotropicdiffusion: (a)originalmodel,(b) after2 iterations,
(c) after6 iterations,and(d) after26 iterations.



(a) (b)

Figure4.4: Enhancedsurface(a) after1, and(b) 2 iterationsof high-boostfiltering.

Theseresultssupportour propositionthat processingthe normalsof a surfaceis the nat-
ural generalizationof imageprocessing.Processingnormalson the surfaceis the same
as processinga vector-valuedimage(suchas a color image)with a distancemetric that
variesover the domain. This is in contrastto processingthe pointson a surfacedirectly
with lower-order flows, which offers no clear analogyto methodsestablishedin image
processing.

4.2.1 High-boost filtering

The surfaceprocessingframework introducedin Sec.3 is flexible andallows for the im-
plementationof even more generalimageprocessingmethods. We demonstratethis by
describinghow to generalizeimageenhancementby high-boostfiltering to surfaces.

A high-boostfilter hasafrequency transformthatamplifieshighfrequency components.In
imageprocessingthis canbeachievedby unsharp masking [26]. Let thelow-passfiltered
versionof an imageI be Ĩ. Thehigh-frequency componentsare Î � I  Ĩ. Thehigh-boost
outputis sumof theinput imageandsomefractionof its high-frequency components:

Iout
� I � α Î � � 1 � α � I  α Ĩ � (4.5)

whereα is a positiveconstantthatcontrolstheamountof high-boostfiltering.



This samealgorithmappliesto surfacenormalsby a simplemodificationto theflow chart
in Fig. 3.3. Recallthatthed "#� dN loopproducesNn H 1 i � . Defineanew setof normalvectors
by

N [ i � � � 1 � α � Nn i �  αNn H 1 i ��)�6� 1 � α � Nn j �  αNn H 1 j � �)� � (4.6)

This new normal map is then input to the d $%� dφ catch-uploop. The effect of (4.6) is
to extrapolatefrom the previoussetof normalsin the directionoppositeto the setof nor-
malsobtainedby isotropicdiffusion.Recallthatisotropicdiffusionwill smoothareaswith
high curvatureandnot significantlyaffect alreadysmoothareas.Processingtheloop with
the modificationof (4.6) will have the effect of increasingthe curvaturein areasof high
curvature,while leaving smoothareasrelatively unchanged.Thuswe areable to obtain
high quality surfaceenhancementon fairly complex surfacesof arbitrarytopology, asin
Figs. 4.4 and4.5. The effectsof high-boostfiltering canbe observed by comparingthe
original dragonmodelin Fig. 4.3with thehigh-boostfilteredmodelin Fig. 4.4. Thescales
on theskin andtheridgebackareenhanced.Also, notethatdifferentamountsof enhance-
mentcanbeachievedby controllingthenumberof iterationsof themainloop. Thedegree
of low-passfiltering usedto obtainNn H 1 i � controlsthesizeof thefeaturesthatareenhanced.
Figure4.5 shows anotherexampleof high-boostfiltering; noticethe enhancementof fea-
turesparticularlyon thewings.



(a) (b)

(c) (d)

Figure4.5: High-boostfiltering: (a) original model,(b) afterfiltering, (c) close-upof orig-
inal, and(d) filteredmodel.



Chapter 5

Conclusion

Thenatural generalizationof imageprocessingto surfacesis via thenormals.Variational
processeson the surfacehave correspondingvariationalformulationson the surfacenor-
mals. The generalizationof image-processingto surfacenormals,however, requiresthat
we processthe normalsusinga metric on the surfacemanifold, ratherthana simple,flat
metric,aswe do with images.In this framework, thediffusionof thesurfacenormals(and
correspondingmotionsof thesurface)is equivalentto particularfourth-orderflow, thein-
trinsic Laplacianof meancurvature. By processingthe normalsseparately, we cansolve
a pair of coupledsecond-orderequationsinsteadof a four-orderequation.Typically, we
allow oneequation(thesurface)to lagtheother, but asthelaggetsverysmall,it shouldnot
matter. We solvetheseequationsusingimplicit surfaces,representingtheimplicit function
on a discretegrid, modelingthedeformationwith the methodof level sets.This level set
implementationallows us to separatethe shapeof the modelfrom the processingmecha-
nism.

The methodgeneralizesbecausebecausewe cando virtually anything we wish with the
normalmap.A generalizationof anisotropicdiffusionto aconstrained,vector-valuedfunc-
tion, definedonamanifold,givesusasmoothingprocessthatpreservescreases.If wewant
to enhancethesurface,we canenhancethenormalsandallow thesurfaceto catchup. Be-
causeof the implementation,the methodappliesequallywell to any surfacethat canbe
representedin a volume.Consequently, our resultsshow a level of surfacecomplexity that
goesbeyondthatof previousmethods.

Futurework will studytheusefulnessof otherinterestingimageprocessingtechniquessuch
as total variation [27] andlocal contrastenhancement.To date,we have dealtwith post
processingsurfaces,but futurework will combinethis methodwith segmentationandre-
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constructiontechniques.Thecurrentshortcomingof this methodis thecomputationtime,
which is significant. However, the processlendsitself to parallelism,and the advent of
cheap,specialized,vector-processinghardwarepromisessignificantlyfasterimplementa-
tions.



Bibliography

[1] W. Lorensonand H. Cline, “Marching cubes: A high resolution3d surfacerecon-
structionalgorithm,” in Proceedings of SIGGRAPH’87, pp.163–169,1987.

[2] I. Guskov, W. Sweldens,and P. Schroder, “Multiresolution signal processingfor
meshes,” in Proceedings of SIGGRAPH’99, pp.325–334,1999.

[3] R. Malladi, J.A. Sethian,andB. C. Vemuri,“Shapemodelingwith front propagation:
A level setapproach,” IEEE Trans. on PAMI, vol. 17,no.2, pp.158–175,1995.

[4] R. T. Whitaker, “A level-setapproachto 3D reconstructionfrom rangedata,” Int. J.
Computer Vision, vol. 29,no.3, pp.203–231,1998.

[5] W. Welch and A. Witkin, “Free-form shapedesignusing triangulatedsurfaces,” in
Proceedings of SIGGRAPH’94, pp.247–256,1994.

[6] G. Taubin,“A signalprocessingapproachto fair surfacedesign,” in Proceedings of
SIGGRAPH’95, pp.351–358,1995.

[7] M. Desbrun, M. Meyer, M. Schroder, and A. Barr, “Implicit fairing of irregu-
lar meshesusing diffusion and curvatureflow,” in Proceedings of SIGGRAPH’99,
pp.317–324,1999.

[8] R. SchneiderandL. Kobbelt,“Generatingfair mesheswith g1 boundaryconditions,”
in Geometric Modeling and Processing Proceedings, pp.251–261,2000.

[9] H. P. MoretonandC. H. Sequin,“Functionaloptimizationfor fair surfacedesign,” in
Proceedings of SIGGRAPH’92, pp.167–176,1992.

[10] W. Welch and A. Witkin, “Variationalsurfacemodeling,” in Proceedings of SIG-
GRAPH’92, pp.157–166,July 1992.

[11] M. Halstead,M. Kass,and T. DeRose,“Efficient, fair interpolationusing catmull-
clark surface,” in Proceedings of SIGGRAPH’93, pp.35–44,1993.

26



[12] R. SchneiderandL. Kobbelt, “Geometricfairing of irregular meshesfor free-form
surfacedesign.” http://www-i8.informatik.rwth-aachen.de/geomfair.pdf; To appear
in ComputerAided GeometricDesign,2001.

[13] U. Clarenz,U. Diewald, andM. Rumpf,“Anisotropicgeometricdiffusion in surface
processing,” in Proceedings of IEEE Visualization, pp.397–405,2000.

[14] A. Polden,“Compactsurfacesof leasttotal curvature,” tech.rep.,Universityof Tub-
ingen,Germany, 1997.

[15] G. Taubin,T. Zhang,andG. Golub,“Optimal surfacesmoothingasfilter design,” in
European Conf. on Computer Vision, vol. 1, pp.283–292,1996.

[16] L. Kobbelt,S. Campagna,J. Vorsatz,andH.-P. Seidel,“Interactive multi-resolution
modelingonarbitrarymeshes,” in Proceedings of SIGGRAPH’98, pp.105–114,1998.

[17] D. L. ChoppandJ.A. Sethian,“Motion by intrinsiclaplacianof curvature,” Interfaces
and Free Boundaries, vol. 1, pp.1–18,1999.

[18] C. Ballester, M. Bertalmio, V. Caselles,G. Sapiro,and J. Verdera,“Filling-in by
joint interpolationof vectorfieldsandgraylevels,” IEEE Trans. on Image Processing,
vol. 10,pp.1200–1211,August2001.

[19] G. Sapiro,Geometric Partial Differential Equations and Image Analysis. Cambridge
UniversityPress,2001.

[20] S.OsherandJ. A. Sethian,“Frontspropagatingwith curvaturedependentspeed:Al-
gorithmsbasedon hamilton-jacobiformulation,” J. Computational Physics, vol. 79,
pp.12–49,1988.

[21] J.A. Sethian,Level Set Methods: Evolving Interfaces in Geometry, Fluid Mechanics,
Computer Vision, and Material Sciences. CambridgeUniversityPress,1996.

[22] M. P. DoCarmo,Differential Geometry of Curves and Surfaces. PrenticeHall, 1976.

[23] M. Bertalmio,L.-T. Cheng,S. Osher, andG. Sapiro,“Variationalmethodsandpar-
tial differentialequationson implicit surfaces,” J. Computational Physics, vol. 174,
pp.759–780,2001.

[24] N. Litke, A. Levin, andP. Schroder, “Fitting subdivision surfaces,” in Proceedings
IEEE Visualization, pp.319–324,2001.

[25] P. PeronaandJ.Malik, “Scalespaceandedgedetectionusinganisotropicdiffusion,”
IEEE Trans. on Pattern Analysis and Machine Intelligence, vol. 12,pp.629–639,July
1990.



[26] R. C. GonzalezandR. E. Woods,Digital Image Processing. Addison-Wesley Pub-
lishing Company, 1992.

[27] L. Rudin, S. Osher, and C. Fatemi, “Nonlinear total variationbasednoiseremoval
algorithms,” Physica D, vol. 60,pp.259–268,1992.

[28] D. Adalsteinsonand J. A. Sethian,“A fast level set methodfor propogatinginter-
faces,” J. Computational Physics, pp.269–277,1995.

[29] D. Peng,B. Merriman,S. Osher, H.-K. Zhao,andM. Kang,“A pdebasedfastlocal
level setmethod,” J. Computational Physics, vol. 155,pp.410–438,1999.



Appendix A

Numerical Implementation

By embeddingsurfacemodelsin volumes,we have convertedequationsthat describethe
movementof surfacepoints to nonlinear, PDEsdefinedon a volume. The next stepis
to discretizethesePDEsin spaceand time. In this paper, the embeddingfunction φ is
definedonthevolumedomainU andtime. ThePDEsaresolvedusinga discretesampling
with forward differencesalong the time axis. Thereare two issueswith discretization:
(i) theaccuracy andstability of thenumericalsolutions,(ii) the increasein computational
complexity introducedby thedimensionalityof thedomain.

A.1 Notation

For brevity, we will discussthe numericalimplementationin 2D— the extensionto 3D
is straightforward. The function φ : U �� IR hasa discretesamplingφ + p � q , , where + p � q ,
is a grid locationandφ + p � q , � φ � xp � yq � . We will refer to a specifictime instanceof this
function with superscripts,i.e. φ n + p � q , � φ � xp � yq � tn � . For a vectorin 2-spacev, we use
v  x � andv  y � to referto its componentsconsistentwith thenotationof Sec.3. In ourcalcula-
tions,we needthreedifferentapproximationsto first-orderderivatives:forward,backward
andcentraldifferences.We denotethe type of discretedifferenceusingsuperscriptson a
differenceoperator, i.e., δ

 H\� for forward differences,δ
 U � for backward differences,and

δ for centraldifferences.For instance,thedifferencesin thex directionon a discretegrid
with unit spacingare

δ
 H\�
x φ + p � q ,^]� φ + p � 1 � q ,  φ + p � q ,_�
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δ
 U �x φ + p � q ,^]� φ + p � q ,  φ + p  1 � q ,_� and (A.1)

δxφ + p � q , ]� φ + p � 1 � q ,  φ + p  1 � q ,
2

�
wherethetime superscripthasbeenleft off for conciseness.Theapplicationof thesedif-
ferenceoperatorsto vector-valuedfunctionsdenotescomponentwisedifferentiation.

A.2 Numerical solution to ILMCF

In describingthe numericalsolutionto ILMCF, we will refer to the flow chartin Fig. 3.3
for onetime stepof themainloop. Hence,thefirst stepin ournumericalimplementationis
thecalculationof thesurfacenormalvectorsfrom φ n. Recallthatthesurfaceis a level set
of φ n asdefinedin (3.1). Hence,the surfacenormalvectorscanbe computedasthe unit
vectorin the directionof the gradientof φ n. Thegradientof φ n is computedwith central
differencesas

φ n
i + p � q ,a` C δxφ n + p � q ,

δyφ n + p � q , E ; (A.2)

andthenormalvectorsareinitialized as

Nu b 0 i � + p � q , � φ n
i + p � q ,c� I φ n

k + p � q , I � (A.3)

Becauseφ n is fixed andallowed to lag behindthe evolution of N  i � , the time stepsin the

evolution of N  i � aredenotedwith a differentsuperscript,u. For this evolution,∂N  i � � ∂ t � d "#� dN  i � is implementedwith smallestsupportareaoperators.For ILMCF d "#� dN  i �
is givenby (3.9) which we will rewrite herecomponentby component.TheLaplacianof
a function canbe appliedin two steps,first the gradientandthenthe divergence.In 2D,
the gradientof the normalsproducesa 2 & 2 matrix, andthe divergenceoperatorin (3.9)
collapsesthis to a 2 & 1 vector. The diffusion of the normalvectorsin the tangentplane
of the level-setsof φ , requiresus to computethe flux in the x andy directions,which we
denoteMu i j � � Mu ix � � Mu iy � . The“columns” of theflux matrix arecomputedindependently
as

Mu ix � ` δ
 Hd�
x Nu i �  �J Nu i � j φ n

jI φ n
k
I L δ

 H\�
x φ nI φ n

k
I � (A.4)

Mu iy � ` δ
 Hd�
y Nu i �  �J Nu i � j Q φ n

jI φ n
k
I L δ

 H\�
y φ nI φ n

k
I (A.5)

wherethetime index n remainsfixedaswe incrementu. Derivativesof thenormalvectors
arecomputedwith forwarddifferences;thereforethey arestaggered,locatedon a grid that



grid for N(i)[p,q] and φ[p,q]
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FigureA.1: Computationgrid

is offset from the grid whereφ andN  i � aredefined,asshown Fig. A.1 for the 2D case.
Furthermore,notice that sincethe offset is half pixel only in the directionof the differ-
entiation,the locationsof δ

 H\�
x N  i � andδ

 Hd�
y N  i � aredifferent,but are the samelocations

asMu x � andandMu y � respectively. To evaluate(A.4) and(A.5), φ n
j Nn i � j mustcomputed

at + p � 1� 2 � q , and + p � q � 1� 2, , respectively. Thesecomputationsarealsodonewith the
smallestsupportareaoperators,using the symmetric2 & 3 grid of samplesaroundeach
staggeredpoint,asshown in Fig. A.1 with theheavy rectangle.For instance,

φ n
j + p � 1

2
� q ,e` C δ

 H\�
x φ + p � q ,

1
2 � δyφ + p � q , � δyφ + p � 1 � q ,c� E � and

φ n
j + p � q � 1

2
,f` C 1

2 � δxφ + p � q , � δxφ + p � q � 1,c�
δ
 H\�
y φ + p � q , E � (A.6)

Backwardsdifferencesof theflux matrix areusedto computethedivergenceoperationin
(3.9) ; d "

dN  i � = u `  δ
 U �x Mu ix � � δ

 U �y Mu iy � (A.7)

Notice that backwardsdifferenceof Mu ix � , is definedat the original φ grid location + p � q , ,
and the sameholds for Mu iy � . Thus all the componentsof d "O� dN  i � are locatedon the
original grid for φ . Usingthetangentialprojectionoperatorin (3.9),thenew setof normal
vectorsarecomputedas

Nu H 1 i � � Nu i � � T N ; d "
dN  i � = u



� Nu i � � ; d "
dN  i � = u  �J ; d "

dN  j � = u

Nu j � L Nu i � � (A.8)

Startingwith the initialization in (A.3) for u � 0, we iterate(A.8) for a fixed numberof
steps.In otherwords,we donot aim atminimizing theenergy givenin (3.8)in thed "#� dN
loop of Fig. 3.3;we only reduceit. Theminimizationof total meancurvatureasa function
of φ is achieved by iterating the main loop in (A.3). In Sec.3.3, it was shown that to
minimize total meancurvature,the d "#� dN loop shouldbe processedfor only one time
stepbeforeprocessingthe d $%� dφ loop in every iterationof the main loop. However, the
d $%� dφ loopis themostcomputationallyexpensivepartof thealgorithmandrun-timescan
bereducedby runningthemainloop asfew timesaspossible.To this effect,wefoundthat
thed "N� dN loop canbeprocessedfor multiple time stepsbeforemoving ontothed $%� dφ
loop. Moreover, the numberof iterationsof the main loop necessaryto obtain the same
resultis reducedwith this approach(25 iterationsor lesspermainloop for theexamplesin
this paper).

Oncetheevolutionof N is concluded,φ is evolvedto catchupwith thenew normalvectors
accordingto (3.11). We denotethe evolved normalsby Nn H 1 i � . To solve (3.11) we must

calculateHφ and HNn g 1
. HNn g 1

is the inducedmeancurvatureof the normal map; in
otherwords,it is the curvatureof thehypotheticaltargetsurfacethatfits the normalmap.
Calculationof curvaturefrom a field of normalsis

HNn g 1 ` δxNn H 1
x � δyNn H 1

y � (A.9)

wherewe have usedcentraldifferenceson the componentsof the normalvectors.HNn g 1

needsto becomputedonceat initialization asthe normalvectorsremainfixedduring the
cathcupphase.Let v bethetime stepindex in thed $P� dφ loop. Hφ v

is themeancurvature
of the moving level setsurfaceat time stepv andis calculatedfrom φ with the smallest
areaof support:

Hφ v ` δ
 U �x

δ
 Hd�

x φ v + p � q ,I φ v
j + p � 1

2 � q , I � δ
 U �y

δ
 H\�

y φ v + p � q ,I φ v
j + p � q � 1

2 , I (A.10)

wheretheoff-grid gradientsof φ in thedenominatorarecalculatedusingthe2 & 3 staggered
neighborhoodasin (A.6).

The PDE in (3.11)solvedwith a finite forward differences,but with the up-wind scheme
for thegradientmagnitude[20], to avoid overshootingandmaintainstability. Theup-wind
methodcomputesa one-sidedderivative that looksin theup-winddirectionof themoving
wave front, andtherebyavoidsovershooting.Moreover, becausewe areinterestedin only
a singlelevel setof φ , solving(3.11)overall of U is not necessary. Becausedifferentlevel



setsevolveindependently, wecancomputetheevolutionof φ only in anarrow bandaround
thelevel setof interestandre-initializethis bandasnecessary[28, 29]. See[21] for more
detailson numericalschemesandefficient solutionsfor level setmethods.

Usingtheupwindschemeandnarrow bandmethods,φ v H 1 is computedfrom φ v according
to (3.11)usingthecurvaturescomputedin (A.9) and(A.10). This loop is iterateduntil the
energy in (3.10)ceasesto decrease;let v f inal denotethe final iterationof this loop. Then
we setφ for thenext iterationof themain loop (seeFig. 3.3) asφ n H 1 � φ v f inal

andrepeat
the entireprocedure.The numberof iterationsof the main loop is a free parameterthat
generallydeterminestheextentof processing,i.e. theamountof smoothingfor ILMCF.


