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1 Closed forms

The relatively simple closed forms of the Jacobian and Hessian of our constraints
lead to efficient solutions with any solver of choice. All the derivations are
based on the following volume calculation of tetrahedron ¢ consisting of vertices
V1,Vo,V3, Vg4 € V.

vol(t,v) =

[VEVEVE — vEVEvE — VEVEVE + vIVEVE - viviv - vivivi +
vivivi + vivivi — vivivi + vivivi + vivivi — vivivi —
vivivi + vivivi + vivivi — vivivi + vivivi — viviv] +
vivivi — vivivi + vivivi — vivivi — vivivi + viviv] —

vivivi + vivivi]/6,

where v¥,v?, and v} are the z, y, and z coordinates of the vertex v;, respectively.

1.1 First derivatives for Jacobian

1.1.1 Constraint: c;(v):vol(t) >e VteT

Constraint on the tetrahedron ¢ consisting of vertices vi,vs, v, vy € V:

Ve (v) =

ovol(t,v)/Ovy ((—v8 + vE) (VG — Vi) + (v§ = vi)(vs —v3)) /6]
dvol(t,v)/ov{ ((v§ = v3)(—=v3 +vi) + (v§ Vs)(Vz —v3))/6
ovol(t, v)/ovi (v — vE)(vE — vi) + (vi — v§)(—Vv5 +v3))/6
ovol(t,v)/ovs A

dvol(t,v)/ovY B

ovol(t,v)/ovs| C

ovol(t,v)/ovE| — D

avol(t,v)/ov} E

ovol(t, v)/Ov3 F

ovol(t,v)/Ovy ((vi = v5)(v5 = v5) — (v§ — v3)(vi — v3))/6
ovol(t,v)/ov] ((v§ = vi)(vi —vi) + (v§ — v5)(—vi +v3))/6
[Ovol(t,v)/ovi]  [((v§ — vT)(=vE +Vv5) + (v§ — v3)(V{ + v3)) /6]




where the rows that do not fit inside the matrix layout are as follows:

A = ((vi = v)(vi = vi) = (v§ = vi) (v — v3) — (Vi — vi)(vi — v3) + (V] —
v3)(vi — vi))/6,

B = ((vi =vi)(vi = vi) + (v§ = v§)(vi — vi) + (vi — v3)(vi — v{))/6,
C=((v§ =vi)(=v5 +vi) + (v§ *V%)( \& +V4) + (vi —v3)(vi — v3))/6,
D = ((vi = v)(vi = v3) = (vi = v3)(vi — vi) — (vi = v3)(v5 — Vi) + (v5 —
vi)(vi —v3))/6,

E = ((v5 = vi)(vi = v3) + (v§ = v§) (V] — v}) + (v] — v§) (V] — v3))/6,
F=((vi =vi)(vy = vi) + (v§ = v5)(=v{ + v3) + (vi — v§)(—V{ + v3))/6.

1.1.2 Constraint: ¢;(v): Z vol(t) =
ten(i)

li VieV

Constraint on the vertex v; that is adjacent to tetrahedra in the set 7(i):

[Ovol(t,v)/OvY]
dvol(t,v)/ovY
ovol(t,v)/ov§
ovol(t,v)/ovs
avol(t,v)/ov}
ovol(t,v)/0v3

veilv Z vev Z Bvolgt,v%@vg ’
ten(s) €1 gvol(t, v) oV
ovol(t,v)/Oovi
ovol(t,v)/ovy
avol(t,v)/ovy
ovol(t,v)/0v] |

where the rows are simply the copies of the corresponding 12 rows in Sec. 1.1.1.

1.2 Second derivatives for Hessian

1.2.1 Constraint: ¢, (v):vol(t) >e VteT

Constraint on the tetrahedron t consisting of vertices vy, vo, vy, vy € v:

ovol(t,v)/ovidvi dvol(t,v)/Oviovy ovol(t,v)/OviovZ]
vol(t,v)/ovidvi Ovol(t,v)/dvidvy avol(t,v)/Oviov;
avol(t,v)/oviovy oOvol(t,v)/Ividovy ovol(t,v)/Oviov;
ovol(t,v)/oviovT Ovol(t,v)/Oviovy vol(t,v)/ovEOvE
vol(t,v)/Oviovy Ovol(t,v)/Ovyovy vol(t,v)/Ovyovi
V2o (v) = vol(t,v)/Oviovy  Ovol(t,v)/Iviovy vol(t,v)/OvidvE
t ovol(t,v)/ovidvi dvol(t,v)/OviovY dvol(t,v)/Oviovi
vol(t,v)/Oviovy Ovol(t,v)/Oviovy vol(t,v)/Oviovi
avol(t,v)/oviovi Ovol(t,v)/Ivi0vy vol(t,v)/Oviovi
ovol(t,v)/oviovi dvol(t,v)/Oviovy ovol(t, v)/Oviov;
vol(t,v)/oviovi Ovol(t,v)/Ov]ovy avol(t,v)/Ovi]ov;

avol(t,v)/Ovi;ovi  dvol(t,v)/dviovy ovol(t,v)/0viovi |




where we provide the expansion of one entry only; all others can be expanded
similarly. Note that some of the 12 entries in each row may be equal to 0;

e.g., Ovol(t,v)/Ovidvy = 0 as dvol(t,v)/Ovi = ((—v§ + v§)(vi — vi) + (v] —

vY)(v3 —v3))/6 (from Sec. 1.1.1) does not have any term with v{. The entry

dvol(t,v)/dvidvi, on the other hand, is equal to (v§ — v})/6.

1.2.2 Constraint: ¢;(v): Z vol(t) =1; VieV
ten(i)

Constraint on the vertex v; that is adjacent to tetrahedra in the set 7(7):

Viei(v) = Z Vi (v),
ten(i)
where V2¢,(v) is given in Sec. 1.2.1.

As far as the objective function E(v) is concerned, the standard first and
second derivatives of the mass-spring system are used [Nealen et al. 2006].



